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Abstract: In this paper, we define almost Suzuki generalized rational type contraction and almost Suzuki Ciric type
contraction for a pair of selfmaps in extended rectangular B-metric spaces and prove the existence of common fixed
points for these contractions. The presented results are supported by examples. Our results improve and generalize the
many results in the literature.
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1. INTRODUCTION
The notions of the metric spaces were generalized by many authors in several ways. Out of
all, we start with generalized metric space. Branciari [2] introduced the concept of generalized

metric space (rectangular space) and obtained Banach contraction mapping principle in the
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setting of generalized metric spaces.

Definition 1.1. [2] Let A be a non-empty set. A mapping v : A X A — [0, =) is said to be a
rectangular metric on A if, v satisfies the following (for all u, 1 € A and all distinct r,s € A\
{m,m}):

(1) v(p,m)=0ifand only if p=n

(2) v(p,m) =v(n, 1),

(3) v(p, M) Sv(p, r) +o(r, 8) +0(s, N).

Then the pair (A, v) is said to be a rectangular metric space.

George et. al., [4] introduced the notion of rectangular B-metric space as a generalization of
rectangular metric space and they presented some fixed point results for certain contraction
mappings.

Definition 1.2.[4] Let A be a non-empty set with the parameter B > 1. A mapping

vh: A X A — RY is said to be a rectangular B-metric on A if there exists B > 1 such that

vp satisfies the following (for all u,n € A and all distinct r,s € A\{u,n}):

(1) vo(u,n) =0ifand only if p=n,

(2) (K, M) = vo(n, W),

(3) vb(p, M) < Blun(W, 1) + vu(r, S) + vo(s, n)].

Then the pair (A, vp) is said to be a rectangular B-metric space.

Recently, new type of generalized B-metric space namely extended B-metric space is
introduced Kamran et. al., [5].

Definition 1.3 [5]. Let A be a non-empty set and {: AXxA— [1, ©). A mapping oc: AXA— R
is said to be an extended B-metric on A, if o satisfies the following for all p, n and q € A
(1) oe(n,m)=0ifand only if p=n

(2) o(4,m) = o¢(n, 1),

(3) oe(m, M) < &1, Moy, @) + ou(q, Nl

Then the pair (A, o) is said to be an extended B-metric space.

Influenced by the concepts of rectangular B-metric spaces and extended B-metric spaces,
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Asim, Imdad and Radenovic[1] introduced the concept of extended rectangular B-metric
spaces and obtained fixed points.

Definition 1.4 [1]. Let N be a non-empty set and ¢ : Nx N— [1, o). A mapping Q.: NXN — R*
is said to be an extended rectangular B- metric on N if € satisfies the following (for all 4, n € N
and all distinctp, g € N\ {4, n}) :

1) Q. (u,m)=0ifand only if p=n,

(2) Qc(Km) =Qc(n, W),

(3) € (1, M) = o(u, M€ (K, P) + Qe (P, Q) + Qc (g, )]

Then the pair (X, €.) is said to be an extended rectangular B-metric space.

Definition 1.5. [1] Let (N, Q.) be an extended rectangular B-metric space with ¢. Then:

(1) Asequence {un} in N is said to be Q.convergenttou in N if lim Q¢(u,, u) = 0. In this
n-—-oo

case we writelim u,, = u.

n—-oo

(2) Asequence {un}in Nissaidtobe Q;Cauchy if lim Q¢(u, u,) =0.
n,m—oo

(3) (N, Q.)issaidtobea Q;complete if every Q. Cauchy in (N, Q. ) is Q. convergent to some
point in N.
Lemma 1.6[1]. Let (N, Q. ) be an extended rectangular B-metric space with ¢, the sequence
{un} in N such that u,#um, whenever n#m, then {u,} converges at most one point.
The authors Asim, Imdad and Radenovic[3] proved the analog of Banach contraction
type principle in the context of extended rectangular B-metric space.
Theorem 1.7[1]. Let (N, <€) be a extended rectangular B-metric space with the function ¢
and T : N— N. Suppose that :

(i) for all p, n € N, there exists A € [0,1), Q¢ (Tu, Tn) <AQ (1, 1),

G0 lim Q¢(uy, tny) <=

n,m-oo A
(111) (N, Q. ) is T - orbitally complete
(iv) T is orbitally continuous.

