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Abstract. The present paper is dealing with a new direction in the Caputo-Hadamrd approach. It is concerned
with the solvability of an integro differential problem of type Lane and Emden. The studied problem involves
Caputo-Hadamard derivative with new different fractional orders. The main results of existence of solutions are
based on the contraction principle of Banach, however, for the existence of solutions, the use of Scheafer fixed
point theorem is applied to prove the result. Three examples are discussed at the end of this work.
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1. INTRODUCTION

In the present paper, we are concentrating on the investigation of the existence and uniqueness
of solutions for the following problem of nonlinear fractional differential equation of Lane-
Emden singular type:
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8 (507 + e ) ¥0) B (10) §D°¥(0)

+g(t,x(t),IPx(t)) =h(t),t €]l,e],
(1)
($D%+4) x(e) = 0,x(1) = x(e) = éxiﬁfx(n,-) ,

| O<p,o<a<lI<B<21<n<ep,6,4>0,

where IC{Dﬁ ,g D% and 2D" are the derivatives in the sense of Caputo-Hadamard, /P denotes the
Hadamard integral of order p, with: A,B > 0,J = [1, ¢], the functions f,g € C (J X Rz,R) and
h is defined over J. To the best of our knowledge, this is the first time where such problem is
investigated.

The structure of our paper is as follows: In Section 2, we will recall some preliminary related
to fractional calculus and Caputo-Hadamard derivatives. In Section 3, we apply the integral
inequality theory combined with the fixed point theory for study the questions of existence and
uniqueness of solutions for the considered problem. In Section 4, three illustrative examples are

presented and discussed in details.

2. PRELIMINARIES ON FRACTIONAL CALCULUS

In this section, we recall the basic definitions, properties and lemmas involving Caputo-
Hadamard derivatives, for more details, one can consult the references [15,16,18]. We begin
this section by the following definition:

Definition 2.1: The Hadamard fractional integral of order & > 0, for a function f € L! (J),

is defined as

)=ty [ (02) " 192,

S N

where
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Let

d
O0=t—,00>0n=[a]+1
dl_? 7n [ ]+ )

with [a] denotes the integer part of a real number . Define the space
AC ([a,b]) = {f:]a,b] > R,8" "' f € AC[a,b]} .

Definition 2.2: The Caputo-Hadamard fractional derivative of order o for a function f €

AC5 ([a,b] ,R) is defined by:

G810 = s [ (10et)™ (1) s %,

S t N

provided that the right-hand side integral exists.

Now, we recall the following lemmas:

Lemma 2.1: Let o,  >0and f € L' ([a,b],R). Then I*IP f (t) =1%"B f (1) and D% f (1) =
f(@).

Lemma 2.2: Let B > a > 0and f € L' ([a,b],R). Then D*IP f (t) = IB=%f (1).

Lemma 2.3: Let x € ACj ([a,b],R), n— 1 < a < n. Then the Caputo—Hadamard fractional

differential equation
D% (1) =0,
has a solution
n—1 Ik
x(t) = kgck <10g ;) t>a>0,
and the following formula holds
o C o = A%
19GD% () = x(t) + ¥ <10g5) ,
k=0

where c, € R, k=0,1,2,....n—1.
Before proving our main results, we introduce the following important result. It deals with

the integral representation of the above considered problem. We have:
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Lemma 2.4: Let us take a function G € C(J,R). Therefore, the unique integral solution of

the problem
( ¢ DB (E,D“ + (logt)p)x(t) =G(1),r€]l,e|,
2) ($D%+A)x(e) = 0,x(e) = x(1) = éziz&x(ni),
O<u<a<ll<B<2l<n<e 6,4 >0,
is given by

x(t) l;a)/]l<log£>al (%/SO og — )ﬁ 1G(r)ﬂ_ A x(s))d_s

7 (logs)* s
n a+6;—1
¥ (1og1n) LME oc+5 / <log nl)
1§1)L1F(6—_‘il)_ :1

1 s s\B-1 dt A ds

% (F( )/1 <logg> G(T)7 a (logs)“x(s)> s
(logn)**! _ (log1)” ! "5,
F(a+2) F(OC—i—l) ZA, ]()grll _1 ' lr(a+6l+1)

