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1. INTRODUCTION

Fixed point theory plays vital role in mathematics and it has main areas of research in analysis.
In the present scenario several fixed point theorems have been evolved on different platforms.
Junck[8] proved many results by introducing the concept of compatible mappings in metric
space. Thereafter many authors [5], [6] and [7] proved common fixed point theorems using

weaker conditions. In this process b-metic space turned out as one of the generalizations of
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metric space. The concept of b —metric space was introduced by Czerwik [2]. In the recent past
some more common fixed point theorems like [2],[3] and [4] came into existence in b-metric
space using several conditions. J.R. Roshan, N. Shobkolaei, S. Sedghi and M. Abbas [1] proved
a common fixed point theorem using compatible and continuous mappings in b-metric space. In
this paper we extend their result by using some weaker conditions such as weakly compatible

mappings and CLR-property.

2. PRELIMINARIES

2.1 Definition [2]:

A function d: X x X — R" where X is a nonempty set and k>1 is a b-metric if and only if

for each «, 3,y € X, the following conditions are satisfied
(b1) d(@.f)=0 < a=p

(b2) d(a, B)=d(B,)

(b3) d(a,7) <k[d(a, B) +d(5.7)]

Then the pair (X,d)is calleda b —metric space.
2.2 Definition [1]:
Suppose (X , d)is a b —metric space. Then the sequence {« J.} in X is said to be
(i) convergent if and only if there exists « € X such that d (a i a)—) 0as jo .
(ii)Cauchy < d(a;, )0, as j,| >
2.3 Definition:
Mappings G and H defined on b —metric space (X,d) then the pair (G, H) is called weakly
commuting on X if d(GHa, HGa)<d(Ga, Ha)V « e X.

2.4 Definition [5]:
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In a b-— metric space (X,d) we define mappings G and H are compatible if
d(GHe, ,HGa, )=0 as k —cowhenever {a,} is a sequence in X such thatGe, = He, = u

forsome peX.

2.5 Definition:

Suppose the mappings G and H of a b —metric space (X,d)in which if Gu=Hgufor some
e X suchthat GHu =HGgu holds then G and H are known as weakly compatible mappings.
2.6 Definition:

Suppose the mappings G and H of a b —metric space (X , d) in which if there exists a sequence

{ayx} in X for some peX such that limGe, =limHe, =Huthen G and H are known as
n—o

n—oo
common limit in the range of H property and it is denoted by CLR, — Property.
Now we discuss an example on CLR,, —Property.
Example:

Take X = [0,1] is a b - metric space with d(a, ) = |a - ,8|2 , Where k=2.

1_32a,if0<a£% 1+_a:,if0<a£1
Define G(«) = L and H(a)= .
2+3a |if a>g 200 +3,if a>§

Take a sequence {aj}as aj =%—%for j=0.

11 l_z(é_l'j s 1 2) 1
NOWGak:G(———j — J = 5 | =|=—-—|==as jo>w
5 k 3 3 5 3j) 5
11 1+(é_1'j (6 1) 1 1) 1
and He, = H| === |= 1)_\5 k (———j=—asj—>oo
5 ] 6 6 5 6k) 5



3015
SOME OUTCOMES ON b-METRIC SPACE

Hence, as J—)OO ,we get Gaj = Haj :%_ :H(%j where %Gx

Thus the pair (G,H) satisfies CLRu — property.
The following theorem was proved in [1].

2.7 Theorem:
Suppose that the four self maps f,g,S and T on a complete b —metric space (X ,d ) satisfying the

following conditions:

(€1 f(X)cT(X) and g(X)cS(X)

(C2) d(fa,gﬂ)g%max{d(Sa,Tﬂ),d(fa,Sa),d(gﬂ,T,B),

N| -

(d(Sa,gm+d<fa.m>>}

holds for every a,f e X withqe(01).
(C3) T and S are continuous
(C4) the pair of maps (f , S) and (g ,T) are compatible mappings.

Then the four maps f,g,S and T have a unique common fixed point.
Now we prove the existence of the above Theorem under some modified conditions.

For this we need to recall the following lemma which is useful in the proof of our main result.

2.8 Lemma:[3] Assume that (X,d) is a b—metric space with k >1 and suppose that the

sequences{c,} and {f, }areb-convergentto « and S respectively. Then we have

kizd(a,ﬂ) < liminf d(er,. B, )< limsupd(a,, 8,) < k’d(, ).

