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Abstract. In this paper, we introduce the notion of almost generalized Z;-contraction with rational expressions and
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spaces. We prove the existence of fixed points of such mappings in complete S-metric spaces. We give examples

in support of our results.

Keywords: S-metric space; 2 -contraction; simulation function; Z;-contraction; almost generalized Z-contraction

with rational expressions; o-admissible almost generalized Z;-contraction with rational expressions.

2010 AMS Subject Classification: 47H10, 54H25.

1. INTRODUCTION

In 1975, Dass and Gupta [14] introduced a contraction condition involving rational expres-
sions and established the existence of fixed points in complete metric spaces. Later, in 1977,
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Jaggi [19] introduced another contraction condition involving rational expressions which is dif-
ferent from Dass and Gupta’s contraction and proved fixed point results. For more works on
contraction conditions involving rational expressions, we refer [4], [8], [9], [13], [18]. In 2012,
Samet, Vetro, Vetro [25] introduced ¢-admissible maps to develop fixed results. After this,
various o-admissible contraction conditions were developed specifying its significance in de-
veloping fixed point results. Some of the references in this direction are [2], [5], [20], [21].
On the other hand, in 2012, Sedghi, Shobe and Aliouche [26] introduced S-metric space and
studied its properties. Later, various fixed point results on S-metric spaces were developed ([6],
[10], [15], [16], [24], [27]).

Recently, in 2015, Khojasteh, Shukla, and Radenovi¢ [22] introduced Z’-contraction by us-
ing a new class of simulation functions which generalizes the Banach contraction. Following
this domain of research, many authors introduced Z-contractions involving simulation func-
tions and proved fixed point results in various metric spaces, for more works we refer to [1], [3],
[7], [12], [17]. Recently, in 2019, Mlaiki, C)zgﬁr, and Nihal Tag [23] introduced Z;-contraction
by using the simulation function and proved the existence and uniqueness of fixed points of
such mapping in complete S-metric spaces.

In Section 2, we present preliminaries that are required to develop our main results. Inspired
by the works of Khojasteh, Shukla, and Radenovi¢ [22], Mlaiki, Ozgﬁr, and Nihal Tas [23], in
Section 3, we introduce almost generalized Z;-contraction with rational expressions and prove
the existence and uniqueness of fixed points of such mappings. In Section 4, we introduce o-
admissible almost generalized Z;-contraction with rational expressions and prove the existence
of fixed points of such mappings in complete S-metric spaces. We draw some corollaries and

give examples in support of our results.

2. PRELIMINARIES
Khojasteh, Shukla and Radenovi¢ [22] introduced simulation functions and defined Z- con-

traction with respect to a simulation function as follows.

Definition 2.1. [22] Let { : [0,00) X [0,00) — R be a mapping, then { is called a simulation

function if it satisfies the following conditions:
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(&) £(0,0) =0;
(&) &(t,s) <s—tforallt,s >0,
(83) if {t,}, {sx} are sequences in (0, o) such that lim #, = lim s, > 0,
n—oo

n—oo

then limsup § (,,,s,) < 0.
n—yeo

We denote the set of all simulation functions by Z. The following are examples of simulation

functions.

Example 2.2. ([7],[22],[23]) Let  : [0,00) x [0,00) — R be defined by

(i) &(t,s) =As—tforallt,s € [0,00), where A € [0,1).
(ii) {(t,s) = 135 —t forallt,s € [0,0),
(iii) {(t,s) =s—kt for all 7,5 € [0,00), where k > 1.
(iv) (s,t) = 13 —te forallt,s € [0,00).

(v) (t,s) =s— @(s) —t for all 5,7 € [0,00), where ¢ : [0,00) — [0,00) is a lower semi

continuous function such that @(¢) = 0 if and only if 7 = 0.

Definition 2.3. [26] Let X be a nonempty set. An S-metric on X is a function S : X3 — [0, 0)
that satisfies the following conditions: for each x,y,z,a € X

(S1) S(x,2) >0,

(S2) S(x,y,z) =0if and only if x =y =z and

(S3) S(x,y,2) <S(x,x,a) +S(y,y,a) +5(z,2,a).

The pair (X, S) is called an S-metric space.

Throughout this paper, we denote the set of all reals by R, the set of all natural numbers by
N.

Example 2.4. [26] Let (X,d) be a metric space. Define S : X — [0,00) by S(x,y,z) = d(x,y) +
d(x,z)+d(y,z) for all x,y,z € X. Then S is an S-metric on X and S is called the S-metric induced

by the metric d.

Example 2.5. [16] Let X = R and let S(x,y,z) = [y +2z—2x| + |y —z| for all x,y,z € X. Then

(X,S) is an S-metric space.
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Example 2.6. [27] Let R be the real line. Then S(x,y,z) = |[x—z|+ |y —z| for all x,y,z € R is

an S-metric on R. This S-metric is called the usual S-metric on R.
Lemma 2.7. [26] In an S-metric space, we have S(x,x,y) = S(y,,x).
Lemma 2.8. [16] Let (X,S) be an S-metric space. Then S(x,x,z) < 2S(x,x,y) +S(y,y,2).

Definition 2.9. [26] Let (X, S) be an S-metric space.

(i) A sequence {x,} C X is said to converge to a point x € X if S(x,,x,,x) — 0 as n — oo.
That is, for each € > 0, there exists ny € N such that for all n > ng, S(x,,x,,x) < € and
we denote it by lim x,, = x.
n—oo
(ii) A sequence {x,} C X is called a Cauchy sequence if for each € > 0, there exists ng € N
such that S(xy,x,,X,) < € for all n,m > ny.
(iii) An S-metric space (X, S) is said to be complete if each Cauchy sequence in X is conver-

gent.

Lemma 2.10. [26] Let (X,S) be an S-metric space. If the sequence {x,} in X converges to x,

then x is unique.

Lemma 2.11. [26] Let (X, S) be an S-metric space. If there exist sequences {x,} and {y,} in X

such that lim x, = x and lim y, =y, then lim S(x,,x,,y,) = S(x,x,y).
n—roo n—oo n—oo

Lemma 2.12. [10] Let (X,S) be an S-metric space. Let {x,}, {y,} be two sequences in X and

{x,} converges to x in X. Then r}i_r}goS(xn,xn,yn) = r}i_rfoloS(x,x,yn).

Definition 2.13. [26] Let (X,S) be an S-metric space. A mapping F : X — X is said to be a

contraction if there exists a constant 0 < K < 1 such that
(2.1) S(Fx,Fx,Fy) < KS(x,x,y), forall x,y € X.

Theorem 2.14. [26] Let (X,S) be a complete S-metric space and F : X — X a contraction.

Then F has a unique fixed point in X.
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Lemma 2.15. ([6], [15]) Let (X,S) be an S-metric space and {x,} a
sequence in X such that

r}i_rgos(xn;xn,xn—i—l) =0.

If {x,} is not a Cauchy sequence, then there exist an € > 0 and two sequences {my} and {n;}
of positive integers with my > ny > k such that

S (X > Xy r Xny ) = € With S(Xpy—1, Xim—1,%n, ) < E.

