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1. INTRODUCTION 

Fixed point theory plays vital role in mathematics and it has main areas of research in analysis. 

In the present scenario several fixed point theorems have been evolved on different platforms. 

Junck[8] proved many results by introducing the concept of compatible mappings in metric 

space. Thereafter many authors [5], [6] and [7] proved common fixed point theorems using 

weaker conditions. In this process b-metic space turned out as one of the generalizations of 
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metric space. The concept of −b metric space was introduced by Czerwik [2]. In the recent past 

some more common fixed point theorems like [2],[3] and [4] came into existence in b-metric 

space using several conditions. J.R. Roshan, N. Shobkolaei, S. Sedghi and M. Abbas [1] proved 

a common fixed point theorem using compatible and continuous mappings in b-metric space. In 

this paper we extend their result by using some weaker conditions such as weakly compatible 

mappings and CLR-property. 

 

2. PRELIMINARIES 

2.1 Definition [2]: 

 A function +→ RXXd :  where X is a nonempty set and 1k  is a b-metric if and only if 

for each X ,, , the following conditions are satisfied  

(b1) 0),( =d    =   

(b2) ),(),(  dd =  

(b3)  .),(),(),(  ddkd +  

    Then the pair ( )dX , is called a −b metric space. 

2.2 Definition [1]: 

Suppose ( )dX , is a −b metric space. Then the sequence }{ j  in X is said to be 

(i) convergent if and only if there exists X  such that ( ) .0, →→ jasd j   

(ii)Cauchy  ( ) .,,0, →→ ljasd lj   

2.3 Definition:  

Mappings G and H defined on −b metric space ( )dX ,  then the pair ( )HG,  is called weakly 

commuting on X if ( ) ( ) HGdHGGHd ,,   .X  

2.4 Definition [5]: 



3014 

T. THIRUPATHI, V. SRINIVAS 

In a −b metric space ( )dX ,  we define mappings G and H are compatible if 

( ) 0, =kk HGGHd   as →k whenever {𝛼𝑘} is a sequence in X such that  == kk HG  

for some X . 

2.5 Definition: 

Suppose the mappings G and H of a −b metric space ( )dX , in which if   HG = for some 

X  such that  HGGH = holds then G and H are known as weakly compatible mappings. 

2.6 Definition: 

Suppose the mappings G and H of a −b metric space ( )dX ,  in which if there exists a sequence 

{𝛼𝑘} in X for some X  such that  HHG k
n

k
n

==
→→

limlim then G and H are known as 

common limit in the range of  H property and it is denoted by −HCLR Property. 

Now we discuss an example on −HCLR Property. 

Example: 

  .2,
2

-),d( with space metric-b a is  0,1X Take === kwhere  










+


−

=

 
5

1
   if    32

5

1
0,

3

21

)(  Define








if

G  and       ( )










+

=
+

=

5

1
   if , 32

5

1
0,

6

1








if

H
 

  0.jfor  
11

      sequence a Take
5j

−=
jj

as   

=kG Now 







−

k
G

1

5

1
   = →=








−=


















−

=




























−−

j    
5

1

3

2

5

1

3

2

5

3

3

1

5

1
21

as
j

jj
 

=kH  and 







−

j
H

1

5

1
= .j as 

5

1
 

6

1

5

1

6

1

5

6

6

1

5

1
1

→=







−=









−

=








−+

k

kj
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Hence, as getwej ,→ X.
5

1
    where

5

1
H  . 

5

1









=== jj HG   

Thus the pair (G,H) satisfies CLRH – property. 

The following theorem was proved in [1]. 

2.7 Theorem: 

Suppose that the four self maps f,g,S and T on a complete −b metric space ( )dX , satisfying the 

following conditions: 

(C1) ( ) ( )XTXf   and ( ) ( )XSXg   

(C2) ( ) ( ) ( ) ( ) ( ) ( )( )








+  TfdgSdTgdSfdTSd
k

q
gfd ,,

2

1
,,,,,,max,

4
 

      holds for every X,  with ( )1,0q . 

(C3) T and S are continuous 

(C4) the pair of maps ( )Sf ,  and ( )Tg,  are compatible mappings. 

      Then the four maps f,g,S and T have a unique common fixed point. 

Now we prove the existence of the above Theorem under some modified conditions. 

For this we need to recall the following lemma which is useful in the proof of our main result. 

