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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory occupies a large area in mathematical analysis due to its wide applications
in various fields like engineering, computer science, biological science, economics, etc. Banach
fixed point theorem is considered as most important results in the field of analysis. Due to its
applicability it is extended in different directions.

The concept of b-metric space is introduced by Bakhtin [1] by generalizing the definition
of metric space. Further, this concept is extensively used by S. Czerwick [2, 3]. The notion

of cyclic (e, B)-admissible mapping was introduced by Alizadeh et. al. [4] and prove some
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fixed point results for mappings in the setting of complete metric spaces. Oratai and Wuthipol
[5] established some fixed point theorems for (o, 8)-(y, ¢)-contractive mappings in b-metric
space. For more information on different types of contractive mappings one can see in [6, 7, 8,
9,10, 11, 12].

In this paper, we introduce the concept of (o, )-(y, ¢)-rational contractive mappings and

prove some fixed point theorems in the setting of H-metric space.

Definition 1.1. [6] The function ¢ : [0,00) — [0,0) is called an altering distance function if the

following properties are hold:

i): ¢ is continuous and non-decreasing;

ii): ¢(r) =0ifand only ift = 0.

Example 1. [6] Let ¢ : [0,00) — [0,00) defined by ¢(t) = sinh ™'t for all t € [0,00). Then ¢ is

an altering distance function.

Definition 1.2. [1] Let X be a nonempty set. A b-metric on X is a function d : X* — [0,0) if
there exists a real number b > 1 such that the following conditions holds for all x,y € X

(i): d(x,y) =0ifand only if x =y,

(i): d(x,y) = d(y,x)

(iii): d(x,z) <bld(x,y) +d(y,z)]

The pair (X,d) is called a b-metric space.

Definition 1.3. [7] Let (X,d) be a b-metric space. Then a sequence {x,} in X is called:
(i): b-convergent if there exists x € X such that d(x,,x) — 0 as n — oo. In this case, we
write lim, .o X, = X.

(ii): b-Cauchy if d(xp,xn) — 0 as n,m — co.

Proposition 1.1. [7] In a b-metric space (X ,d), the following assertions hold:

(p1): a b-convergent sequence has a unique limit;
(p2): each b-convergent is b-Cauchy;

(p3): in general, a b-metric is not continuous.
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Lemma 1.2. [4] Let (X,d) be a b-metric space with coefficient b > 1 and let {x,} and {y,} be

b-convergent to points x,y € X, respectively. Then we have

1 o . 2
ﬁd(x,y) < nlgl‘}omfd(xn,yn) < nlggsupd(xn,yn) < b“d(x,y).

In particular, if x =y, then we have lim,_,ed(x,,y,) = 0. Moreover, for each 7 € X, we have

1
Bd(x,y) < lim infd(x,,z) < lim supd(x,,z) < bd(x,y).

n—soo n—oo
Definition 1.4. [7] Let (X,d) and (X',d’) be two b-metric spaces.
i): The space (X,d) is b-complete if every b-Cauchy sequence in X is b-convergent.
ii): A function f: X — X' is b-continuous at a point x € X if it is b-sequentially continuous

at x, that is, whenever {x,} is b-convergent to x, { fx, } is b-convergent to fx.

Definition 1.5. [7] Let Y be a nonempty subset of a b-metric space (X,d). The closure Y and Y

is the set of limits of all b-convergent sequences of points inY, i.e,

Y = {x € X : there exists a sequence {x,} inY so that lim x, = x.}
n—oo

Definition 1.6. [7] Let (X,d) be a b-metric space. Then a subset Y C X is called closed if and
only if for each sequence {x,} in Y which b-converges to an element x, we have x € Y (i.e.

Yy=Y)
Definition 1.7. [4] Let X be a nonempty set, f be a self-mapping on X and o, : X — [0,0) be
two mappings. We say that f is a cyclic (a, B)-admissible mapping if
xeXwitha(x)>1= B(fx)>1
and
xeXwithB(x) > 1= a(fx)>1.
2. MAIN RESULTS

Let (X,d) be a b-metric space with coefficient » > 1 and f : X — X be a self-mapping.