Then T has a unique fixed point in N.



351
COMMON FIXED POINTS FOR A PAIR OF SELFMAPS

Lemma 1.8 [6]. Let (N, ) be an extended rectangular B-metric space and if there

exists te€ [0, 1) such that for uo € N, the sequence {un} satisfies lim Q¢(u,, uy) < %
n,m—oo

and 0< Q¢(up, upyq1) <t Q¢(u,, u,_1) thenforany n e N the sequence {un} is a Q. Cauchy
sequence in N.
In 2009, Suzuki [8] proved certain remarkable results to improve the results of Banach
and Edelstein [3].
Theorem 1.9 [8]. Let (N, d) be a compact metric space and T: N —N be a mapping.
Assume that

d(,Tw) <d(u, n7)=>d(Ty, Ty) <d (u,n) for all distinct 4, » € N.
Then T has a unique fixed point in N.
Recently, general rational type contractive conditions was employed by Olatinwo and Ishola
[7] in complete metric spaces to generalize many results.
Let (N, d) be a complete metric space and T : N — N be a continuous map such that there

exista,p,q,1,S,t € RTand B €]0,1)suchthatVv pu,n€N,

_ alp +a@nollam 7)) (e T
AT, T) < = Ty reatnmi)TaGun) Bd(u, m)

with sd(w,Tn ) +td(n,Tu) +d(pw,n>0.

Motivated by the works of Suzuki[8] and Olatino and Ishola [7], in this paper, we define almost
Suzuki generalized rational type contraction and almost Suzuki Ciric type contraction for a
pair of selfmaps in extended rectangular B-metric spaces and obtained common fixed points.
The presented results are supported through examples. Our results improve and generalize many

results in the literature.

2. ALMOST SUZUKI GENERALIZED RATIONAL TYPE CONTRACTIONS

Definition 2.1. Let (N, Q.) be an extended rectangular B-metric space with function g:
Nx N— [1, ). LetS and T be two selfmaps on N. We say that the pair (S, T) is almost Suzuki
generalized rational type contraction if forany a,p,q,1,s,{,A € R* and B €]0,1)

suchthatVv u,n €N,
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(21)  Smin{ Qc(u, S, Q5(n, T} < Qg (u,n) =

, 9 Q¢(n,Tn)" Q¢(n,Su)’
Q T < ELE+ Q6 ST n)? 26 L B0
¢ (Sp. Ty < 206(n,51) +206 (1 TT)+05 (1) BOc (.

with {Q¢(n, Sp) + AQ¢(u, Tn) + Q¢(u,n )> 0.
Theorem 2.2.  Let (N, Q. ) be an extended rectangular B-metric space with function

n)

¢:NxN—J[1,). LetSandT betwo selfmapson N such that the pair (S, T) is almost

Suzuki generalized rational type contraction. Further, assume that :

(2.2) Foreach x, € N, the sequence {x,} inNis suchthat lim 0(x, x,) < %

m,n—oo
(2.3) Either S or T is continuous.

Then S and T have a unique common fixed point in N.

Proof. Let x,eN, we can construct a sequence in {x, } in N such that

(24) xyp41 = Sxy, and x5, = Txy,yq forallnin N
Suppose that x,, = xp 41 for some in N then k= x,, is a fixed point of S. To show that k isa
common fixed point, we consider the following two cases.
If no=2m, we have
(2.5) Xom = Xoma1 = Xom = SXom, Xom 1S a fixed point of S.
We now assert that  Sx,;, = TXoma1 -
Suppose that Q6(SXom, TXome1 ) > 0.
Since %min{ Qs(Xoma1> TXoma1) > 26(Xom»Xom+1 )} = 0 < Q6(Xom, Xome1 ) = 0= from
(2.1), we have
(2.6)
Q¢ (Sx2m, TXzme1 )

q S
< O([p + QC(XZmr SXZm )]QQ(XZm, TX2m+1) QQ(X2m+1 ) TX2m+1 )r QC(X2m+1,SX2m )
ZQQ(X2m+1, SXZm) + )\Qg(XZm ) TX2m+1 ) + QC(XZm » Xom+1 )

+ BAS(Xom, Xome1 ) -
Thus, from (2.4) and (2.5), we get QG6(Sxom, TXoms1 ) <0 = Sxom = TXomy-

Hence xo;m = SXom = Xom+1 = TXoms1 -
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Thus, k= x,, is a common fixed point of S and T.