2.8 Lemma:[3] Assume that ( )dX ,  is a −b metric space with 1k  and suppose that the 

sequences }{ n  and }{ n are b-convergent to   and   respectively. Then we have  

( ) ).,(),(suplim,inflim),(
1 2

2
 dkddd

k
nn

n
nn

n


→→  

 

3. MAIN RESULT 

3.1. Theorem: 

Suppose that the self maps f, g, S and T on a complete −b metric space ( )dX , satisfying the 

following conditions: 



3016 

T. THIRUPATHI, V. SRINIVAS 

 (C1) ( ) ( )XTXf   and ( ) ( )XSXg   

(C2)  ( ) ( ) ( ) ( ) ( ) ( )( ) ,,,
2

1
,,,,,,max,

4








+  TfdgSdTgdSfdTSd
k

q
gfd   

holds for every X,  with ( ).1,0q  

(C3)  The pair  ( )Sf ,  satisfies 
SCLR property or the pair ( )Tg,  satisfies  TCLR property 

(C4) the pair of mappings ( )Sf ,  and ( )Tg,  are weakly compatible. 

       Then the four maps f, g, S and T have a unique common unique fixed point.  

PROOF: 

 Let X0 then by the condition(C1) there exists X1  such that .10  Tf =  For this 

point 1  we can select a point X2  such that 21  Sg = and so on. Continuing this 

process it is possible to construct a sequence }{ n such that 1222 +== jjj Tf  and 

221212 +++ == jjj Sg  for all .0j Now we show that }{ j  is a cauchy sequence. 

Consider ( ) ( )
122122 ,, ++ = jjjj gfdd   

))},(),((
2

1

),,(),,(),,(max{

122122

1212221224

++

+++

+



jjjj

jjjjjj

TfdgSd

TgdSfdTSd
k

q





 

))}.,(),((
2

1

),,(),,(),,(max{

221212

2121222124

jjjj

jjjjjj

dd

ddd
k

q





+

=

+−

+−−

 

}
2

),(
),,(),,(max{

1212

1222124

+−

+−=
jj

jjjj

d
dd

k

q 
  

))}.,(),((
2

),,(),,(max{ 1222121222124 +−+− + jjjjjjjj dd
k

dd
k

q
  

If ( ) ( )
jjjj dd 212122 ,,  −+   for some j, then the above inequality gives 
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( ) ( )
1223122 ,, ++  jjjj d

k

q
d   

a contradiction. 

Hence ( ) ( )
jjjj dd 212122 ,,  −+   for all Nj . 

Now the above inequality gives 

( ) ( ).,, 2123122 jjjj d
k

q
d  −+  -------------------(1) 

Similarly  

( ) ( ).,, 12223212 −−−  jjjj d
k

q
d  ------------(2) 

From (1) and (2) we have  

( ) ( ),,, 211 −−−  jjjj dd    where 1
3
=

k

q
  and  2j . 

Hence for all 2j ,we obtain 

( ) ( ) ),(..........,, 01

1

211  ddd j

jjjj

−

−−−  .----------(3) 

So for all lj  , we have  

( ) ( ) ),(..........),(,, 1

1

21

2

1 jj

lj

lllllj dkdkkdd  −

−−

+++ +++ . 

Now from (3), we have  

( ) ),()..............(, 01

1112  dkkkd jljll

lj

−−−+ +++  

                    ),(....)..........1( 01

22  dkkk l +++  

                    ).,(
1

01 



d

k

k l

−
  

 Taking limits as →jl, ,we have 0),( →ljd   as k  is less than one. 

Therefore }{ j is a Cauchy sequence in X and by completeness of X, it converges to some point  

 in X such that  ==== +
→

+
→

+
→→

2212122 limlimlimlim j
j

j
j

j
j

j
j

SgTf . 

Case(I): The pair ),( Sf satisfies SCLR -Property. 
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Suppose the pair ( )Sf , satisfies  
SCLR  Property , then there exists a  sequence }{ j   X 

such that 

 SSf jj ==  as →j for some .X --------------------(3’)
     

 

Since ( )XTf   there exists a sequence }{ j in X such that jj Tf  =  as →j . 

This gives  ST j
j

=
→

lim .-----------------(4) 

From (3’) and (4) we get 

)5(.limlimlim −−−−−−−===
→→→

XsomeforSTSf j
j

j
j

j
j


 

Now we prove that  Sg j =  as .→j  

Putting j =  and j =  in (C2), we get 

( ) ( ) ( ) ( ) ( ) ( )( )








+ jjjjjjjjjjjj TfdgSdTgdSfdTSd
k

q
gfd  ,,

2

1
,,,,,,max,

4

 

taking both sides the upper limit as →j and using the Lemma (2.7), which gives 

( )

( ) ( ) ( )

( ) ( ) 




















 +



→→

→→→

→

jj
j

jj
j

jj
j

jj
j

jj
j

jj
j

j

TfdSupgSdSup

TgdSupSfdSupTSdSup

k

q

gfdSupgSd







,lim,lim
2

1

,,lim,,lim,,lim

max

),(lim,

4

 

( ) ( )( )








+ 0,
2

,,,0,0max
2

2

4 jj gSd
k

Sgdk
k

q
  

= ),(2

4 jgSdk
k

q


 

),(
2 jgSd

k

q
=

 

),(
),(

22 j

j
gSd

k

q

k

gSd





 

).,(),( jj gSqdgSd    
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10  qAs ,so jgS  =  

Now this gives  SgTSf jjjj ====  for some .X ---------------(6) 

Since the pair of mapping ( )Sf ,  is  weakly compatible with jj Sf  =  such that

jj SffS  =  then  Sf = . 