Also, we have the following:

(i) ]}E?os(xmkvxmkvxnk) =& (ii> kli_{IDIOS(ka—l,ka—hxnk) =€

(iif) lgloloS(xmk,xmk,xnk,l) =g (iv) ,}E?os(xmrhxmwbxnrl) =€.

3. ALMOST GENERALIZED Z;-CONTRACTIONS WITH RATIONAL EXPRESSIONS

Definition 3.1. Let (X,S) be an S-metric space. Let 7 : X — X be a mapping. If there exist a
{ € Z and L > 0 such that

(3.1 E(S(Tx, Ty, Tz),M(x,y,2) +LN(x,y,2)) > 0
_ SOTY)[14+S(xx,Tx)] S(z.2,T2)[1+S(xx,Tx)]
for all x,y,z € X, where M(x,y,z) = max{S(x,y,z), e , T 8Tr0) ,
S(z,5,T2)[14+Sy.Ty)] SO Tx)[1+S(xx,Ty)] 1 [S(z,z7Ty)+S(y,y,TZ)][1+S(z,z7TX)]}
1+8(x.y,2) ’ 1+8(x,,2) '3 1+5(x,,2)
and N(x,y,2) = min{S(x,, Tx),S(y,y, Tx), 8(z,z, Tx), 502 TILECLDI} Then T is called an

almost generalized Z-contraction with rational expressions.

Lemma 3.2. Let (X,S) be an S-metric space. If T is an almost generalized Z%;-contraction with

rational expressions and T has a fixed point, then the fixed point is unique.

Proof. Suppose that x,y € X are two fixed points of 7 such that x # y. By using (3.1), we get
(3.2) 0<&(S(Tx,Tx,Ty),M(x,x,y) +LN(x,x,y)),

where

M(x,x,y) _ maX{S(x,x y) S(x,x,]i:}él(;—if;),xjx)] 7 S(y,y,]l“)ﬁg&-i(;xjx)] ’ % [S(y,y,Tx)—l—;Si(_)'c—g‘c&;);)’]y[)l+S(y7y,Tx)] }
:max{S(x,x,y),O,%[ Oy )+fi§)(c)’cyx7[yl+syy’ }=8(x,x,y )

and N(x,x,y) = min{S(x,x, Tx),S(y,y, Tx), S& T Ej}scy,x Toly

Now from (3.2) and by using (), we get
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O S C(S(‘x7'x7y)75('x7x7y)) < S('x7x7y) - S('x7x7y) = O’

a contradiction. Therefore x = y. 0

Theorem 3.3. Let (X,S) be a complete S-metric space and T : X — X be an almost generalized
Z;-contraction with rational expressions with respect to C, then T has a unique fixed point in
X, and the sequence {x,} defined by x,, = Tx,_| for all n € N is Cauchy in X, r}l_rgo Xp = u (say)
in X and u is a fixed point of T in X.

Proof. Let xp € X and the sequence {x,} be defined as x,, = Tx,,_; forall n € N.
If x4y = Xpg4+1 = Txy, for some ng, then x,, is a fixed point of 7'.

Therefore we assume that x,, # x;,41 i.e., S(x,, X, X,+1) > 0 for all n > 0.

STEP 1: We now prove that nlgl(}o S(Xn, X, Xn+1) = 0.

From (3.1), we have
(3.3) 0< C(S(Txn—l T xy—1, Txn),M(xn—l yXn—1 ;xn) +LN(xn—l ;xn—laxn))a

where

S(xnflvxnfl 7Txn71)[1+S(xn717xn71 7Txn71)]
1+S(xn—1 7xn— 1 7xn) ’
S (X X, T X ) [148 (X1 X — 1, T 1)
1+S(xn—l Xn—1 7xn) ’
l [S(xn X T X1 )+S(xn71 »Kn—1 7Txn)} [1+S(~xl1 7mexn71)] }
1+S(xn—l Xn—1 7xn)

M (xp—1,Xn—1,%,) = max{S(xn_1,Xn—1,%),

= max{S (X, 1,Xn—1,%n),S(Xn, X, Xn11),

1 [S(xmxn 7xn)+S(xn71 7xn717xn+1)} [1+S(xn :xmxn)] }
3 1+S(xn—l Xn—1 7xn)

= max{S(tn—1,Xn—1,%n) S (Xn, X, Xn+1), S (Xn—1,%n—1,%n+1) }
< max{S(Xp—1,Xn—1,%n), S (Xn, X, Xn+1),
%[ZS(xn,l,xn,l,xn) + 8 (X, Xy Xn1)]
= max{S(xn—1,%n—1,%n),S (X0, Xn, Xn+1)}
and

N<xn71;xnflaxn) = min{S(xnflaxnflaTxnfl)as(xnaxna Txnfl)a

S(xnfl An—1 7Txn71)[1+5(xn71 Kn—1 >Txn71)] }
1"'S(anl Xn—1 1~Xn)

= min{S(xn,xn,xn,l),S(xn,xn,xn),S(xn,l,xn,l,xn)} =0.
If M(x—1,Xn—1,%) = S(Xp,%n,Xn+1) for some n, then from (3.3) and by using ({;), we get

0< C(S(xnvxn’xn+l)7S(xn7xnaxn+l)) < S(xnyxnaanrl) _S(xnaxnaanrl) =0,
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a contradiction. Therefore M (x,—1,X,—1,%,) = S(Xy—1,X4—1,%,) for all n € N. Then from (3.3)
and by using ({;), we get

0< C(S(xnvxnaxn+l)as<xn717xn—17xn)) < S(Xp—1,Xn-1,%n) _S(xnyxn,xn+1)

which implies that
(3.4) S(xny X0, Xn+1) < S(Xp—1,%p—1,%,) for all n € N.

Therefore the sequence {S(x,,X,,X,+1)} is decreasing and converges to some r > 0. Assume
that r > 0. Let t,, = S(x,, X, Xp41) and s, = S(X—1,Xp—1,%n)-
Since lim #, = lim s, = r > 0, by using (3.1) and the condition ({3),

n—yoo n—roo

we get 0 < limsup & (S(xn,Xn, Xnt1),S(Xn—1,Xn—1,%n)) <O,

n—oo
a contradiction. Therefore r = 0. That is

(3.5) lim S(xp, Xn, Xps1) = 0.

n—oo

STEP 2: We now prove that {x,} is a Cauchy sequence.
On the contrary, suppose that {x,} is not Cauchy. Then there exist an € > 0 and sequence of
positive integers {my } and {n;} with my > ny > k such that S(x,,, , Xy, ,xn,) > € and

S(Xme—15%m—1,%n,) < €. Then by Lemma 2.15, we have

(3.6) ]}glgoS(xmk,xmk,xnk) =€
and
(37) klglzos(xmk—hxmk—hxnk—l) = €.