Similarly, when ny=2m-+1, then following on the same steps of above case we get k=x,, is a fixed

point of S and T.

Hence without loss of generality suppose that x,, # x,41 for all n EN. We now show that N
{x, } is a Cauchy sequence in N.

Case (a): Assume that n is even, using the pair (S, T) is almost Suzuki generalized rational type
contraction, we have

2 min{ Q6(Xan, SXan ), Q6(Xzn+1, TXzn+1 )} < Q6(Xon, Xon41 ) =from (2.1) and (2.4), it

follows that

alp + Q6(Xzn ,SXzn )] Q6(Xon , TXon41 )2 Q6(Xont1,Tx2n+1 )" Q6(Xon41, SXon )°
0Q6(Xzn+1, SXzn )+AQG(X2n ,TXzn+1 ) +26(X2n Xon+1 )

QQ(SXZn ) TX2n+1 ) < +

BQG(Xzn, Xzn+1 ) = BAS(Xzn, Xzn41 ).
Thus,
(2.7)  Q¢(Xan+1,Xzn+2 ) < BAS(Xan, Xzn41 )-
Case (b): Assume that n is odd, then
Y min{ QG6(Xan, SXon ), Q6(Xon—1, TXon—1 )} < Q6(X2n,Xon—1 ) = from (2.1) and (2.4), it
follows that

S
alp + Q6(Xz2n ,Sxz2n )106¢(X2n , TXan—1)906¢(xan—1,TX2n—1)" QC(in—1 SXon )
206(X2n-1 ,SX2n ) +AQG6(X2n , TXon-1 )+Q6(X2n X2n—1 )

BOAG(Xzn,Xan—1 ) = BAG(Xzn,Xan-1 )-

O6(Sxzn, TXop-1 ) < +
Thus,

(2.8) Q¢(Xan+1,Xzn ) < BAS(Xzn, Xzn-1 ).

Hence from Case (a) and Case (b), we conclude that

(2.9) Qc(Xp, Xp+1 ) < BAG(Xp,Xp—1 ) forallnin N.

Thus, in view of Lemma 1.8 and condition (2.2) of our assumption, it follows that {x,} is a

Cauchy sequence in N. Since (N, €1g) is complete, there exists u in N such that

(2.10) lim x, - u.
n—>oo

We now show that u is a common fixed point of S and T.
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First we suppose that S is continuous on N, then we have

2.11) Su= lim Sx,, - lim Xyq44 < U.
n—>oo n—>oo

Next we assert that Tu=u.
Using condition (2.1) and (2.11), we have
Y2 min{Qg(u, Su), Q¢(Tu,u)} =0 < Qg(u,u) =0

a[p + Q¢(u,Sw)] Q¢(u,Tw)? Q¢(u,Tw)" Q¢(u,Su)s
{Q¢(u,Su)+A0¢(u,Tu)+Q¢(u,u)

= Q¢ (Su, Tu) < + B Q¢ (u, u).

Thus, Q¢ (Su, Tu) <0 =u=Tu. Hence

(2.12) u=Su=Tu .

We now show that S and T have a uniqgue common fixed point in N. Indeed, let u and v be
two common fixed points of S and T. Therefore

(2.13) u=Su=Tu and v=Sv=Tv.

Now, 1/2min{ Qg (Su,u), Q¢ (v, Tv)}=0<d(u,v) = from (2.1) and(2.13), we have

alp + Qc(wsw)] Qe Tv)4 Qc(v,Tv)" QC(U,Su)s+ B Q¢ (U, V)

{Q¢(v,Su)+AQ¢(u,Tv)+Q¢(u,v)

Q¢ (Su, Tv) <

= Q¢ (Su, Tv) <0 =u=Su=Tv=v.

Therefore u is a unique common fixed point of S and T.

By choosing S=T, we have the following corollary.

Corollary 2.3. Let (N, Q. ) be an extended rectangular B-metric space with function ¢ : Nx
N—[1, ).