Throughout this paper, unless otherwise stated, for all x,y € X, let

d(x, fx)d(y, fy) d(x,fX)d(y,fy)}
1+d(x,y) 7~ 1+d(fx, fy) |

My(xy) = max{d<x,y>,d<x,fx>,d<y,fy>,
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Note that My (x,y) = My(y,x). If b = 1, we write M(x,y) instead Mp(x,y) that is

d(x,fx)d(y, fy) d(x, fx)d(y, fy) }

M(x,y) = max{d(x,y),d(X,fx)ad@J}’)a 1+d(x,y)  L+d(fx fy)

Definition 2.1. Let (X,d) be a b-metric space with coefficient b > 1 and let o, : X — [0, )
be two given mappings. We say that f: X — X is an (a,)-(¢, w)-rational contractive type

mapping if the following condition holds

x,y € X witha(x)B(y) > 1

(1 = y(b%d(fx,fy)) < w(My(x,y))— ¢ (Mp(x,y))
where Y, ¢ : [0,00) — [0,00) are altering distance functions.

Theorem 2.1. Let (X,d) be a complete b-metric space with co-efficient b > 1, a,p : X —
[0,00) be two mappings and f : X — X be an (o, B)-(¢, w)-rational contractive type mapping.
Suppose that

(1): one of the following condition holds:
(1.1): there exists xo € X such that o(xg) > 1.
(1.2): there exists yo € X such that B(yo) > 1.
(2): f is continuous.

(3): fisacyclic (o, B)-admissible mapping.

Then f has a fixed point. Moreover, if the sequence {x,} in X defined by x, = fx,_1 for all
n € N is such that xo is an initial point in condition (1.1) and the sequence {y,} in X defined by
Yn = fyn—1forall n € N is such that yy is an initial point in condition (1.2), then {x, } and {y,}

converges to a fixed point of f.

Proof. Let xp € X such that a(xg) > 1. Then we construct an iterative sequence {x,}, where
Xnt+1 = fx, for all n € NU{0}. If x, = x4 for some n € NU {0}, then xp is a fixed point of
f» and the proof is finished. Hence, we will assume that x,, # x,,| for all n € NU {0}, that is,

d(xy,Xy+1) # 0 for all n € NU{0}.
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Since f is a cyclic («, B)-admissible mapping, we have
o(xp) > 1= B(x1)=B(fxo) > 1= alx) =a(fx)>1.
Continuing this way, we have

) a(xy) > 1 and P(xyer) > 1
for all k € NU{0}. Since ot (x2)B(x1) > 1, we get
y(d(fxo,fx1)) < y(bd(fxo, fx1))
< WMy (xo0,x1)) — ¢ (M (x0,x1))
Again, since a(xz)B(x;) > 1, we have
v(d(fx1,fx2)) = w(d(fx2, fx1))
w(bd(fx2, fx1))

W(Mp(x2,x1)) — @ (Mp(x2,x1))

= Y(Mp(x1,%2)) — 0(Mp(x1,x2))

IN

IN

By similar process, we have

W(d(foxn, fxnt1)) < W(Bd(fxn, fXn11))
3) < W(Mp(xn, Xn11)) — O (Mp(Xn, Xn41))
for each n € NU{0}, where

Mb(xnaxn—l—l) = max {d(xnaxn+1);d(xnafxn)7d(xn+lafxn+l)a

d(xnafxn)d(xn+lafxn+l) d(xnafxn)d(xn+lafxn+l)}
1+d(xnaxn+1) ’ 1+d(fxn7fxn+l)

= max {d(xnaxn+l)7d(xnaxn+1)7d(xn+l7xn+2)7

d(xnaxn+l)d(xn+laxn+2) d(xn;xn+1)d(xn+17xn+2) }
1+d(xnuxn+l) , 1+d(xn+laxn+2)

= max{d (X, Xp+1)d(Xpt1,Xn42)}

959
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From (3) and the properties of ¥ and ¢, it follows that

W(d<fxn7fxn+1)) < w<max{d(xn;xn+l)d(xn+l7xn+2)})
— ¢ (max{d (xu, Xp+1)d (Xn+1,%n+2) })

%) < y(max{d(xn,Xn+1)d(Xn+1,%n+2)})

for all n € NU{0}. If max{d(x,,xn+1),d(Xpt1,%n42)} = d(X4+1,%n+2) for some n € NU{0},
then by (4), we have
W(d(fxn:fxn+l)) < W(d(xn—i-l;xn—I—Z) - q’(d(xn—i-l ;xn+2)