Now, we have
S(kaflaxmkflrxnk*l) S M(xmkflvxmkflaxnkfl)

= maX{S(-xmkfl 7xmk71 7xnk71 )7
S(ka_] 7xmk—l aTxmk—l)[1+S(xmk—1 7xmk—l 7Txmk—l)}
1+S(xmk—luxmk—l7xnk—l) ’
S(xnk—laxnk—laTxnk—l)[1+S(xmk—laxmk—] 7Txmk—])]
1+S(xmk—17xmk—l7xnk—l) !
% [S(xnkfl 7xnk71 I T-xmkfl)
1+S(xnk—l 7xnk—l aTxmk—l)} }

[
+ S(kafl s Xmy—15 T)anfl)] 18Xy —1 Xy —1Xny —1)

S(xmk—l 7xmk—] 7-XWlk)[1+S(xmk—l 7xmk—l 3xmk)]
1+S(xmk—luxmk—l7xnk—l) ’

= maX{S(xmkfl 7xmk71 axnkfl)a
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S(Xnk71 axnkfl >xnk)[1 +S(~xmk71 7-xmk71 7xmk)]
1"'S(-’kafl 7xmkfl >xnk71) ’

148X, —1:X0, —1Xm
% [S(xnk—l 7xnk—1 ;xmk) + S(xmk—l 7-xmk—1 ,xnk)] ][+S(x(mzk1 jxm’;{kllyxnkk)l]) }
S(xmkfl 7xmk71 7xmk)[] +S(-xmk71 7xmk71 7xmk)]
]+S(xmk717xmk71:xnk71) ’
S(-xnkfl axnkfl >xnk)[] +S(-xmk71 7xmk71 7xmk)]
1"'S(-’kafl 7xmkfl >xnk71) ’

%[25()‘-}1/{—1 y Xng—1 7-xnk) + S(xnkaxnkaxmk> + 2S(xmk—1 y Xy —1 ,xmk)

[] +2S(xmk Kmy, >xmk7 1 )+S(xmk71 7xmk71 7xnk7 1 )] }
1+S(xmk71:xmk71»xnk71) ’

< max{S(xmk_l,xmk—l,xnk—1)7

+ S(xmk7xmk7xnk)]
On letting k — oo, and by using (3.5), (3.6) and (3.7), we have

€< lim M(xmk—lvxmk—bxnk—l) < €. Thatis

T k—oo
(38) klEIC}OM(xmk—laxmk—laxnk—l) =E.
We have

N(xmk—l y Xmy—1 7xnk—1) = min{S(-xmk—l y Xmy—1, Txmk—l)JS(-xnk—l yXng—15 Txmk—l)a
S(-xmkflyxmkfl-,Txmkfl)[1+S(xmk717xmk717Txmk71)} }
1+S(xmk717xmk71:xnk71)

= min{S(xmk—l y Xy —1 7xmk)7 S(xnk—l y X —1 >xmk)7
S(xmkflrxmkfl ,ka)[l—'—s(.xmk,] 7xmk717xmk)] }
1+S(xmk71 Kmy—1 7xnk71) )

On letting k — oo and by using (3.5), we get

(3.9) lim N(xmk_l,xmk_l,xnk_l) =0.

k—yoo

Let t;, = S(Xmy , Xy, Xn, ) and 53 = M (X, 1, Xmy—1,%n,—1) + LN (X1, Xmy—1,%n,—1) and by using
(3.5)-(3.9), we obtain that lim #; = lim s} = £ > 0 for all k.

k—yo0 k—oo
Now, by (3.1) and by ({3), we have

O S limsup C(S(Txmk—l ) Txmk—l ) Txnk—l)aM(xmk—l 7xmk—1 7xl’lk—1) +LN(xmk—1 ;xmk—l 7xnk—1))
k—>o0
< 0, a contradiction.

Therefore {x,} is a Cauchy sequence. Since (X,S) is a complete S-metric space, there exists

au € X such that lim x,, = u.
n—soo

STEP 3: We now prove that u is a fixed point of 7. Suppose that Tu # u. Then S(u,u,Tu) > 0.

Let#, = S(Txp, Txn, Tu) = S(Xpt1,%n+1,Tu) and s), = M (x, Xy, ut) + LN (xp, X, 1), Where

- S (%0, T ) [14S (x50, Txn )] S (s, Tu) [148 (X0, 2, T X, )]
M (xp,xn,u) = max{S(x,,x,,u), TS 0ot , T ST )
1 [S(u,u,Txn)+S(xn,xn,Tu)}[1+S(u,u,Txn)]}

3 148 (X X, 10)
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S %0 X 1) 1S (XnXn Xn1)] S (a0, Tu) [T+S (0 Xn X0 41)]
148 (X X ,10) ) 148 (2 2,14 ’

1 [S(u,u,an )+S(xn 7xn7T”)] [l +S(”7uvxn+1 )] }

3 1+S (x4 '

= max{S(x,,Xx,,u),

On letting n — oo, we have lgn M (xy,%0,u) = S(u,u, Tu).
n—yoo
We have

N (%, X, u) = min{S (X, Xn, Txn), S (u, 1, TX), S(x,,,xn,Tlﬁz;E;:istjmexn)} }

S(xn »Xn s Xn+1 ) [ 1 +S(xn »XnXn+1 )] }
148 (x5, X ,1) :

= min{S (X, X, Xpt1),S (U, 14, xp41),
On letting n — oo, we have }%N(xn,xn, u) =0.
Therefore we have ’}glgot,g = r}grolos; = S(u,u,Tu) > 0 and by ({;) and (§3),
0 <limsup §(S(Tx,, Txy, Tu),M(xp,xn,u) + LN (xp,xn,u)) <O,

k—voo
a contradiction. Therefore u = Tu. By Lemma 3.2, this fixed point u is unique. UJ

Corollary 3.4. Let (X,S) be a complete S-metric space and § € %. Suppose that there exists

L > 0 such that

(3.10) C(S(Tx,Tx,Ty),M(x,x,y) +LN(x,x,y)) > 0
forall x,y € X, where M(x,x,y) = max{S(x,x,y), S(x’x’Tl)fg[Sl(ji(;)’x’TxH ,
S TY)[14+S(xx,Tx)] 1 [SOyTx)+S(xx, Ty)][14+S (v, Tx)] }
14+S(x,x,y) 3 14+S(x,x,y)
and N(x,x,y) = min{S(x,x,Tx),S(y,y,Tx), S(X’X’Tlfggl(;ri(;)’x’“)] }. Then T has a unique fixed

point in X.

Proof. By choosing y = x and z =y in the inequality (3.1), proof of this corollary follows from
Theorem 3.3. UJ

Corollary 3.5. Let (X,S) be a complete S-metric space and T : X x X — X be a mapping

satisfying the following condition:
(3.11) S(Tx,Ty,Tz) < AM(x,y,7)

forall x,y,z € X, where M(x,y,z) is defined as in the inequality (3.1). Then T has a unique fixed

point in X.

Proof. If we choose simulation function § as {(¢,s) = As—1 for all s, > 0, where A € [0, 1),
then the inequality (3.11) is a special case of the inequality (3.1) so that from Theorem 3.3, the

conclusion of this corollary follows.