Now we show that . =f  

Putting  =  and 12 += j in (C2) 

( ) ( ) ( ) ( ) ( ) ( )( )








+ ++++++ 1212121212412 ,,
2

1
,,,,,,max, jjjjjj TfdgSdTgdSfdTSd

k

q
gfd 

taking both sides the upper limit as →j and using the Lemma (2.7), which gives 

( )
( ) ( ) ( )( )









+ +
→




,,
2

,0,0,,max),(lim
, 2

2

4122
fdfd

k
fdk

k

q
gfdSup

k

fd
j

j

( )
( ) ),(,0,0,,max

, 22

42



fdkfdk

k

q

k

fd
  

),(
),( 2

42



fdk

k

q

k

fd
  

),(),(  fqdfd  .

 

10  qAs ,so . =f  

Which implies . == fS --------------(7) 

Again since the pair ( )Tg,  is  weakly compatible with jj Tg  =  such that jj TggT  =  

then  Tg = . 

Now we show that . =g  

Putting  =  and  = in (C2) 
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( ) ( ) ( ) ( ) ( ) ( )( )








+  TfdgSdTgdSfdTSd
k

q
gfd ,,

2

1
,,,,,,max,

4

 

taking both sides the upper limit as →j and using the Lemma (2.7), which gives 

( )
( ) ( ) ( )( )









+
→




gdgd
k

gdk
k

q
gfdSup

k

gd

j
,,

2
,0,0,,max),(lim

, 2
2

42

( )
( ) ),(,,max

, 22

42



gdkgdk

k

q

k

gd
  

),(
),( 2

42



gdk

k

q

k

gd
  

).,(),(  gqdgd 
 

10  qAs , . =g  

This implies . ==Tg --------------(8) 

From (7) and (8) we obtain 

. ==== TgSf  

Hence the four maps f, g, S and T have a common fixed point. 

Similarly we can prove the result when the pair ),( Tg satisfies TCLR -Property. 

Uniqueness: 

Assume that )(    is another common fixed point of four mappings f,S,g and T. 

Put  =  and  =  in (C2) 

( ) ( ) ( ) ( ) ( ) ( )( )








+  TfdgSdTgdSfdTSd
k

q
gfd ,,

2

1
,,,,,,max,

4
 

( ) ( ) ( ) ( ) ( )( )








+  ,,
2

,,,,,,max
2

222

4
dd

k
dkdkdk

k

q
 

( ) ),(,0,0,,max 22

4
 dkdk

k

q
=  
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),(
),( 2

42



dk

k

q

k

d
=

 

).,(),(  qdd 

 

10  qAs , . =  

Hence the four maps f,g,S and T have a common unique fixed point.  

Now we give an illustration to support our result. 

3.2. Example: 

Suppose  1,4−=X  is a  −b metric space with ( ) 2
,  −=d where X, . 

Define the four self maps f,g,S and T as follows 

( ) ( )

   )






−

−
+

=

1,25.01,4,25.0

25.0,1,
5

3






f   ; 

( ) ( )

   






−−

−
−

=

1,25.01,4,25.0

25.0,1,
3

2






g    ; 

( )
( )
   

( 







−

−−

−

=

1,25.0,31

25.01,4,25.0

25.0,1,1







S   ; 

and  

( )

( )

   

( 







−

−−

−

=

1,25.0,1

25.01,4,25.0

25.0,1,1







T  

Then 

this gives ( ) ( )625.0,4.0=Xf , ( ) ( )  25.066.0,58.0 −−=Xg , ( )  )  15.0,2 −=XS and 

( ) ( )1,0=XT . 

Clearly the condition (C1) is satisfied. 

Take a sequence as 
j

j

1

4

1
+=   for 0j . 



3022 

T. THIRUPATHI, V. SRINIVAS 

Now   25.025.0lim
1

4

1
limlim ==








+=

→→→ jj
j

j k
ff  

and .25.0
1

4

1
31lim

1

4

1
limlim =
















+−=








+=

→→→ jk
SS

jj
j

j
  

This gives ( )1,25.025.0limlim ===
→→

 allforSSf j
j

j
j

. 