3. MAIN RESULT

3.1. Theorem:
Suppose that the self maps f, g, S and T on a complete b—metric space (X,d)satisfying the

following conditions:
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(€1 f(X)cT(X) and g(X)c S(X)

(d(sa. g,B)+d(fa,Tﬁ))},

N |-

©) d(fa, gﬂ)sk%max{d(sa,m),d(fa,sa),d(gﬁ,m),

holds for every a,f e X with qe(0,1)
(C3) The pair (f,S) satisfies CLR property or the pair (g,T) satisfies CLR; property

(C4) the pair of mappings (f , S) and (g ,T) are weakly compatible.

Then the four maps f, g, S and T have a unique common unique fixed point.

PROOF:

Let «a, € X then by the condition(C1) there exists «; € X such that fo,=Te,. For this
point ¢, we can select a point «, € X such that ga, =Sa,and so on. Continuing this
process it is possible to construct a sequence {f } such that £, =fa,; =Ta,;, and

Brjn =090, =Sa,;,,forall j>0.Now we show that {;} is a cauchy sequence.

Consider d(ﬁ’2j ,ﬁ2j+1)= d(f%,— ' ga2j+1)

<A

K*

max{d (Sazj ’Ta2j+1)’d(fa2j Sty )’d(ga2j+l7Ta2j+1)’

1
E(d (Sazj ) gazm) +d( fazj' 1Ta2j+1))}

= e ax{ (8,1, 8,).0 By, Byy). 8By 0 )
SO0y f) + 8By, o))

d(Baj 1 Pj)

=kq_ﬁtmaX{d(ﬂz,-_l,ﬂzj-),sz'ﬂzm)’ 2 }

< %max{d (ﬂz,-1,ﬂ21).d(ﬂ21,ﬂz;+1),g(d (Bajar ;) +d(Bojs Boja))}-

If d (ﬁz i1 B H) >d (ﬂ2 i1 Baj ) for some j, then the above inequality gives
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A8,y Brya)< 5 408, 1)

a contradiction.
Hence d(ﬂzj ,,Bzm)g d(ﬂzj_l,ﬁzj) forall jeN.

Now the above inequality gives

N e ()

Similarly

0B,y 1025 5 4By 20 By ) e @

From (1) and (2) we have

d(g,.8,,)<d(B, ., B,,) where A= % <l and j>2.
Hence forall j > 2,we obtain

d(8,,8,1)<2d(B, 1, B, 5)< o < (B,, By) mmmmeee 3)

So forall j>1I, we have

d(8,,8,)<kd(B,, B2 )+ K2 (Brs, Briy) + oo +kiI (B4, B,).

Now from (3), we have

d(B,,8)< (KA + K22 4 +kITNd(B,, B,)
<KA @+ KA+ K22 + e e YA (B, Bs)
kA
< d(BA).

Taking limits as |, j —co,we have d(f8;,5,) —0 as kA isless than one.

Therefore {f3;}is a Cauchy sequence in X and by completeness of X, it converges to some point
pin X such that limfe,; =limTa,,;,, =limga,,,, =limSa,; , = u.
jo© jo© joo

j—0

Case(I): The pair (f,S)satisfies CLR,-Property.
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Suppose the pair (f,S)satisﬁes CLR; Property , then there exists a sequence {a;}e X
such that

fa, =Sa; =Sy as j— oforsome pe X, ------mmmmmmmmmmene (3)

Since f ¢ T(X) there exists a sequence {ﬂj}in X such that faj =TS, as j—o .
This gives limTS; = Sy .----------------- (4)
joo

From (3”) and (4) we get

limfa; =limSq; =limTB; =Sy for some peX.——————- (5)

joo jooo joo

Now we prove that gf; =Su as j— oo
Putting @ =a; and B=p; in(C2), we get

(fa 9:3) % ax{d(Saj,Tﬂj),d(faj,Saj),d(gﬁj,Tﬁj),%(d(Saj,gﬁj)+d(faj,Tﬁj))}

taking both sides the upper limit as j — oo and using the Lemma (2.7), which gives

d(S,u,g,B-)slimSupd(fa. 9/3;)