FIXED POINTS OF ALMOST GENERALIZED Z;-CONTRACTIONS WITH RATIONAL EXPRESSIONS 923

0
Remark 3.6. Theorem 2.14 follows as a corollary to Corollary 3.5.

Corollary 3.7. Let (X,S) be a complete S-metric space and T : X x X — X be a mapping
satisfying

(3.12) S(Tx,Ty,Tz) <M(x,y,z) — ¢(M(x,y,z))

forall x,y,z € X, where @ : [0,00) — [0,0) is a lower semi continuous function with @(t) =0 if

and only if t =0, and M(x,y,z) is defined as in the inequality (3.1). Then T has a unique fixed

point in X.

Proof. Follows by choosing {(t,s) is as in the Example 2.2 (v), L = 0 in the inequality (3.1)
and by applying Theorem 3.3. 0

The following example is in support of Theorem 3.3.

Example 3.8. Let X = [}, 1]. We define S : X° — [0,) by

0 ifx=y=z¢
S(x,y,2) =
max{x,y,z} otherwise.

We define 7 : X — X by

4x? ifx € [2,4]
3]

We define § : [0,00) x [0,00) — R by {(¢,s) = 55 —1, 5,t > 0. Then  is a simulation function.

Tx= 7
I ifxe(

W= A=
D= W=

Let x,y,z € X. We now verify the inequality (3.1).

ie., §(S(Tx, Ty, Tz),M(x,y,z) + LN (x,y,z)) > 0.

Case (i): Let x,y,z € [%,%]

We assume without loss of generality, we assume thatx >y > z.

We have S(Tx, Ty, Tz) = 4x?, S(x,y,z) = x, S(x,x,Tx) = 4x?, S(y,y, Tx) = 4x%, S(z,2, Tx) = 4x,
SO TX)[1+8(xx,Ty)] 42148 (x,x,4%)] _ 4% [14+-max{x,4y*}]

1+S(x,y,2) THx T and
2 2
N(x,y,2) = min{ds?, T Emadedily _ g2

‘We consider
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(ST ST

C(S(Tx,Ty,Tz),M(x,y,z) +LN(x,y,z)) (M(x,y,z) + LN (x,y,z)) — S(Tx, Ty, Tz)
(LN(x,y,z)) —S(Tx,Ty,Tz)

(L(4x?)) —4x? > 0 for any L > 2.

v

In this case, the inequality (3.1) holds for any L > 2.
Case (ii): Let x,y,z € (3, 2] We assume that x >y > z.
S(Tx, Ty, Tz) = 0 so that the inequality (3.1) holds trivially for any L > 0 in this case.
Case (iii): Let x € [§, 1] and y,z € (3, 3]. We assume that y > z.
We have S(Tx, Ty, Tz) = max{4x?, %}, S(x,v,2) =y, S(x,x,Tx) = 4x2, S(y,y, Tx) = max{y, 4x*},
Sy, Tx)[1+S(x,x,T 1+ x,%
S(z,z, Tx) = max{z,4x?} and Oy ]ng(x7y7(z) )] = max{y, 4x2}[ mﬁi el 3(]‘:Ly) max{y,4x>}.
Subcase (1):If y >z > 4x2 then we have
_ —, SOpTO[+SExTy)] _ 4y
Sy,y,Tx) =y, S(z,z,Tx) =z, T+SCd) = 305) and
N(x,y,z) = min{4x?,y,7, 7o 3 } min{4x?

'3 1+y)}
If N(x,y,z) = 4x* and S(Tx, Ty, Tz) = 4x° then the inequality (3.1) holds for any L > 2. (similar

as in Case (1)).

then we have
S(M(x,9,2) + LN(x,y,2)) — S(Tx,Ty,Tz)
%(LN(x v,2))—S(Tx,Ty,Tz)
%(L(4x ) — § > 0 for any L > 4.

and S(Tx, Ty, Tz) = 4x> then we have

If N(x,y,z) = 4x* and S(Tx, Ty, T7) =

1
3
E(S(Tx, Ty, Tz),M(x,y,z) +LN(x,y,z)) =

IfN()Qy,Z) 3(1+y)
§(S(Tx, Ty, Tz),M(x,y,z) + LN(x,,2)) = 3(M(x,y,2) + LN(x,y,2)) — S(Tx, Ty, Tz)
L(S(x,3,2) +LN(x,y,2)) — S(Tx, Ty, Tz)

= %(y%—L(%)) — 4x% > 0 for any L > 4.

v

If N(x,y,z) = ( 5 and S (Tx,Ty,Tz) =  then we have

$(S(Tx, Ty, Tz),M(x,y,2) + LN (x,,2)) = 5(M(x,y,z) + LN(x,y,2)) — S(Tx, Ty, Tz)
3(S(x,,2) + LN(x,,2)) — S(Tx, Ty, Tz)
%(y%—L(%)) — 1> 0forany L > 4.

v

Therefore in this case the inequality (3.1) holds for any L > 4.
Subcase (ii): If z <y < 4x2 then we have

S Tx)[1+S T
S(Tx, Ty, Tz) = 4x%, S(y,, Tx) = 4x%, (2,2, Tx) = 4o?, S0 l’fz[s(ﬁyfx)x I = 4x2(

4
3(l+y))’ and
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P} =42 G

N(x,y,z) = min{4x?, 4x?( 3(1iy

We have

§(S(Tx, Ty, Tz),M(x,y,2) + LN (x,y,2)) = 5(M(x,y,2) + LN (x,y,2)) = S(Tx, Ty, T2)
> %(LN(X,y,Z)) _S(Txa Ty? TZ)
= %(L(4x2(3(]iy)))) —4x% > 0 for any L > 4.

Subcase (iii): If z < 4x* < y then we have

S(y,y,Tx)[14+S(x,x, T 4
S(Tx,Ty,Tz) = 4x2, S(,y, Tx) =y, S(z,2,Tx) = 4x?, Loy 1)2[S(+7y7() A = 3(1iy)

and N(X,y, ) mln{4-x 'Yy 3T 3 } mln{4x '3 1+y)}

In this case the inequality (3.1) holds for any L > 4 as in Subcase(i) of Case (iii).
Case (iv): Let x,y € [1, 3] and z € (3, 3]. We assume that x > .
We have S(Tx, Ty, Tz) = S(4x?,4y? ,3) = max{4x? ,g}, S(x,v,2) =z, S(x,x, Tx) = 4x?,

Sy, Tx)[1+S(xx,T 1 x4
S(y,y, Tx) = 4x?, S(z,z, Tx) = max{z,4x*}, and 0wy 1£[S(;y7(z) 2] _ g2 rmax{rdy?}] +malx+{z v}

Subcase (i): If x > 4y? and z < 4x? then
we have S(Tx, Ty, Tz) = 4x%, S(z,z,Tx) = 4x?, SO TO[I+SxxTy)] — 42 (L)

1+S( >y7 ) 1 Z
and N(x,,2) = min{4x?, 4% (112)} = 422 (112).