Let T be a selfmap on N satistying the following conditions:

(i) ifforanya,p,q,1,5,{,4 € R* and B € [0, 1) such thatV u,n € N,

(214)  —min{ Q¢(u, Ty), Qs(n, Tn)} < Qg m) =

[p + Q¢(u,Tw)] Qs(u,T 1)1 Q¢ (n,Tn)" Qs(n,Tw)’
Qc (Tu, TN < « +B Q¢ (u
¢ (T, Tn) Q¢ T)+A(w,Tn)+Q6(u,n) B Qe (u.

with {Q¢(n, Tw) + A(w, Tn) + Q¢(u,n) > 0.

(2.15) Forany sequence {x,} inNissuchthat lim 6(x, x,) < %

m,n—coo

n)

(2.16) T is continuous.
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Then T has a unique fixed point in N.

By choosing 0=0, in Theorem 2.1, we have the following Corollary.

Corollary 2.4. Let (N, ) be an extended rectangular B-metric space with function ¢:
NX N— [1, o).

Let T be a selfmap on N satistying the following conditions:

(2.17) ifforany P €][O0,1)suchthatV p,m €N,

1 .

S min{ Q¢(u, S, Q¢(n, Tn)} < Q¢(u,m) = Q¢ (Sp, Tn) <P Q¢ (1, n).
(2.18) Forany sequence {x,} inNissuchthat lim 6(x, xp,) < %.

m,n—oo

(2.19) Either S or T is continuous
Then S and T have a unique fixed point in N.
By choosing p=r=1, 9=0,5=0, {Q¢(n, Su) + A(u, Tn) = 1, we have the following corollary.
Corollary 2.5. Let (N, Q.) be an extended rectangular B-metric space with function ¢:
Nx N— [1, o).
Let S and T be two selfmaps on N such that : if forany a€ R* and B € [0, 1) such that V u, n
€EN,

(220)  —min{ Q¢(u, Sp), Qc(n, TN} < Qg () =

[1+ Q¢(uSw)]Qs(m,Tn)
') < + B Q
Q¢ Sp, Ty < a L ac(L) B Q¢ (u,m)

(2.21) For any sequence {x,} inN,issuchthat lim 6(x, x,) < 1

m,n—oo ﬂ

(2.22) Either S or T is continuous.

Then S and T has a unique fixed point in N.

By choosing p=0, g=0,5=0, { = 1,r = 1 and 1 = 1, we have the following corollary.
Corollary 2.6. Let (N, Q. ) be an extended rectangular B-metric space with function ¢ :
Nx N— [1, ). Let S and T be two selfmaps on N satisfying:

(2.23) if forany B € [0,1)such thatV u,n € N,

%min{ Q¢(p, S, s, Tn)} < Q¢(u,n) =
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Q¢ (u,S)Q¢(n,T1)
Q¢ (Sp, Tn) < + B Q
¢ G Tn= a Q¢S +Q5 (T +Q5 () P ()

with Q¢(n, Sp) + Q¢(w, Tn) + Q¢(u,n) > 0.

(2.24) For any sequence {x,} inNissuchthat [lim 0(x, x;) < =

m,n—co

(2.25) Either S or T is continuous

Then S and T has a unique fixed point in N.
Example 2.7. Let R=[O,§] and S=( % 1] and N= RUS. We define the function ¢ : Nx N—

[1,©) byg(u, n)= utn +1 and we define Q¢: N — N by

( 0 ifpu=n
: 2 tfpe R
() =
e (pm) i 1 ifpe s

(n +1)?  otherwise

Clearly, Qg is an extended rectangular B- metric space with respect to c.
We define Sand T on N by
1 if LER

1
Su=-forall ue N and Tu =
4 H+llf € S.

1 . 11 3 1 5
When x4 € R,we havex, =-,s0 lim ¢(x,,X,)=-+-+1==-<-,whenf == and
4 m,n— oo 4 4 2 B 8

when xOES,Wehavexn=%,so lim g(xn,xm)— +3 +1——< Whenﬁ——

mn—oco
We now verify the inequality (2.1) with a=4.7, p=4,09=1,r=1,s= 1,{ =11 = 1.
Case(i): When u,n €R, without loss of generality assume that u #n,

% min{ Q¢(p, Sp), Qs(n, Tn)} = %min{ Qg (u, ) Qg (n, )} = —Qc (u, ) < Q¢(u,n) =2
=from (2.1), we have Qc¢ (Sp, Tn)=0, so the inequality (2.1) holds.