< y(dxpt1,%012))

a contradiction. Therefore,

max{d(xnaxn—i-l)?d(xn—i—l axn—i-Z)} = d(xnaxn—H)

foralln € NU{0}. By (4), we get

V(d(Xns1:Xn42)) = W(d(fxn, fXnt1))
< W(d(n 1)) = @ (d(Xn; Xnt1))
) < Y(d(omxni1))
forall n € NU{0}. Since v is a non-decreasing mapping the sequence {d(xy,x,+1)} is decreas-

ing and bounded from below. Thus, there exists r > 0 such that lim,,_,c d(xy, x,+1) = r. Letting

n — oo in (5), we have
y(r) S w(r)=o(r) < w(r).

This implies that ¢ () = 0 and thus r = 0. Consequently,

(6) lim d(x,,x,+1) = O.

n—oo

Next we claim that {x, } is a b-Cauchy sequence in X, that is, for every € > 0, there exists k € N

such that d(x,,,x,) < € for all m,n > k.
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Assume, to the contrary, that there exists € > 0 for which we can find subsequences {xm(k)}

and {x,()} of {x,} such that n(k) > m(k) > k, m(k) is even and n(k) is odd,
(7) d(Xm(kysXn(k)) = €

and n(k) is the smallest number such that (7) holds. From (7), we get

() d(Xm(kys X -1) < €

By the triangle inequality, (7) and (8), we obtain that

€ < d(xm(k)vxn(k))
< b[d(Xp(r) s Xn(k)—1) + A Xn()—15%n(k))]

) < ble+d(Xpk)—1:%n())]

Taking limit supremum as k — oo in (9), by using (6), we get

(10) e < lim supd (%), %n(k)) < DE.
k—roo

From the triangle inequality, we get

(11) d (X Xnk)) < blAXr)ys Xn(o)+1) + X (i)415Xn ()]
and
(12) d(xm(k)axn(k)—i-l) < b[d(xm(k)axn(k))+d(xn(k)7xn(k)+l)]

Taking limit supremum as kK — oo in (11) and (12), from (6) and (10), we obtain that

€< b(]}iilgosupd(xm(k)7xn(k)+1))

and

. 2
klggsupd(xm(k%xn(k)Jrl) <b%e.

This implies that

(13) < lim supd (), Xy 11) < b7e

k—boo

S,
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Again, using above process, we get

€ 2
(14) S Hmsupd(g), X)) < b€
Finally, we obtain that
(15) Ay Xnk)+1) < DlAXm)s Xm(e)+1) +dXm(e)+15Xn()+1)]-

Taking limit supremum as k — oo in (15), from (6) and (13), we obtain that

e
(16) S Hmsupd (1 Xag)1)-

Similarly, we have
(17 Jim 0 SUPA (Xyn(k) 15 ¥n(k)+1) < be
By (16) and (17), we get
€ 3
(18) S Hmsupd (1 Xy 11) S O°E.
Relation (2), implies that
(X)) B (Xn(r)) > 1.

From (1), we have

YO d gy 1% 1)) = WO A Fys FXagr))
(19) < YW(Mp(Xkys Xnk))) — O (Mp(X(k)s Xn(k)))
where

Mp(Xin(k)sXn(r)) = max {d (Xm() s Xn () ) s @ Com(e) s SXmk))s d () s fXn() )

d(Xm(k)s FXm(k))d Xy SXnky) A i) s FXmi) ) Cne) s [Xn (k) }
1+ d(xm(k) 7xn(k)) ’ 1+ d(fxm(k)afxn(k))

= max {d<xm(k) »Xn(k) ) ) d<xm(k) y Xm(k)+1 ) ) d(xn(k) y Xn(k)+1 ) )

A (X (i) s Xm(i)+1) 4 Xn () Xn(k)+1) - & Xm(k) s Xm(k)+1)d Xn(k) s Xn(k)+1)}
l_l_d(xm(k)?xn(k)) ’ 1+d( m(k)+15% (k)-H)
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Taking limit supremum as k — oo in above equation and using (6), (10), (13) and (14), we obtain

€ = max 8%% %g = max SE 82 82
B “hlte +5/ b b2(1+€) b2 +e

< 1 M,
< lim sup b (Xm(k) n(k))

- max{be e b*e.b*e bzs.bze}

1+be  1+b3¢

< max {bzs,b%,bs} =be.