In this case, we have

C(S(Tx, Ty, Tz),M(x,y,z) +LN(x,y,2))

Rl—= = D=

(M(x,y,z) +LN(x,v,z)) —S(Tx,Ty,Tz)
(LN(x,y,2)) —S(Tx,Ty,Tz)

(L(4x2(}—fz‘))) —4x> > 0 for any L > 4.

v

Subcase (ii): If x > 4y? and z > 4x? then
SO Tx)[14S(xx,Ty)] _ 4x*[1+4]

we have S(z,z,Tx) =z,

148 (x,.2) — (it
and N(x,y,z) = min{4x?,z,4x* (1)} = 4% ({22).

If S(Tx, Ty, Tz) = 4x* then the inequality holds as in Subcase(i) of Case (iv).

If S(Tx,Ty,Tz) = § then we have

C(S(Tx,Ty,Tz),M(x,y,z) +LN(x,y,2)) = 5(M(x,y,z) + LN (x,y,z)) — S(Tx,Ty,T<)
(x,9,2) + LN (x,y,2)) = S(Tx, Ty, Tz)

z+L(4x*(132))) — § > O forany L > 5.

1
2
> Ll(g
2
1
2 14z

(S
(

In this case the inequality (3.1) holds for any L > 5.

Subcase (iii): If x < 4y2 and 7 > 4x>

925
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1+8(x,.2) I+z
and N(x,,2) = min{4x?, z, 422 (LE22)} = 422(Led?y

If S(Tx, Ty, Tz) = 4x* then we have
C(S(Tx, Ty, Tz),M(x,y,z) + LN(x,,2))

ST T S

(M(x,y,z) +LN(x,y,z)) —S(Tx,Ty,Tz)
(LN(x,y,z)) —S(Tx,Ty,Tz)

(L(4x2(%))) —4x? > 0 for any L > 4.

v

If S(Tx,Ty,Tz) =  then we have
C(S(Tx, Ty, Tz),M(x,y,z) + LN(x,y,2)) = 5(M(x,y,2) + LN(x,y,2)) — S(Tx, Ty, Tz)
(LN(x,y,z)) —S(Tx,Ty,Tz)

(L(4x*( lﬁgz))) — 1> 0forany L > 4.

(V3
DI= DI—= D=

Subcase (iv): If x < 4y? and z < 4x2,
S(y,y,Tx)[14-S(x,x,T: 1+4y?
we have S(Tx, Ty, Tz) = 4x2, S(z,z, Tx) = 4x2, 502 1)2[S(+’y(2‘)x y)] =42 ()
) 2
and N(x,y,z) = min{4x?, 4x2 (251,
If N(x,y,z) = 4x* then we have

C(S(Tx, Ty, Tz),M(x,y,z) + LN (x,y,z)) =

%(M(x,y, z) +LN(x,y,2)) — S(Tx,Ty,Tz)

> L(LN(x,y,2)) — S(Tx,Ty,Tz) > 0 for any L > 2.
If N(x,y,z) = 4x (1+4y ) then we have
C(S(Tx,Ty,Tz),M(x,y,z) +LN(x,,z))

SIS

(M(x,y,z) +LN(x,y,z)) —S(Tx,Ty,Tz)
(LN(x,y,2)) —S(Tx,Ty,Tz)

(L(4x2(%))) —4x? > 0 for any L > 4.

Vv

In this case the inequality (3.1) holds for any L > 4.
Case (v): Letx,z € [, 1] and y € (%, 1]. We assume that x < z.
In this case, we have S(Tx, Ty, Tz) = S(4x?,1,4z%) = max{%,4z%},

S(x,x,Tx) = 4x%, S(y,y, Tx) = max{y,4x?}, S(z,z, Tx) = max{z,4x*} and

Sy, Tx)[14+S(xx,Ty)] ) [1+max{x,l}] 5
1+S(x7y7z) } —1+y 3 maX{ya 4x }3 1+y

Subcase (i): Let y < 4x% and % < 472

= max{y,4x

In this case, we have S(Tx, Ty, Tz) = 422, S(v,y, Tx) = 4x2, S(z,2,Tx) = 4x°,

Tx XX, x>
S(y’lel-i)-g'l(_)‘c—;(z)/ Ty)} = 4)C2( )’ and N(x,y, ) mln{4x 4)C ( (1‘:—))))} = 3(116+y)‘

4
3(1+y)
‘We consider
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§(S(Tx, Ty, Tz),M(x,y,z) + LN(x,,2)) = 3(M(x,y,z) + LN (x,y,2)) — S(Tx, Ty, Tz)
> 3(LN(x,y,2)) — S(Tx, Ty, Tz)
_1
-2

(L(3(116_T_ ))) 472 > 0 for any L > 4.

Subcase (ii): Let 4x* < 7 < y and l > 472,

In this case, we have S(Tx Ty, Tz) = % S(y,y,Tx) =y, S(z z,Tx) =z,

Sy, Tx)[14+S(x,x,Ty)] _
N 1+8(x.y,2) == 3(1+ ) and N(x,y,z) =

If N(x,y,z) = 4x* then we have
§(S(Tx, Ty, Tz),M(x,y,z) + LN (x,y,2))

min{4x? ,y,z,3 } min{4x> )3 1+y)}

l—= = D=

(M()C,y,Z) +LN(x,y,z)) —S(TX, Ty7 TZ)
(S(X,y,Z) +LN()C,y,Z)) —S(T)C, Ty? TZ)
(y+L(4x%)) — % > 0 for any L > 4.

v

then we have

IfN('x Y2 ) (

y)
§(S(Tx, Ty, Tz),M(x,y,2) + LN(x,y,2)) = 5 (M(x,y,2) + LN (x,y,2)) = S(Tx, Ty, T2)
> %(S(X,y,z) —|—LN(X,y,Z)) - S(Txa Ty? TZ)
4
%(Y+L(—3(1Jyry))) — 1 >0forany L > 4.
Subcase (iii): Let z < 4% < y and 472 < %
In this case, we have S(Tx Ty,Tz) = 1, S(3,y,Tx) =y, S(z,2, Tx) = 4x2,
S(yy,TX)[1+S(X,X,Ty)} — — 1 2 4 — 1
1+S(x,.2) - 3(1+ ) and N( X 08 ) - m1n{4x 'Y 3(]_);_)))'} = mln{4x 73 1+
C(S(Tx,Ty, Tz),M(x,y,z) +LN(x,y,z)) > 0 (similar as in Subcase (ii) of Case (v)).

Subcase (iv): Lety > 4x2 and % < 472
In this case, we have S(Tx, Ty, Tz) = 4z> and N(x,y,z) = min{4x?, 3(;‘—1”}
We consider
§(S(Tx, Ty, T2),M(x,y,2) + LN(x,y,2)) = 5(M(x,y,2) + LN (x,y,2)) = S(Tx, Ty, Tz)
> 3(S(x,3,2) + LN (x,y,2)) = S(Tx, Ty, T2)
1
2

(y+LN(x,y,z)) —4z> > 0 for any L > 4.

]. We assume that x > y.