    XsomeforSSf j
j

j
j

===
→→

 25.0limlim . 

Similarly 25.025.0lim
1

4

1
limlim ==








+=

→→→ jj
j

j k
gg  

and 
1 1

lim lim 0.25.
4

j
j j

T T
k


→ →

 
= + = 

 
 

This gives .25.0limlim XsomeforTTg j
j

j
j

===
→→

  

Therefore the pairs ),( Sf  and ),( Tg  are satisfying 
sCLR  and TCLR  properties 

respectively. 

Also ( ) ( ) 25.025.025.0 == Sf   and  ( ) ( )25.025.0 SffS =  as →j  

and ( ) ( ) 25.025.025.0 ==Tg   and  ( ) ( )25.025.0 TggT =  as →j .     

Therefore the pairs of mappings ),( Sf and ),( Tg  are weakly compatible. 

But 
20

131

4

11

4

3
1

1

4

1
31

1

4

1
=








−=








−−=





















+−=








+=

j
f

j
f

j
f

j
fSfS j  as →k  

and  ( ) ( )
4

1
25.025.025.0

1

4

1
====








+= SS

j
SfSf j  as →j  

so that ( ) .0
25

4

4

1

20

13

4

1
,

20

13
,lim

2

=−=







=

→
dSffSd jj

j
  

Similarly, ( ) 0
3

2
,lim =

→
jj

j
TggTd  ,

 

showing that the pairs ),( Sf and ),( Tg  are not compatible mappings.
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We now establish that the mappings f,g,S and T satisfy the condition(C2) . 

 

Case (i): 

If )25.0,1(, − , we define
2

),(  −=d  , where k=2 

Putting  then,1.0  and  5.0 =−=   the inequality (C2) gives  

( )
( ) ( ) ( )

( ) ( )( ) 















−+−

−−−

−
)1.0(),5.0()1.0(),5.0(

2

1

,)1.0(),1.0(,)5.0(),5.0(,)1.0(),5.0(

max)1.0(),5.0(
4

TfdgSd

TgdSfdTSd

k

q
gfd

 

( ) ( ) ( ) ( ) ( ) ( )( )








+−−− 1,5.063.0,1
2

,1,63.0,1,5.0,)1,1max)63.0,5.0
1 2

222

42
dd

k
dkdkdk

k

q
d

k  

 ,8.5,6.10,1,0max
22

27.1
42

q


 

6.10
2

3175.0
4


q

 

).1,0(47.06625.03175.0 = qwhereqq

 

Hence the condition (C2) is satisfied. 

Case (ii): 

If    25.01,4, −− , we define
2

),(  −=d  , where 2=k  

Putting  then25.0  and  2 =−=   the inequality (C2) gives  

( )
( ) ( ) ( )

( ) ( )( ) 















−+−

−−−

−
)25.0(),2()25.0(),2(

2

1

,)25.0(),25.0(,)2(),2(,)25.0(),2(

max)25.0(),2(
4

TfdgSd

TgdSfdTSd

k

q
gfd

 

( ) ( ) ( ) ( ) ( ) ( )( ) .25.0,25.025.0,25.0
2

,25.0,25.0,25.0,25.0,)25.0,25.0max)25.0,25.0
1 2

222

42









+ dd
k

dkdkdk
k

q
d

k

  It can be observed that q (0,1) satisfies the above inequality.

 

Hence the condition (C2) is satisfied. 

Case (iii): 
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If ( 1,25.0,  , we define
2

),(  −=d  , where 2=k . 

Putting  then,8.0  and 4.0 ==   the inequality (C2) gives  

( )
( ) ( ) ( )

( ) ( )( ) 















+


)8.0(),4.0()8.0(),4.0(
2

1

,)8.0(),8.0(,4.0(),4.0(,)8.0(),4.0(

max)8.0(),4.0(
4

TfdgSd

TgdSfdTSd

k

q
gfd

 

( ) ( ) ( ) ( ) ( ) ( )( )








+−−− 2.0,25.025.0,2.0
2

,2.0,25.0,2.0,25.0,)2.0,2.0max)25.0,25.0
1 2

222

42
dd

k
dkdkdk

k

q
d

k

 .4.0,01.0,8.0,64.0max
2

0
2

1
42

q


 

 It can be obsrved that q (0,1) satisfies the above inequality.
 

Hence the condition (C2) is satisfied. 

It is arrived that 0.25 is the unique common fixed point of the four self maps f,g, S and T. 

 

CONCLUSION 

In this paper we generated a result on b-metric space using weaker conditions weakly compatible 

mappings and CLR-property resulting the generalisation of Theorem (2.7). Further our result is 

also justified by discussing a valid example. 
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