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Abstract. In this paper we investigate the 4-total mean cordial labeling behaviour of helm, closed helm, flower

graph, sunflower graph, gear graph, subdivision of wheel, web graph.
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1. INTRODUCTION

Graphs in this paper are finite, simple and undirected. k-total mean cordial labeling of graphs
have been introduced in [3] and they investigate the 4-total mean cordial labeling behaviour of
path, cycle, star, bistar, wheel, subdivision of star, subdivision of bistar, subdivision of comb,
subdivision of crown, subdivision of doublecomb, subdivision of jellyfish, subdivision of ladder,
subdivision of triangular snake in [3, 4]. In this paper, we investigate the 4-total mean cordial
labeling behaviour of helm, closed helm, flower graph, sunflower graph, gear graph, subdivision
of wheel, web graph. Terms are not defined here follow from Harary [2] and Gallian [1].
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2. 4-TOTAL MEAN CORDIAL GRAPH

Definition 2.1. Let G be a graph. Let f: V(G) — {0,1,...,k— 1} be a function where k € N
and k > 1. For each edge uv, assign the label f(uv) = [JM_‘ f 1s called k-total mean
cordial labeling of G if |t (i) =t (j)| < 1, forall i, j € {0,1,...,k— 1}, where t,,7(x) denotes
the total number of vertices and edges labelled with x, x € {0, 1,...,k—1}. A graph with admit

a k-total mean cordial labeling is called k-total mean cordial graph.
3. PRELIMINARIES

Definition 3.1. The graph W,, = C,, + K] is called a wheel, where C,, is the cycle uju; ... u,uy,
V(K1) = {u}.

Definition 3.2. The Helm H,, is the graph obtained from the wheel W,, with V (H,,) =V (W,,) U
{vi:1<i<n}and E(H,)=E(W,)U{uyv;:1<i<n}.

Definition 3.3. Closed Helm CH,, is a graph obtained from the helm H,, with vertex set V (CH,,) =
V (H,) and E (CH,) = E (Hy) U{vivit1: 1 <i<n—1}U{v,v }.

Definition 3.4. A flower graph is the graph obtained from a helm H,, by joining each pendent

vertices v; to the central vertex u of the helm.

Definition 3.5. The sunflower graph SF, is obtained by taking a wheel W, = C, + K| where
C, is the cycle ujuy .. .uyuy, V(Ky) = {u} and new vertices vi,vs,...,v, where v; is join by the

vertices u;u; 1 (mod n).

Definition 3.6. The web graph Wb,, is the graph obtained from a closed helm CH,, with V (Wb,) =
V(CH,)U{x;:1<i<n}and E(Wb,) =E (CH,)U{vix;: 1 <i<n}.

Notation 1. [x] denote the greatest integer < x.
4. MAIN RESULTS
Theorem 4.1. The Helm graph H, is 4-total mean cordial for all values of n.

Proof. Take the vertex set and edge set of H, as in definition 3.2. Clearly, |V (H,)|+ |E (H,)| =
Sn+1.

Assign the label 2 to the central vertex u.
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Case 1. n=0 (mod 4).
Let n =4r, r € N. Now we consider the vertices uy,us,. . .,u,. Assign the labels 0, 0, 2, 3 respec-
tively to the vertices u1,up,u3,us. Then we assign the label 0, 0, 2, 3 respectively to the vertices
us,ueg,u7,ug. We now assign the label 0, 0, 2, 3 respectively to the vertices ug,uo,u11,u12. Con-
tinuing in this process until reach the vertex u,. In this case, the vertices ua,_3,us,—2,Uar—1,Ua,
receive the labels 0, 0, 2, 3. Now we move to the vertices vi,v,...,v,. Assign the labels 0, 1,
2, 3 to the vertices vi,2,v3,v4. Now we assign the label 0, 1, 2, 3 respectively to the vertices
vs,V6,V7,v8. We now assign the label 0, 1, 2, 3 respectively to the vertices vg,vi9,v11,v12. Pro-
ceeding like this process until we reach the vertex v,. Clearly, the vertices v4,_3,V4r—2,V4,—1,V4r
receive the labels 0, 1, 2, 3 respectively.
Case2.n=1 (mod 4).
Let n =4r+1, r € N. Assign the labels to the vertices u;,v; (1 <i<4r) as in case 1. Next we
assign the labels 2,0 respectively to the vertices u4,41,V4,+1.
Case 3. n=2 (mod 4).
Let n =4r+2, r € N. Asin case 1, assign the label to the vertices u;,v; (1 <i <4r) as in case
1. Now we assign the labels 3,0,0,2 respectively to the vertices uay+1,Uar42,Vart1,Var+2.
Cased4. n=3 (mod 4).
Let n =4r+3, r € N. Label the vertices u;,v; (1 <i<4r) as in case 1. Finally we assign the
labels 3,2,0,1,1,0 respectively to the vertices ua,i1,Uari2,Udr+3,Var+1,Var+2,Var+3-