Also, we can show that

@lm
@‘Im
@‘Im

£ e £ g’
€ = max _b'b_ =max-« &, —
b 1+¢’ 1+lf—2 b’ b (1+e) b’ +e

< I}g?olnbe(xm(k),xn(k))

< max { be. ble b*e.b*e bze.zﬂs}

1+be’ 1+b3¢
- be.

Taking limit supremum as k — oo in (19) and using (18), it follows that

wibe) = y(b'(5))

< (b’ lim Supd (41, %) 1))

<

< W(lim sup My (o a), Xnry ) — @ Clim inf My (o), Xur)))
< y(be)—9¢(e).

This implies that ¢ (&) = 0 and then € = 0, which is a contradiction. Therefore, {x,} is a b-
Cauchy sequence.

By the completeness of the b-metric space X, there exists x € X such that

lim d(x,,x) =0

n—oo

and hence

(20) r}grolod(fxn?x) = r}i_l;l;lod(xn-l-lvx)zo'
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By the continuity of f, we get
lim d(fx,, fx) =0.
n—oo

From the triangle inequality, we have

(2D d(x, fx) < bld(x, fxu) +d(fxn, [x)].

for all n € N. Taking limit as n — oo in the above inequality, we obtain that d(x, fx) = 0, that is,

x is a fixed point of f.

If we assume that there exists yp € X such that (yp) > 1, Then proceeding in a similar

manner as above, we can obtain the same conclusion. O

Corollary 2.1. Let (X,d) be a complete b-metric space with co-efficientb > 1, o, 3 : X — [0,0)

and f : X — X be mappings such that
x,y € X with a(x)B(y) > 1= b°d(fx, fy) < kMj(x,y),

where k € [0,1). Suppose that

(1): one of the following condition holds:
(1.1): there exists xo € X such that o(xp) > 1.
(1.2): there exists yo € X such that B(yo) > 1.
(2): f is continuous.
(3): fisacyclic (o, B)-admissible mapping.
Then f has a fixed point. Moreover, if the sequence {x,} in X defined by x, = fx,_1 for all
n € N is such that xg is an initial point in condition (1.1) and the sequence {y,} in X defined by
Yn = fyn—1forall n € N is such that yy is an initial point in condition (1.2), then {x,} and {y,}

converges to a fixed point of f.

Proof. The result follows from Theorem 2.1 by taking y(z) =t and ¢(¢) = (1 — k)t for all
t € 10,00). O
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Corollary 2.2. Let (X,d) be a complete b-metric space with co-efficient b > 1, and f : X — X

be a continuous mapping such that

y (b d(fx, fy)) < w(Mp(x,y)) — ¢ (Mp(x,y)),

forall x,y € X, where o, 3 : [0,00) — [0,00) are altering distance functions. Then f has a fixed
point. Moreover, if the sequence {x,} in X defined by x, = fx,—1 for all n € N is such that

xo € X is an initial point, then {x,} converges to a fixed point of f.
Proof. The result follows from Theorem 2.1 by taking o¢(x) = 1 and B(x) =1 forallxe X. O

Corollary 2.3. Let (X,d) be a complete b-metric space with co-efficient b > 1, and f : X — X

be a continuous mapping such that

b3 d(fx, fy) < kMy(x,y),

forall x,y € X, where k € [0,1). Then f has a fixed point. Moreover, if the sequence {x,} in X
defined by x, = fx,_ for all n € N is such that xy € X is an initial point, then {x,} converges

to a fixed point of f.

Proof. Tt follows from Theorem 2.1 by taking y(z) =1¢, ¢(¢t) = (1 — k)t for all 7 € [0,00) and
o(x)=1and B(x) =1forall x € X. O

Taking b = 1 we obtain the following fixed point results in the framework of classical metric

Spaces:

Corollary 2.4. Let (X,d) be a complete metric space, a.,3 : X — [0,00) and f : X — X be three

mappings such that

X,y € X with a(x)B(y) = 1= yd(fx, fy) < y(M(x,)) = ¢(M(x,y)),

where W, ¢ : [0,00) — [0,00) are altering distance functions. Suppose that
(1): one of the following condition holds:
(1.1): there exists xy € X such that o(xg) > 1.
(1.2): there exists yo € X such that B(yo) > 1.