Case(ii) Let u, n €S.

Without loss of generality suppose that u#n.

[

% min{ Q¢(u,Sw), Qc(m,Tn)} = %min{l,l} =5 < Qq¢(u, n)=1= from (2.1) , we have

440 ,l QO 71"'19 n+1 1
1= Q¢ (Sp, Tn) < 4.7[ D Qe (m—20) c(u )Q¢ (1, )+Bl 47[4+1] 5
06 (WD +05(n.5 )+1 3
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1 < 8.291, so that the inequality (2.1) holds.

Case(iii) : When u €S, n € R.

= min{ Q¢(u, Sp), Qc(n, Tn)} = smin{(u + D% Q5 (1,9} =5 (U +D? < (u+n)? =
Q¢(u,n) =from (2.1),

we have Q¢ (Su, Tn)=0, the inequality (2.1) holds.
Case(iv): When u €R, n €S

1 . 1 . 1 +1 1 1
> min{ Q¢ Sp), Qs(n, Tn)} = - min{ Qe (1,7), Qs (1,10} =5 (u+)? <

(u+1n)*=Q¢(um) = from (2.1),we have,
[4+(ut D21 (T2

(D24 (um)? +1

1=20¢ (Sp, Tn) < 4.7 +B(u+n)?

the minimum value of RHS attainsat © = 0,7 = % in this case we have

1 < 1.027, so inequality (2.1) holds.
Thus S and T satisfies all the conditions of Theorem 2.1. Also “1/4” is the uniqgue common

fixed pointof Sand T.

We observe that inequality ( 2.17) fails to hold at u= 41, n =1 for any B, since
1 .
5 min{ Q¢(u, Sp), Qs(n, T} =0 <1 = Q¢(u,n) =

1
1= Qg (S, Tn)< B Qs+, 1) < B1L.
This inequality forces f > 1 which contradicts the fact that [ < 1.

Thus Theorem 2.1 generalizes Corollary 2.4.

3. ALMOST SuzuUKI CIRIC TYPE CONTRACTION

Definition 3.1. Let (N, Q.) be an extended rectangular B-metric space with function ¢:
Nx N— [1, ). LetSandT be two selfmaps on N. We say that the pair (S, T) is almost Suzuki
Ciric type contraction if for any

(31)Be[0,1) andL>0 suchthatV u,n €N,

ﬁmin{ Q¢(w, Su), Qs(m, Tn)} < Q¢(u,n) =
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Q¢ (Sp, Tn) < B max{ Q¢ n), Q(u, Sw), Q¢(n, Tn)} +L Q¢(w, Tn)Qs(n, Sw)
Theorem 3.2. Let (N, Q¢ ) be an extended rectangular B-metric space with function ¢ :
Nx N— [, ©). Let S and T be two selfmaps on N such that the pair (S, T) is almost Suzuki

Ciric type contraction. Further, assume that:

(3.2) For any sequence {x,} in N is such that ml,‘flzloo O(xn xm) < % :
(3.3) Either S or T is continuous.

Then S and T have a common fixed point in N.

Proof. Let x,eN, we can construct a sequence {x,} in N such that
(3.4) x9p41 = Sxy, and x40 = Txppnyq forallninN.

Suppose that x,,, = x;,+1 for some n, in N then k= x,,  is a fixed point of S. To show that k is

a common fixed point, we consider the following two cases.

If no=2m, we have

(3.9) Xom = Xoms1 = Xom = SXom, Xpm 1S a fixed point of S.
We now assert that Sx,, = TXm4q -

Suppose that Q6(SXy1 , TXomeq ) > 0.

. 1.
Since - min{ Q¢(Xzm+1,TXom+1) > Q6(Xam,Xom+1)} = 0 < Q6(Xom , Xom41) = 0= from
(3.1) and (3.5), we have,

(3.6) Q6(Sxom, TXom+1 ) < Bmax{Qc(Xom,Xam+1 ) Q6(Xom+1, TXom+1 ), Q6(Xam , SXom )}
+ LOG¢(Xom , TXom+1 )QG(Xam+1,SXom )-
Therefore QG¢(Xom+1,X2m+2 ) <= B AG(Xom+1,Xom+2 ) = SXom = TXomy1-

Hence xom = SXom = Xam+1 = TXome+1-

Thus, k= x,, is a common fixed point of S and T.