This vertex labeling f is a 4-total mean cordial labeling follows from the Tabel 1

Nature of n l‘mf(()) tmf(l) tmf(Z) l‘mf(3)
n=4r Sr Sr Sr+1 Sr

n=4r+1 | 5r+1 | 5r+2 | 5r+2 | 5r+1

n=4r+2 | 5r+3 | 5r+2 | 5r+3 | 5r+3

n=4r+3 | 5r+4 | 5r+4 | 5r+4 | 5r+4
TABLE 1

Case 5. n = 3.

A 4-total mean cordial labeling is given in Table 2
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n u|uy Uy Uz | vy | vy | v3

n=312/012]13]0]0]|2
TABLE 2

Theorem 4.2. The closed helm CH,, is 4-total mean cordial for all values of n.

Proof. Take the vertex set and edge set of CH, as in definition 3.3. Clearly, |V (CH,)|+
|E (CH,)| =6n+1.

Assign the label O to the central vertex u.

Case 1. n=0 (mod 4).

Let n =4r, r > 1. Now we consider the vertices uy,uy,...,u,. Assign the label 0 to the 2r
vertices up,uy,. . .,uz. Then we assign the label 2 to the 2r vertices up, 1 1,U27+2,. - -,Uar. We NOW
move to the vertices v{,v»,...,v,. Assign the label 1 to the r vertices vy,vy,...,v,. Next we assign
the label 2 to the r vertices v, 1,V,42,...,v2,. Finally we assign the label 3 to the 2r vertices
V2P 1,V2r4 25 - - Var.

Case2.n=1 (mod 4).

Letn=4r+1, r > 1. Assign the label O to the 2r vertices uy,us,...,u>,. Next we assign the
label 2 to the 2r vertices uoy+1,U2,+2,- - -, U4, Now we assign the label 3 to the vertex uy,4 1. Next
we assign the label 2 to the r vertices vi,v»,...,v.. Then we assign the label 1 to the r vertices
Vr41,Vr+2,- - -»v2,r and assign the label O to the vertex v4,11. Finally we assign the label 3 to the
2r VertiCes Vo,42,V2r+3s- - -,Var41-

Case 3. n=2 (mod 4). Let n =4r+2, r > 1. Assign the label O to the 2r + 1 vertices
ui,uy,. . .,uz-+1. Next we assign the label 2 to the 2r + 1 vertices up,42,U2,43,. - -,Usr+2. NOw we
assign the label 1 to the r vertices vi,v»,...,v.. Then we assign the label 2 to the r+ 1 vertices
Vrg1,Vr4+2,- - V2r+1. Finally we assign the label 3 to the 2r 4 1 vertices vo,42,V2743,. - -,Var42-
Case4.n=3 (mod 4).

Let n =4r+3, r > 1. Assign the label O to the 2r 4 1 vertices uy,us,.. .,uz,+1. Then we assign
the label 2 to the 2r + 1 vertices uz,42,U2743,. - .,Usr+2. Now we assign the label 1 to the vertex

uqr+3. Next we assign the label 1 to the r vertices vy,v»,. . .,v,.. Then we assign the label 2 to the r
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vertices V4 1,Vr42,. - -,v2r. Now we assign the label 3 to the 2r 4 2 vertices vy, 1,V2,42,- - -sVar42.
Finally we assign the label O to the vertex v4,3.