N —

Case (vi): Letz € [}‘, %] and x,y € (%,

S(Tx,Ty,Tz) = max{3,4z%}, S(x,y,2) = x; S(x,x, Tx) =x, S(,y,Tx) =y, S(z,2,Tx) = §,

S(y,y, Tx)[14+S(xx,T y[1+max{x,1}] . ! 1
0y 1{2_[5‘()(7},7(;))6 y)] — Tr 3 =y, and N(_x,y,z) = mln{x,y, §} = 3.

In this case, we have

C(S(Tx,Ty,Tz),M(x,y,z) +LN(x,y,z)) = %(M(x, v,2) +LN(x,y,z)) — S(Tx, Ty, Tz)

927

== }. We have
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> 1 (S(x,,2) + LN(x,y,2)) — S(Tx, Ty, Tz)
1

=Y(y+L(3)) = S(Tx,Ty,Tz) > 0 for any L > 4.

1

Case (vii): Let y € (3, %] and x,z € (%, ]. We assume that z > x.

N —

S(Tx, Ty, Tz) = max{%,4y2}, S(x,y,2) =z, S(x,x,Tx) = x,

2
S(y,y7 Tx) — %’ S(z,z,Tx) — zand S(y7y7Tl):)_E&-;(;),x,Tyﬂ _ %( [l—l—rnalxi)ZCAy }])

Subcase (i): If § < 4y* < x < z then

we have S(Tx, Ty, Tz) = 4y* and N(x,y,z) = min{x, .z, %(lizc)} =

B (155)-

1+z

W=

In this case,

1
2
> %(S(x7y7z> +LN(x7y7Z)) —S(T)C, Ty? TZ)
%(Z+L(%(%))) —4y* > 0 for any L > 4.

Subcase (ii): If } < x < 4y* < z then

. 144 2 144 2
S(Tx,Ty,Tz) = 4y and N(x,y,z) = min{x, §,2, 5 (532)} = 5(72)-

‘We consider

1
2
> 5(S(x,y,2) + LN(x,y,2)) = S(Tx,Ty,T2)
2
= %(Z‘FL(%(ITQ ))) —4y? > 0 for any L > 4.

Subcase (iii): If 3 < x < z < 4y* then

we have S(Tx, Ty, Tz) = 4y* and N(x,y,z) = min{x, %,z %(1;:22)} =1

‘We consider

C(S(Tx, Ty, Tz),M(x,y,z) + LN (x,y,2))

D= = D=

(M(x,y,z) —1—LN(x,y,z)) _S(Txa Tya TZ)
(S(x,y,2) +LN(x,y,z)) = S(Tx,Ty,Tz)
(Z—f—L(%)) —4y* > 0 for any L > 4.

v

Subcase (iv): If 4y* < 1 < x < z then

we have S(Tx, Ty, Tz) = % and N(x,y,z) = min{x, %,z7 %(}—fz‘)}

We consider
C(S(Tx,Ty,Tz),M(x,y,z) + LN(x,y,z)) = 5(M(x,y,2) + LN(x,y,2)) — S(Tx, Ty, T<)
> %(LN()Ca%Z)) - S(Tx7 Ty7 TZ)
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= %(L(]l—iz)) — 1 >0forany L > 4.
In this case the inequality (3.1) holds for any L > 4.

Therefore T is an almost generalized Z;-contraction with rational expressions and 7 satisfies
all the hypothesis of Theorem 3.3 for any L > 5 and T has a unique fixed point JT.

Here we prove that the inequality (2.1) fails to hold, for x = i, y= % in (2.1), we have
S(Tx,Tx,Ty) = S(},4.5) = 5 and S(x,x,y) = S(§,1,%) = 3.
In this case, we have

S(Tx,Tx,Ty) = g e 7L = AS(x,x,y) for any 0 < A < 1. Hence by Remark 3.6, we have

Theorem 3.3 is a generahzatlon of Theorem 2.14.

4. o-ADMISSIBLE ALMOST GENERALIZED Z;-CONTRACTIONS WITH RATIONAL EX-

PRESSIONS

Definition 4.1. [11] Let (X, S) be an S-metric space. Let 7 : X — X and &t : X x X X X — [0, 0).

We say that T is a-admissible, if x,y,z € X, a(x,y,z) > 1 = o(Tx,Ty,Tz) > 1.

Definition 4.2. Let (X,S) be an S-metric space. An a-admissible mapping 7 on X is said to be
triangular a-admissible if

o(x,x,z) > 1 and a(z,z,y) > 1 implies a(x,x,y) > 1.

Lemma 4.3. Let T : X — X be a triangular a-admissible mapping. Assume that there exists
xo € X such that o.(xg,x0,Txo) > 1. Define a sequence {x,} by x,, = Tx,_| for eachn € N .

Then we have o(xp, X, xn) > 1 for all m,n € N with m < n.

Proof. Let xy € X such that a(xg,xp,Txp) > 1. Since T is a--admissible, we have
o(Txp, Txo,Txy) > 1. That is a(xy,x1,x2) > 1.

On continuing this process, we get o (x,, X,,x,+1) > 1, forn =0,1,2,... .

Now suppose that m < n. We have o (X, X, Xm41) > 1.

Again since T is a-admissible, we have ot(Tx,, Txp, Txpmi1) > 1.

That is o (Xp+1,%m+1,Xm+2) > 1.

Since T is triangular o.-admissible, we have o (X, X, Xm12) > 1.

Also, we have Q (X412, Xm42,Xm+3) > L.
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Since T is triangular o.-admissible, we have o (X, X, Xm+3) > 1.

Now o (X2, Xm+2,%m+3) > 1 and since T is triangular o.-admissible, we have

O (X, Xm, Xm+3) > 1. On continuing this process, we get (X, Xp,Xx,) > 1, for all m,n € N with

m < n. L]

Definition 4.4. Let (X,S) be an S-metric space. Let T : X — X be an a-admissible mapping. If

there exists a { € 2 and L > 0 such that
(4.1) C(ou(x,y,2)S(Tx, Ty, Tz),M(x,y,z) + LN (x,y,z)) > 0,

for all x,y,z € X with x # y # z, where
SEexTx)S(.y,Ty) Srx,Tx)8(22,72) S Ty)8(2:2,72) S, Ty)S(y.y,Tx)

M(x,y,z) = max{S(x,y,z),

S(x,y,2) ’ S(x,y.2) ’ S(x,y,2) ’ S(x,y,2) ’
SO.T2)S(z,2,Ty) S(z,2,Tx)S(xx,Tz) SQE»,Ty)S(xx,Ty) S(xx,Tx)S(x.x,Ty) S(z,z,TZ)S(zvz,TX)}
S(x,y,2) ’ S(x,,2) ’ S(x.y,2) ’ S(x,y.2) ’ S(x,y.2)

and N(x,y,z) = min{S(x,x,Tx),S(y,y,Tx),S(z,z,Tx)}. Then T is called an o-admissible al-

most generalized Z;-contraction with rational expressions.