(2): f is continuous.
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(3): fis acyclic (a,B)-admissible mapping.
Then f has a fixed point. Moreover, if the sequence {x,} in X defined by x, = fx,_1 for all
n € N is such that x is an initial point in condition (1.1) and the sequence {y,} in X defined by
Yn = fyn—1forall n € N is such that yy is an initial point in condition (1.2), then {x, } and {y,}

converges to a fixed point of f.

Corollary 2.5. Let (X,d) be a complete metric space, o, 3 : X — [0,00) and f : X — X be three

mappings such that
x,y € X with o(x)B(y) = 1= d(fx, fy) < kM(x,y),

where k € [0,1). Suppose that

(1): one of the following condition holds:
(1.1): there exists xo € X such that o(xp) > 1.
(1.2): there exists yo € X such that B(yo) > 1.
(2): f is continuous.
(3): fis acyclic (a,B)-admissible mapping.
Then f has a fixed point. Moreover, if the sequence {x,} in X defined by x, = fx,_1 for all
n € N is such that xg is an initial point in condition (1.1) and the sequence {y,} in X defined by
Yn = fyn—1forall n € N is such that yy is an initial point in condition (1.2), then {x,} and {y,}

converges to a fixed point of f.

Corollary 2.6. Let (X,d) be a complete metric space, and f : X — X be a continuous mapping

such that

y(d(fx, fy)) < y(M(x,y)) — ¢ (M(x,y)),
forall x,y € X, where y,¢ : [0,00) — [0,00) are altering distance functions. Then f has a fixed
point. Moreover, if the sequence {x,} in X defined by x, = fx,_1 for all n € N is such that

xo € X is an initial point, then {x,} converges to a fixed point of f.

Corollary 2.7. Let (X,d) be a complete metric space, and f : X — X be a continuous mapping

such that

d(fx,fy) < kM(x,y),
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forall x,y € X, where k € [0,1). Then f has a fixed point. Moreover, if the sequence {x,} in X
defined by x, = fx,_ for all n € N is such that xy € X is an initial point, then {x,} converges

to a fixed point of f.
3. APPLICATION

In this section, we apply our main results to prove a fixed point theorem involving a cyclic
mapping.

Definition 3.1. [8] Let A and B be nonempty subsets of a set X. A mapping f :AUB — AUB is
called cyclic if f(A) C Band f(B) C A.

Definition 3.2. Let (X,d) be a complete b-metric space with co-efficient b > 1. We say that a

mapping f :AUB — AUB is a (A,B)-(y, ¢)-contractive mapping if

(22) y(Od(fx.fy) < wMp(x.y)) — 9 (Mp(x,y))
forallx € Aandy € B, where y,¢ : [0,00) — [0,00) are altering distance functions.

Theorem 3.1. Let A and B be two nonempty subsets of the complete b-metric space (X,d)
with coefficient b > 1 and f: AUB — AUB be a b-continuous cyclic mapping which is an
(A,B)-(y, ¢)-contractive mapping. Then f has a fixed point in AN B.

Proof. Define mappings o, 3 : AUB — [0,0) by

1, x€A; 1, x€B;
o(x) = and B(x) =

0, otherwise, 0, otherwise.

For x,y € AUB such that a¢(x)B(y) > 1, we get x € A and y € B. Then we have

w(B’d(fx,1y)) < w(Mp(x,y)) = (Mp(x,y)),

and thus the condition (1) holds. Therefore, f is an (¢, B)-(y, ¢ )-rational contractive mapping.
It is easy to see that f is a cyclic (@, f3)-admissible mapping. Since A and B are nonempty
subsets, there exists xp € A such that o(xp) > 1 and there exists yo € B such that B(yg) > 1.
Now, all the conditions of Theorem 2.1 hold, so f has a fixed point in AUB, say z. If z € A,
then z = fz € B. Similarly, if z € B, then we have z € A. Hence, z € AUB. This completes the

proof. U
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Corollary 3.1. Let A and B be two nonempty subsets of the complete b-metric space (X ,d) with

coefficient b> 1 and f : AUB — AUB be a b-continuous cyclic mapping. Assume that

b3d(fx, fy) < kMj(x,y)

forallx € Aandy € B, where k € [0,1). Then f has a fixed point in AN B.

Proof. Tt follows from Theorem 3.1 by taking y(t) =t and ¢ (1) = (1 —k)t forallz € [0,0). [
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