This vertex labeling f is 4-total mean cordial labeling follows from the Tabel 3

Nature of 7 | 1,7 (0) | tig (1) | g (2) | timg (3)

n=4r 6r or-+1 6r 6r

n=4r+1 | 6r+1|6r+2 | 6r+2 | 6r+2

n=4r+2 | 6r+3 | 6r+3 | 6r+4 | 6r+3

n=4r+3 | 6r+5|6r+5 | 6r+4 | 6r+5
TABLE 3

Case 5. n = 3.

A 4-total mean cordial labeling is given in Table 4

Valueof n | u |uy |ux [us | vi|va|v3

n=73 0021|0313
TABLE 4

Theorem 4.3. Flower graph FL, is 4-total mean cordial for all n.

Proof. Take the vertex set and edge set of FI, as in definition 3.4. Note that |V (FL,)| +
|E (FL,)| =6n+ 1. Assign the label 1 to the central vertex u.

Case 1. n=0 (mod 4).

Letn =4r, r € N. Consider vertices uy,us,. . .,u,. Assign the label O to the 2r vertices uy,u,. . .,us,.
Then we assign the label 2 to the r vertices up,41,U2,42,. . ..u3,. Next we assign the label 3 to the
r Vertices Uz, 1,U3r4+2,. - .,Uuqr. NOow we move to the vertices vi,v2,...,v,. Assign the label O to
the r+ 1 vertices vy,v»,. ..,V 1. Next we assign the label 1 to the r — 1 vertices v, 2,V,43,...,V2,.
Finally we assign the label 3 to the 2r vertices Vo, 1,V2742;- - V4.

Case2.n=1 (mod 4).

Let n =4r+ 1, r € N. Assign the labels to the vertices u;,v; (1 <i < 4r) as in case 1. Next we

assign the labels 3,0 respectively to the vertices u4,41,V4,41-
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Case 3. n=2 (mod 4).

Let n = 4r+2, r € N. Label the vertices u;,v; (1 <i<4r) as in case 1. Now we assign the
labels 3,0,0,0 respectively to the vertices uay1,Uar12,Var41,Vari2-

Case4.n=3 (mod 4).

Let n =4r+3, r € N. As in case 1, assign the label to the vertices u;,v; (1 <i < 4r). Finally
we assign the labels 3,3,2,0,0,0 respectively to the vertices ug,1,Uar+2,Uar+3,Var+1,Var+2,Var+3-

Tabel 5 shows that the vertex labeling f is a 4-total mean cordial labeling

Order of n tmf(()) l‘mf(l) l‘mf(2> tmf(3)
n=4r | 6r+1 6r 6r 6r

n=4r+1|6r+2 | 6r+1|6r+2 | 6r+2

n=4r+2 | 6r+3 | 6r+3 | 6r+4 | 6r+3

n=4r+3 | 6r+4 | 6r+5| 6r+5 | 6r+5
TABLE 5

Case 5. n = 3.

A 4-total mean cordial labeling is given in Table 6

n ui|Uuy Uy |iuz | vy |vy | vy

n=3(2/0(0|3|0|1]3
TABLE 6

Theorem 4.4. The sunflower graph SF; is 4-total mean cordial, for all n.

Proof. Take the vertex set and edge set of SF, as in definition 3.5. Clearly that |V (SF,)| +

|E (SF,)| = 6n+ 1. Assign the label O to the central vertex u.

Case 1. n is even.

We consider the vertices uy,us,. . .,u,. Assign the label O to the ’5‘ vertices uy,us,. . U Then we

assign the label 1 to the g vertices u#u# .., uy. We now move to the vertices vi,va,...,V,.
n+2

Next assign the label 2 to the % vertices vi,V2,...,va—2. Now we assign the label 3 to the ==
2

vertices VI Vie2,e Ve

2
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Case 2. n is odd.