Similarly, when ng=2m+1, then following on the same steps of above, we get k=x,,  is a fixed point

of Sand T.
Hence without loss of generality suppose that x,, # x,,; for all n €N.

We now show that{x,} is a Cauchy sequence in N.
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Case (a): Assume that n is even, then

Vamin{ Q6(Xan , SXzn ), Q6 (Xon41, TXon41 )} < Q6(Xan, Xons1 ) =

from (3.1) and (3.4), we have

Q6(SXan , TXont1) < Pmax{Q6(Xan, SXon ), Q6(Xon+1, TX2n+1 ), Q6(Xon , Xon+1 )} +
LOG(Xan , TXon41 )QC(X2n+1,SX2n )

= Bmax{ O¢(X2n,Xon+1 ) 26(Xan+1, TX2n+1)3

thus

(3. 7) Q6(Xzn+1,Xon+2 ) < Pmax{Q¢(Xzn,X2n+1 ) Q6(Xan+1,Xan+2)}.

If Q¢(Xon+1,Xon+2) > Q6(Xon41,X2n ), then from (3.7), we have

Q6(Xan+1,Xon+2 ) < BOS(Xant1,Xon+2) < Q6(Xan+1,Xan+2 )

contradiction.
Therefore
(3.8) O6(Xan+1,Xan+2 ) < BAG(X2n, Xon+1 )-

Case (b): Assume that n is odd, then
Y2 min{ Q¢(Xzn, SX2n ), Q6(Xan-1, TXan-1 )} < Q6(X2n,Xzn-1 ) =from (3.1)and (3.4),
we have
Q6(X2n+1,X2n ) = Q6(Sxzn, TXzn-1 )
< Bmax{Q¢(Xzn, Sxzn), Q6(Xzn-1, TX2n-1), Q6(X2n, Xzn-1 )}
+LOG(X2n , TXan-1) QQ(XZn—LSin )
(3.9  Q6(Xzn+1,%2n ) < Bmax {Q6(Xzn,Xan-1 )» Q6(Xan+1,X2n )}
If Q6¢(Xop41,X2n) > Q6(Xon,Xan—1 ), then from (3.9), we have

QQ(X2n+1 »X2n ) < B Qg(X2n+1 » X2n ) < QQ(X2n+1 » X2n ):

contradiction.
Therefore
(3.10) Qg(X2n+1’X2n ) < BQC(XZn;XZn—1 ).

Hence from Case (a) and Case (b), we conclude that

Qc(Xy,Xp41 ) < BOAc(X,,Xy,—1 ) forallninN .
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Thus, in view of lemma 1.8 and condition (3.2) of our assumption, it follows that {x,} is a
Cauchy sequence in N . Since (N, ¢) is complete there exists u in N such that

(3.11) lim x, - u.
n—oo

We now show that u is a common fixed point of S and T.

First, we suppose that S is continuous on N, then we have

(3.12) Su= lim Sx,,- lim X,,,1 - u.
n—oo n—»>oo

We now assert that Tu=u.

¥ min{Qg(u, Su), Q¢(Tu,u)} = 0 < Qg(u, u) = 0= by condition (3.1) and (3.12), we have
Q¢ (Su, Tu) < pmax{Q¢(u, Su), Q¢(u, Tu), Q¢(u,u)} + LOg¢(u, Tu) Q¢(u, Su)

= Q¢ (Su, Tu) < B Q¢(u, Tu)=u=Tu.

Hence u=Su=Tu.

Therefore u is a common fixed point of S and T.

By choosing S=T in Theorem 3.2, we have the following corollary.

Corollary 3.3. Let (N, €. ) be an extended rectangular B-metric space with function ¢:
Nx N— [, o). Let T be a selfmap on N satisfying the following conditions:

ifforany B €[0,1)and L>0,suchthatV p,n €N,
1,
(3.13)  smin{ Q¢(u, Tw), Qc(n, TN} < Q¢(u,m) =

Q¢ (T, Tn) < Pmax{ Q¢(u,1n), Qs(u, Tr), Qs(m, Tn)} +L Q¢(u, Tn)Qs(m, Tw).

Further suppose that
(3.14) for any sequence {x,} inN, issuchthat lim 0(x, xp) <% .
m,n—oo

(3.15) T is continuous.