!LrQSupd(SaJ,T,B ) IlmSupd(faJ,Sa )IlmSupd(gﬂj,Tﬂ )
9 max

k* z(llmSupd(Sa 9/, )+I|mSupd(faJ,T,8 ))

2

< llsinan ol

< % max{0,0, kzd(gﬁ,- , Sﬂ)’

=3 K?d(su, 98,)

=~

=%d(8u 98,

d(S21.98) _

% d(S ,95;)

d(Su, 9p;) < ad(Su, 95)).
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As0<qg<l,sso Su=gp

Now this gives fa; =Sa; =TS; =98, =Su forsome ue X.--------------- (6)

Since the pair of mapping (f , S) is  weakly compatible with fa; =Sa; such that
fSa; =Sfa; then fu=Su.

Now we show that fu= .

Putting a=x and B =p,,,in(C2)

d (fﬂ’ gﬁzm)g % max{d (S:u!Tﬁzh—l)ﬂv d(fu,Su).d (gﬁ2j+1!Tﬁ2j+l)’ % (d (S,u, gﬂ2j+l)+ d (fﬂvTﬂzj+1))}

taking both sides the upper limit as j — oo and using the Lemma (2.7), which gives

d(ffé’”)< limSupd (e, 94,2 < max{k d(fu,14)0.0, k; (d(fu,u)+d(fu,u)>}
d(flflz ) S%max{kzd(fu,ﬂ)@o’ °d (T, )|
d(fu ) _

S Sk (fu, )

d(fu, ) <qd(fe, 1) .

AsO<qg<lso fu=upu

Which implies Sy = fu= p.-------------- (7)

Again since the pair (g,T) is  weakly compatible with gfB; =TS, such thatgTg; =Tgp;
then gu=Tu.

Now we show that gu = u.

Putting ¢ = and = uin(C2)
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(d(S, gu)+ d(fu,Tu))}

N| -

d(fu, gu)< % max{d (See, Tu)B. d (e, Spe), A, Taa),

taking both sides the upper limit as j — oo and using the Lemma (2.7), which gives

2

d(u, . K
(ﬂTgﬂ) < limSupd(fu, gu) < % max{kzd(ﬂ, 00,0, = (du, gpr) + o (u gﬂ))}

d(x, 9:“) < imax{kzd(,u, gu) k?d (u, gﬂ)}

k? k*
d
(’l’(f’“) K (4, 90)

d (s, 9p0) < qd (s, 9ua).
AsO0<q<l, gu=pu.
This implies gQu=Tu= 1. ----=--------- (®)
From (7) and (8) we obtain
fu=Su=gu=Tu=p
Hence the four maps f, g, S and T have a common fixed point.

Similarly we can prove the result when the pair (g,T)satisfies CLR; -Property.

Uniqueness:

Assume that 7 (17 # u) 1s another common fixed point of four mappings f,S,g and T.

Put a=n and f=u in(C2)

(d(s7, 9#)+d(f77,Tﬂ))}

N |-

d(fn, gu)< %max{d (S7,Tu).d(fn,Sn),d(gu, Tu)

2

)l

—&4 { (17, 12) K?d (17, 77), K (, a),

= e max{k’d (7, 1) 0,0, kd 7, )
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diz,1) _ 9
" k4k d(n, )

d (77, 1) < qd (17, o).

As0<qg<l, n=u.

Hence the four maps f,g,S and T have a common unique fixed point.

Now we give an illustration to support our result.

3.2. Example:

Suppose X =[-4,1] isa b—metric space with d(e, 8)=|a - f|" where a,fe X .
Define the four self maps f,g,S and T as follows

(o :{‘“3, ae(-1,0.25)
41] [0.25,1)

5

—, ae(-1,0.25)
—1]u[0.251]

1,ae(-1, 025)
{025 ael-4,-1ufo.25} ;

1-3a,ae 0251]

1,ae(-1,0.25)
0.25,a €[~ 4,-1]u{0.25}
1-a,a<(0.25,1]

Then
this gives f(X)=(0.4,0.625), g(X)=(~0.58, ~0.66)u{0.25} , S(X)=[-2,05)u{L} and
T(X)=(0,1).

Clearly the condition (C1) is satisfied.

1 1 .
Take a sequence as aj:Z+—_ for j>0.