Assign the label O to the % vertices uy,uy,....u.—1. Next we assign the label 2 to the %
2

Vertices Unii,Unis,. ..Uy Assign the label 2 to the % vertices Vi,V,...,V,3. We now assign
2 2 2
the label 3 to the ﬂzl vertices Va_1,Vatl,...,Vy—1. Finally we assign the label O to the vertex v,.
2 2

This vertex labeling f is 4-total mean cordial labeling follows from the Tabel 7

Nature of n tmf(()) tmf(l) tmf(z) tmf(3)

: 3n 3n 3n 3n+2
n1is even 5 5 5 —_—
: 3n+1 3n+1 3n—1 3n+1
nis odd 5 5 5 5
TABLE 7

Theorem 4.5. The Gear graph G, is 4-total mean cordial for every n.

Proof. Take the vertex set and edge set of the wheel W, as in definition 3.1. Let v; be the vertex
which subdivide the edge u;u; 11 (1 <i<n—1) and v, be the vertex which subdivide the edge
upuy. Clearly |V (G,)| + |E (G,)| =5n+1.

Assign the label 2 to the central vertex u.

Case 1. n=0 (mod 4).

Let n = 4r, r € N. Consider the rim vertices uy,uy,. . .,u,. Assign the label O to the 2r vertices
ui,uy,...,.uz-. Then we assign the label 1 to the vertex us, ;. Now we assign the label 2 to the
r—1 vertices up,42,U2r+3,. - .,u3,. We now assign the label 3 to the r vertices uz,41,U3,42,. - -,U4y-
Now we move to the vertices vy,vy,...,v,. Assign the label O to the r vertices vy,vs,...,v,. Next
we assign the label 1 to the r vertices v, 1,v,42,...,v2,. We now assign the label 2 to the r
vertices vo,41,V2,42,. - -,V3,r. Finally we assign the label 3 to the r vertices v3,41,V374+2,. - -,V
Case2.n=1 (mod 4).

Letn=4r+1,r € N. Asin the Case 1, assign the label to the vertices u;,v; (1 <i < 4r). Finally
assign the labels 0,3 to the vertices u4,41,V4,41-

Case 3. n=2 (mod 4).

Let n =4r+2, r € N. Label the vertices u;,v; (1 <i<4r+1) as in Case 2. Next assign the

labels 2,0 to the vertices u4,42,Var+2.
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Case4.n=3 (mod 4).

Let n =4r+3, r € N. Assign the label to the vertices u;,v; (1 <i<4r+ 1) asin Case 2. Finally
we assign the labels 3,2,0,0 to the vertices us,42,Uar+3,Var+2,V4r43-

The Table 8, establish that this vertex labeling f is a 4-total mean cordial labeling of gear G,,.

Order of 11 |t (0) | tiny (1) |ty (2) | tmy (3)
n=4r Sr Sr+1 5r 5r

n=4r+1|5r+1|5+2 | 5¢r+2 | 5r+1

n=4r+2 | 5r+3 | 5r+3 | 5r+3 | 5r+2

n=4r+3| 5r+4 | 5r+4 | 5r+4 | 5r+4
TABLE 8

Case 5. n = 3.

A 4-total mean cordial labeling for this case is given in Table 9

Valuen |u | up |up |uz | vy | vy | v3

n=312/0[1|3[0]0]|3
TABLE 9

O

Theorem 4.6. The subdivision of the wheel W,,, S (W,,) is 4-total mean cordial for all values of

n.

Proof. Take the vertex set and edge set of the wheel W, as in definition 3.1. Let x; be the
vertex which subdivide the edge uu; (1 <i <n) and y; be the vertex which subdivide the edge
uiiy1 (1 <i<n-—1) and y, be the vertex which subdivide the edge u,u;. Clearly, |V (W,)|+
|E (Wp)| =Tn+1.

Assign the label 1 to the central vertex u. Now we consider the vertices x1,x7,. . .,x,. Assign the
label O to the n vertices xj,x2,. . .,X;.

Case 1. n=0 (mod 4).