Theorem 4.5. Let (X,S) be a complete S-metric space and T : X — X be an a-admissible

almost generalized Z;-contraction with rational expressions. Suppose that

(1) T is triangular a-admissible
(ii) there exists xo € X such that o(xo,x0,Txp) > 1
(iii) either T is continuous or
whenever {x,} is a sequence in X such that &(x,,xp,xn+1) > 1 for all n and x,, — x € X
as n — oo, then there exists a subsequence {x,,} of {x,} such that &(x,,,x,,,x) > 1 for

all k.

Then there exists u € X such that Tu = u.

Proof. Let xy € X and the sequence {x,} be defined as x,, = Tx,,—; foralln € N.
If x4y = Xpy4+1 = Txy, for some ng, then x,, is a fixed point of 7'.

Therefore we assume that x,, # x,,41, i.e., S(x, Xy, X,41) > 0 for all n > 0.

STEP 1: We now prove that r}ijlgoS(xn,xn,xn+1) =0.

By (ii) there exists xg € X such that a(xg,xq, Txp) > 1.

That is o (xg,x0,x1) > 1. Since T is a-admissible, we get o (x1,x1,x2) > 1. On continuing this
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process, we obtain

4.2) 0 (X, X, Xp11) > 1 for all n.

From (4.1) and (4.2), we have

(4.3) 0 < C(a(xn,xn, %nt-1)S(Txn, Txn, Ty 1), M (X, X, Xn1) + LN (X, Xy X 1))

Here M (x;,Xn,Xn+1) = max{S (X, Xn, Xn+1),S(Xn+1,%n+1,%n+2) } and N (x, X, xp1) = 0.
If M(xp,%n,%n41) = S(Xn41,Xn+1,%n12) for some n, then from (4.3) and by using ({;), we get
0 < C(a(n,%n, %n+1)S (Xt 15 X015 %n+2) S (X1, X415 Xn42))
< St 11, 042) — 0 1)S (o 1)
which implies that
S(Xnt1,%n+1,Xn42) < Xy Xy Xt1)S (X, X, Xni1) < S(Xn1,%n+1,%n+2), @ contradiction.
Therefore M (x,,, X, Xn+1) = S(xp, Xn,Xn+1) for all n € N. Then from (4.3) and by using (§,), we
get
0 < C( 0t (%0, X, Xn+1)S (X 15 X041, %n42) S (X5 X, Xy 1))

< S, X0, Xnt1) — O (X Xy X 1) S (Xt 1, Xn+1,Xn+2) Which implies that

4.4) S(xn+17xn+17xn+2) < a(xnaxmxn+l)s(xn+l;xn+17xn+2) < S(xnyxnaxn+1)

for all n =0,1,2,... . Therefore the sequence {S(x,,x,,x,+1)} is decreasing and converges to
some s > 0. Assume that s > 0.

Let py = (X, X, X 41)S (Xt 1, %041, %012) and g, = S(Xp, X, X 11)-

Since nlglgo DPn = ’1121010 gn = s > 0, by using (4.1) and the condition ({3), we have

0 <Timsup & (0¢(xn, Xn, X 11)S (X115 X041, Xn12) S (Xny X, X 1) <0,

n—so0
a contradiction. Therefore s = 0. That is

4.5) lim S(x;, X, X,+1) = 0.

n—yoo

STEP 2: We now prove that {x,} is Cauchy.
On the contrary, suppose that {x,} is not Cauchy. Then there exist an € > 0 and sequence of

positive integers {my } and {n;} with my > n; > k such that S(x,,, Xm,,Xn,) > € and
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S(Xmy—1,Xmy—1,%n,) < €. Then by Lemma 2.15, we have

(4.6) ]}glgoS(xmk,xmk,xnk) =3
and
4.7) klgrolo (xmk-i-l :xmk+17xnk+l) =E.

Now, we have

S(-xi’lkuxnka-xmk) S M(-xi’lkaxnkaxmk)
S(x,lk7x,lk7Txnk)S(xnk,xnk,Tx,,k) S(x,,k,x,,k,Txnk)S(xmk,xmk,Tka)
S(Xnk axnk axmk) ) S(xnk 7xnk 7xmk) ’
SCeng Xy s T Xy, )S Gy, Xmy s T Xy ) S oy Xomg, Ty, )S (X Xy T Xomy,)
S(Xny Xy, Xm, ) ’ S (g Xy Xy, ’
S(xmk Xmy, 7Txmk )S(xmk Kmy, 7Txnk ) }
S(xnk 7xnk 7xmk)
S (g g g 4 1) (o Xy X 1) S (g Xy Xy 11)S (Ko oy Xomy 1)
S(.Xnk ,xnk ,.ka) ) S(xnk 7xnk 7ka) ’
S(xnk7xnk7xmk+1)S(ka7xmk7xnk+l) S(xmk7xn1k7xnk+l)S(xnkvxnkvxmkﬂ)
S (g g Xomy, ) ’ S Qg g Xy, ) ’
S(xmk Ky, 7xmk+1 )S(xmk Xy, 7xnk+l ) }
S(Xnk Ky Xmy, ) )

= max{S (X, , Xn, , Xm, )

= max{S (X, Xn, , Xm, ),

On letting k — oo, and by using (4.5), (4.6) and (4.7), we have

e< klim M (X, s Xy, Xm, ) < €. That is
—yoo0

(4.8) lim M (xp,, Xy s X, ) = €.

k—boo
Also, N (X, , X, Xm, ) = min{S (X, , X, , Txn, ), S Xy, Xmy s T, ) }-

On letting k — oo and by using (4.5), we have

4.9) lim N (X, , X, Xm, ) = 0.

ko0
By Lemma 4.3, we have 0(xp,, X, ,Xn,) > 1. Now, by using (3.1), we have
0 < C(0t(xng, Xy s Xm )S (T Xy, T, Tty ) s M (X, Xy s Ximy ) + LN (X, Xy s X, )
< M (g5 X5 Xy )~ LN (X, Xy Ximy ) — O (X s Xy Ximy )S (X415 X 415 Xy 1)
That is
S X415 X415 Xm+1) < 0 (X s X s Xmg )S (X415 X 15 X 11) < M (X Xy s Xy, ) +LN (X s X Ximy, ) -
Let pr = 0(Xng, X s X )S (X1, X1, Xmy1) and sg = M (Xp, , X , X ) + LN (X, X, , Xy, ) and
by using (4.5)-(4.9), we obtain that khj;pk = gg?osk =¢& > (0forall k.
Now, by (4.1) and by ({3), we have
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0 S limsup C(a<xnkaxnk7xmk)s<xnk+l 7xnk+1 7xmk+l)7M(xnk7xnkaxmk) + LN(xnkaxnkaxmk)) < O’
k—yoo
a contradiction. Thus € = 0.
Therefore {x,} is a Cauchy sequence. Since (X,S) is a complete S-metric space, there exists a
u € X, such that lim x, = u.
n—soo
STEP 4: We now prove that u is a fixed point of 7. Suppose that (i) holds. Then we have
u=lim x,4+ = lim Tx, =T (lim x,,) = Tu.
n—oo n—oo n—oo
Therefore u = Tu.
Now assume that (ii) holds. Then there exists a subsequence {x,, } of {x,} such that

O (Xp, , X, ,u) > 1 for all k. By (4.1), we have

(4.10) 0 < C(a(xn, Xn s ) S(Txny, Ty, Tut), M (X, , Xy s 1) + LN (X, Xy 10)).