J
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Now lim fo. —Ilmf(4 %j= lim0.25 = 0.25

joo joo joo

and limSe _||ms( 1): lim1-9 2+1 1| =025,
joo b \ 4 Kk joo 4 ]

This gives lim fa; =limSa; =0.25=S« for all ae(0.25,1).

j—)oc J~)oo

= Ilmfa _I|mSa =0.25=Sa for some e X.

J~>oo j~>oo

J—ox

Similarly limga; =lim g(%vt%j = 1im0.25 = 0.25
J—owo J—o
and limTe«, —IImT(1 1j= 0.25.
4 k

jow J—>o

This gives limga; =limTa; =0.25=Ta for some « € X.

J—© ]~>m

Therefore the pairs (f,S) and (g,T) are satisfying CLR, and CLR;

respectively.

Also f(0.25)=5(0.25)=0.25 and fS(0.25)=Sf(0.25) as j—>
and g(0.25)=T(0.25)=0.25 and gT(0.25)=Tg(0.25) as j—>oo.

Therefore the pairs of mappings (f,S)and (g,T) are weakly compatible.

properties

But fSa; =f1S l+1 =f|1- 31+1 =f 1—§—1 =f 1—1 _B as k—> o
4 4 4 4 20

and Sfa; =Sf G + ﬂ =5(0.25)=5(0.25)=0.25= % as j oo

:i;tO.

2
so that limd(fSa;, Sfa, ):d(E E]:E_l 25

j> 20'4) |20 4

Similarly, limd (gTaJ. Tga, ): % #0,
]

showing that the pairs (f,S)and (g,T) are not compatible mappings.
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We now establish that the mappings f,g,S and T satisfy the condition(C2) .

Case (i):

If @, fBe(-10.25), we defined(a, B)=|a —ﬂ|2 , where k=2
Putting o =-0.5 and £ =0.1 then the inequality (C2) gives

d(S(-0.5),T(0.1)),d( f (-0.5),5(-0.5)),d(g(0.2),T(0.1)),
d(f(-05).9(0.1)<;  max %(d (5(=0.5), g(0.1))+d(f (~0.5),T(0.1)))

%d(o.s,—o.ess))s %max{kzd(l,l)), k2d(0.51), kzd(—0.63,1),k—22(d (1,-0.63)+ d(0.5,1))}

o < e max{011065.8)
0.3175< - x10.6

2t

0.3175<0.66250 = q=0.47 whereqe(0,).

Hence the condition (C2) is satisfied.

Case (ii):

If a,pel-4, -1]u {0.25}, we defined (a,ﬂ)=|a —,B|2 , where k=2
Putting a¢=-2 and =0.25then the inequality (C2) gives

d(S(~2),T(0.25)),d(f (-2),5(-2)),d(g(0.25),T(0.25)),

. q
d(f(-2),9(0.25))< X % (d(S(~2),9(0.25))+d(f (-2),T (0.25)))

2
k—lzd(0.25,0.25))£%max{kzd(O.ZS,O.ZS)), k?d(0.25,0.25) kzd(0.25,0.25),k?(d(o.25,0.25)+d(0.25,0.25))}.

It can be observed that q € (0,1) satisfies the above inequality.

Hence the condition (C2) is satisfied.

Case (iii):
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If @, fe(0.251], we defined(a, B)=|a —ﬂ|2 , where k=2.
Putting ¢ =0.4and £ =0.8,then the inequality (C2) gives

d(S(0.4),T(0.8)),d(f(0.4),5(0.4),d(g(0.8), T(0.8)),

q
d((04),9(0.8) < 7 max %(d(3(0_4),g(0_8))+d(f (0.4),T(0.8)))

k2

L d(0.25,0.25))< imax{kzd(—o.z,o.a), k?d(0.25,-0.2), kzd(0.25,0.2),?(d (- O.2,0.25)+d(0.25,0.2))}

K2

k4
2_12><o < %max{0.64,0.8,0.0],0.4}.

It can be obsrved that q  (0,1) satisfies the above inequality.

Hence the condition (C2) is satisfied.

It is arrived that 0.25 is the unique common fixed point of the four self maps f,g, S and T.

CONCLUSION
In this paper we generated a result on b-metric space using weaker conditions weakly compatible
mappings and CLR-property resulting the generalisation of Theorem (2.7). Further our result is

also justified by discussing a valid example.
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