Let n = 4r, r € N. Consider the vertices uj,us,...,u,. Assign the labels 0 to the r vertices
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ui,uy,....ur. Next we assign the label 2 to the r vertices uyy1,Uury2,....uy. We now assign
the label 3 to the 2r vertices uoyy1,Uzr42,...,usr. Now we consider the vertices yi,y2,...,Vn.
Assign the label 3 to the r vertices yi,y»,...,y». Now we assign the label O to the r vertices
Vr+1:Yr425- - -sy2r. Then we now assign the label 2 to the 2r — 1 vertices y2,41,Y2742,- - -»Var—1-
Finally we assign the label 1 to the vertex ya,.

Case2.n=1 (mod 4).
Let n =4r+ 1, r € N. Assign the labels O to the r vertices uy,us,...,u,. Next we assign the
label 2 to the r vertices upi1,Uyy2,....u2,. We now assign the label 3 to the 2r + 1 vertices
Uopi1,U2r12,- - - Uar+1. Next we assign the label 3 to the r vertices y1,ys,...,y,. Now we assign
the label O to the r+ 1 vertices y,11,Yy+2,.-.,.y2-+1. Then we now assign the label 2 to the 2r —2
Vertices Y2,42,V2r+3,- - -,.Y4r—1. NOow we assign the label 3 to the vertex y,,. Finally we assign the
label 2 to the vertex y4,1.
Case 3. n=2 (mod 4).
Let n =4r+2, r € N. We now assign the label O to the r vertices uy,uy,...,.u,. Next we assign
the label 2 to the r vertices u,1,ur42,...,u2-. We now assign the label 3 to the 2r + 2 vertices
Uopi1,U2r12,- - - Uar+2. Assign the label 3 to the r vertices yy,ys,...,y-. Now we assign the label
0 to the r+4 1 vertices y,41,Yr+2,- - --y2r+1. Then we now assign the label 2 to the 2r — 1 vertices
V2r12,Y2r43,- - - y4r. Finally we assign the labels 3,1 to the vertices y4,+1,V4r42.
Cased4. n=3 (mod 4).
Let n = 4r+3, r € N. Assign the labels O to the r vertices up,uy,...,u,. Next we assign the
label 2 to the r vertices u,i1,Uyi2,...,Uu2-. We now assign the label 3 to the 2r 4 3 vertices
Uyt 1,Ur12,- - - Uqrs3. Assign the labels 3 to the r vertices y1,ys,...,y,. Now we assign the label
0 to the r+ 2 vertices y,11,Yr+2,- - -»y2r+2. Then we now assign the label 2 to the 2r — 2 vertices
V2r43,Y2r+4,- - -,Y4r. Finally we assign the labels 3,3,1 to the vertices y4,11,Y4r+2,V4r+3-

This vertex labeling f is a 4-total mean cordial labeling follows from the Tabel 10
Case 5. n = 3.

A 4-total mean cordial labeling for this case is given in Table 11

Theorem 4.7. The web graph Wb,, is 4-total mean cordial, for all n.
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Nature of n tmf(O) tmf(l) l‘mf(2) tmf(3)

n==4r Tr Tr Tr Tr+1

n=4r+1 | 7r+2 | Tr+2 | Tr+2 | Tr+2

n=4r+2 | Tr+3 | Tr+4 | Tr+4 | Tr+4

n=4r+3 | 7r+5|7r+5 | 7r+6 | 7r+6
TABLE 10

Valueof n | u | uy |up |uz [ x1 | x2 [ X3 | y1 |2 |3

n=3 [1]03(3]0|0|0]|2]2]2
TABLE 11

Proof. Take the vertex set and edge set of the web graph Wb, as in definition 3.6. Clearly that
|V (Wb,)|+ |E (Wby,)| =8n+1.

Assign the label 2 to the central vertex u.

We now consider the vertices uy,us,. . .,u,. Assign the label O to the n vertices uy,us,. . .,u,. Then
we consider the vertices vy,vy,...,v,. We now assign the label 2 to the n vertices vy,vs,...,v,. We
now move to the vertices x1,x2,. ..,.x,. Finally we assign the label 3 to the n vertices x,x2,. . .,X,.

Clearly t,,,7 (0) = tyr (1) = 2n, t,yr (2) =2n+1 and 1,4 (3) = 2n. O
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