Then T has a fixed point in N.

By choosing L=0, in Theorem 3.2, we have the following corollary.

Corollary 3.4. Let (N, ) be an extended rectangular B-metric space with function
¢:NxN—[1,). LetT beaselfmap on N satisfying the following conditions:

if forany B € [0, 1) such that V p,m € N,
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(314)  min{ QO¢(u, Tw), 5(n, Tn)} < Qg (u,m) =
Q¢ (Sp, Tn) < B max{ Q¢(u,n), Qc(u, Sp), Q¢(n, Tn)}.
Further suppose that:
(3.15) for any sequence {x,} InN, m{mloo 0(xn, Xm) <% .
(3.16) Either Sor T is continuous.
Then S and T have a common fixed in N.
Example 3.5. Let R:[O,g] and S=( g 1] and N= RUS. We define the function ¢: NxXN—J1, o)

A by ¢(u, n)= utn +2 and Q¢: N — N by

( 0 if u=mn
% i e R,
Qc(p,m) = 1 pneSs
(u +1)% otherwise

Clearly, (N, Q¢ ) is an extended rectangular B- metric space with the function .

We define Sand T on N by

if LER

0
Tuzg forall ue N and su={g if ues
4

When x, € R,wehavex, =0, so Ilim ¢(x,,X,)=0+0+2< %,When B =§ and
m,n—oco

when x, € S,we havex, =0,s0 lim ¢(X,,Xy,) =0+0+2< %,whenﬁ = %
m,n—oco

Here we note that T is continuous.

We now verify the inequality (3.1) with for any L>0and g = %
Case(a): Let u,m€R

Without loss of generality suppose that p#n.

wIinN
U

= min{ Qc(u, Sw), Qs(n, Tn)} = 2min{Qg(w, 0) Qc(n, D} = 5 <

From (3.1), we have

a5 (0,2) =2 < pmax {05, 0,9 (n,2), 25 (um }+L0s (1) Q5 (n, 0)
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< - + L4 _ 2 + 4L
sPztly =z+gl
so inequality (3.1) holds for any LZlg—O :
Case(b): Let u,n €S
Without loss of generality suppose that u#n.
1, 1, 2 1 2
> min{ Q¢(u,Su),Qc(n,Tn)} = Emm{(u + %) , (n +g)2 }= > (,u + %) < 1 =from

(3.1), we have
0 (5.3) = 3= pmax(s (w5),05 (n.3) QsmyLas (w) 0 (1.5)

the minimum value of RHS attains at n, u — 2

therefore Qg(%,g) :§SB+L§ §:§+L%

so inequality (3.1) holds for any LZ%.
Case (c): When u €R, n € S, we have

1 . 1 . 1 . 2 1 2
5 min{ Q¢(u, Sp), Qs (n, Tn)} = smin{ Q¢(u, 0), Qg (ng) =-min{(n+%} =, ;=

W

< (n + pn)? =from (3.1), we have

¢(0,2) =2 < pmax{9c(x,0),09¢ (1,2), 2s(u, M}+L0g (1,2) 25(7, 0)

the minimum value of RHS attainsat © - 0,n - g , Inthis case

ny _2 264, 16
QC(0’3)_3 S5 1+L729'

so inequality (3.1) holds for any in—?.

Case (d): When u €S, n € R, we have

25u?
16

1 . 1 . 1 . 2
5 min{ Q¢(u, Sp), Q¢(n, Tn)} = Smin{ Q¢ (u. %),Qc (n,g)} = cmin{=—-,3<m+w? =

from (3.1), we have
0c(5.8) =3 pmastis (u ). (12) syt (s s 0

= § max(ag (12 ),05 (n.2), 9gum} + L (u+ 1) (n+ 52

&=



363
COMMON FIXED POINTS FOR A PAIR OF SELFMAPS

the minimum value of RHS attainsat u — é,n — 0, in this case

so inequality (3.1) holds for any L>32.

Thus all the conditions of Theorem 3.2 are satisfied and ‘0’ is a common fixed point of S
and T.

Here we note that the inequality (3.14) fails to hold when forany g € [0,1) and L=0 at

w=m=t snce ac(02) =25 pmartas (3.0).0c(2.2).ac (4 = p2 <2

Thus, Theorem 3.2 is a generalization of Corollary 3.4.
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