Sy, Xy s T Xy )S Xy X TXny ) S (g Xy o Ty )S (10, Tua)

Here M(xnk,x,,k, u) = maX{S(xnkaxnka ”)7

S(Xny, Xny 1) ’ S(Xny, Xny 1) ’
S (X 7xnk,Tu)S(u,u,Txnk) S(u,u,Txnk)S(xnk 7xnk,Tu) S(u,u,Tu)S(u,u,Txnk) }
S(Xny Xny 1) ’ S(x,,k ,x,,k,u) ’ S(xnk 7xnk,u)
= maX{S(xnkaxnka I/t), S(x"k a ’X;€+1)S(x”k i 7xnk+1) ’ S(xnk ar 7xnk+1)S(u7u7Tu) )
Xn, 7xnk,u) S(xnk 7xnk,u)
S (g Xy Ta) S (X 1) S (X 11)S (X Xy Tut) Sttt Tua) S (w0, +1)
S (Xny Xy ) ? S(Xny Xny 1) ’ S(Xny, Xny 1) }

On letting n — oo, we get ,}E}}oM(xnkvxnw u) =0.
Also, r}i_r}rgoN(xn,xn, u) = 0. Now, by (4.10), we have
0 < C(06( Xy, Xy ) S (Xt 1 X1, T1t) , M (X s Xy o 18) + LN (X X, s 10))
< M (X, Xy s ) + LN (X, Xy s 1) — O (X Xy, 1) S (X 11, X1, Tth)
which implies that
S(Xng+1,%n+1, Tue) = S(Txp, Txn,, Tut)
< (X Xy, 1) S (X1, Xmp41, Tth)
< M (X, Xy s ) + LN (X, Xy 5 1)
On letting k — oo, we get that S(u,u, Tu) < 0. Thus u = Tu. O

Corollary 4.6. Let (X,S) be a complete S-metric space and § € % . Suppose that there exists

L > 0 such that

(4.11) C(o(x,x,y)S(Tx,Tx,Ty),M(x,x,y) + LN(x,x,y)) > 0
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forall x,y € X, where M(x,x,y) and N(x,x,y) are obtained from (4.1). Assume that (i), (ii) and
(ii1) of Theorem 4.5 hold. Then T has a fixed point in X.

Proof. By choosing y = x and z =y in the inequality (4.1), proof of this corollary follows from
Theorem 4.5. O

Corollary 4.7. Let (X,S) be a complete S-metric space and T : X — X be a mapping satisfying
(4.12) o(x,y,2)S(Tx, Ty, Tz) < AM(x,y,z)

for all x,y,z € X, where M(x,y,z) is defined as in the inequality (4.1). Assume that (i), (ii) and
(ii1) of Theorem 4.5 hold. Then T has a fixed point in X.

Proof. If we choose simulation function § as {(z,s) = As—1 for all s, > 0, where A € [0, 1),
then the inequality (4.12) is a special case of the inequality (4.1) so that from Theorem 4.5, the

conclusion of this corollary follows.

O

Corollary 4.8. Let (X,S) be a complete S-metric space and T : X — X be a mapping satisfying
(4.13) 0 (x,,2)S(Tx, Ty, Tz) < M(x,y,z) — 9(M(x,,2))

forall x,y,z € X, where @ : [0,00) — [0,0) is a lower semi continuous function with @(t) = 0 if
and only ift =0 and M (x,y,z) is defined as in the inequality (4.1). Assume that (i), (ii) and (iii)
of Theorem 4.5 hold. Then T has a fixed point in X.

Proof. Follows by choosing {(z,s) is as in the Example 2.2 (v), L = 0 in the inequality (4.1)
and by applying Theorem 4.5. 0

The following example is in support of Theorem 4.5.

Example 4.9. Let X = [}, 1]. We define S: X — [0,0) by

0 ifx=y=z
S(x,,2) =
max{x,y,z} otherwise.
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We define 7 : X — X by

31
2 _O)

1.

l—x" ifxe]

Tx =

W A=

olr—t -

1 if x € 3
We define § : [0,00) x [0,00) — R by {(¢,s) =s—2¢ forallz,s € [0,00). Then { € 2. We define
o:X xX xX —[0,0) by

1 f31<xy<1, <z<l;orx=y=z=3L
o(x,y,z) = %0 %
0 otherwise.

Here T is a-admissible. For, assume that o/(x,y,z)) > 1.

311

Then we have either x,y € (35, 1],z € (3, 1] or =3

50° Yy=2=50"
Ifx,y € [35,1] and z € (35, 1] then at(Tx, Ty, Tz) = a(1,1,1) = 1.
Ifx=y=z= 50 Lthen o(Tx,Ty,Tz) = a(1,1,1) = 1.

Also, T is triangular a-admissible. Let o(x,x,y) > 1 and a(y,y,z) > 1.
Subcase (i) Let 3; <y <1, 3 <z <l andx = y = 3. Then we have a(x,x,z) = 1.
Subcase (i) Let 55 M <x<, 2(1) <y<1and g(l) <y<l,3 e L < 1. Then o(x,x,z) = 1.
Subcase (iii) Let x =y = 3 and y = z = 3} then we have a(x,x,z) = 1.
Letx,y,z € X. We now Verlfy that
C(ou(x,y,2)8(Tx, Ty, Tz),M(x,y,2) + LN (x,y,2)) = 0.
Letx,y,z € [g(l), 1]. If% < z <1 then we have
20(x,y,2)S(Tx, Ty, Tz) =2S5(1,1,1) = 0. We consider
C(al(x,y,2)S(Tx, Ty, Tz),M(x,y,z) +LN(x,y,2)) = M(x,y,z) + LN (x,y,2) —20t(x,y,2)S(Tx, Ty, Tz)
=M (x,y,z) + LN(x,y,z) > 0 for any L > 0..
In all the remaining cases, the inequality (4.1) holds trivially for any L > 0.
Therefore T is an o.-admissible almost generalized Z;-contraction with rational expressions.
For xp = 1, we have a(xg,xp,Txp) = 1.
Suppose that {x,} is a sequence in [g—(l), 1] such that a(xy,x,,x,+1) = 1 and x,, — x.
If x # 31 55 then we have o(x,,x,,x) = 1.
If x = 2(1), then we choose subsequence {x,, } of {x,} such that x,, = go for each k. Then we

have a(xp,, X, ,x) = 1. Therefore T satisfies all the hypotheses of Theorem 4.5 for any L > 0

and T has two fixed points 1, 1+*[
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Here we prove that the inequality (2.1) fails to hold, for x = %, y=11in(2.1), we have

S(Tx,Tx,Ty) = S({2,2,1) = L and S(x,x,y) = S(,5,1) = L.

In this case, we have S(7x,Tx,Ty) =1 £ A(1) = AS(x,x,y) forany 0 < A < 1.
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