IT(§+1)

3)

M:

IOgTI a+5+1
= a+6+2

S ACHE

B-1 dt A ds
( > G7) T (logs)“x(s>> s
(logt)® &) (1<>gt)°‘+1 1, (logm;
( C(a+1) r(a+2) ( __>§

= T'(a+6+2)

)OH~5,'-H

1 1 e e\B dt
X log — G(t)—,
log n; T / ( 1:> T
Z )Ll (F(il)l) —1 (B) !

such that Z /l,llo‘g—% # 1.
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Proof: By applying Lemma 2.3, we can reduce (2) to the following equivalent integral prob-
lem:
1 ! A 1 s s\B-1 dt
0 = o) (g [ (e2)” o0
) F(oc)/1 o rg)h 87 2
A ds  (logt)® (log?)®*!
4 _ @ 8 . (log
“) (logy) x(s> A CESY Far2) €2~ €3
for some real constants cy,c3,c3.
Since (D% +A)x(e) =0, we get
1 e e\B-1 dt
5 c—|—c:—/<10—) G(1) <,
&) 1= rg) g (7) p

now, by using the condition x(e¢) = x (1) and (5), we obtain

O T(a42) ey el 1 s s\B-l _dt
© a = al (a) /1 (lOgE) (W/l (log;> G<T>7
A ds 1 e e\B-1 dt
_(logs)”x(s))?_al“([j’)/l <1°g2) G<T>7’
and
1 é ¢ e\B-1 dt T'(a+2) (¢ e\ o1
2 = r(ﬁ)/1 (log7)" G015~ ar(a) /1 (1027)
1 s s\ B-1 dt A ds
(7) X <m/l (10g;> G(T)?— (]()gs)“x(s)> ?
Now, the fact that x (1) = Z?LI dix (1) will allow us to get:
1 [” 1 uli ni\ @+0i—1
3 Zl,-—/ (log—>
og; ~ T i
120&(11"(%1)1) -1 ST era) ’
1 s s\B-1 dt A ds
® x ((m/l (107) G“)?‘aogsw"“))?

o+6;+1

n 1 a+5
_ 12 l (logm:)

(log ;)
VLT (0t 8+1) 2; T (0t +6+2)
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Substituting (6) and (7) in (8), we get

1 1 1 Ul N\ @+6i—1
= li—/ log—
“ f?t (log ;) 1 {; I'(a+6)Jo (og s )

= LT(6+1)
1 s\B-1 dt A ds
8 (F( )/1 <IOgE> G(T)7 B (logs)“x(s)) s
I, (logn)® ¥ (logn)* !
©) LX}’LF(%L&H) ;’l’r(a+6,-+2)

o) (b [ () o0

B A @ B n .(logni)a—&-&‘—l-l
@) $| LTt a s
~ 4

5 ) (l"gg)ﬁlG“)d—:}-

Then, replacing c1,c,c3 in (4), we obtain (3).

3. MAIN RESULTS

For computational convenience, we need to introduce the following notions:
Let E = {x:x€C(J,R) and §D%x(t) € C(J,R) }.
The space (E, ||x||) is a Banach space endowed with the norm
]| p = max { ||x[|.., HIC{D"me} , such that
||x]|.. = sup|x(¢)| and HgD"wa = sup ]gD"x(t)‘.
teJ teJ

Now, we define S : E — E as follows:

Sx(t) = ﬁ/; <log§>a1 (ﬁ/j <log%>ﬁ_lG(r)d—;

A ds 1 ! 1
(10) — x(s ) —— Ai
log s)* s o (logn; ~ "T'(a+6
(logs) LA (1"(%-1—10—)1) i )
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s I'(a+2) F((X—l— 1)

A X(S)) é (lOgt)a+1 (logt)

n
10g77¢
lz AiTs 4Ty T(o+1)

=1
s (logm) ™ & (logmy)* Ot
. (l._z;)“"r(wr&ﬂ ZZ T(a+8+2)
I'o+2) [¢ e\ ol 1 s -1 dt
) /1 (log§> <m/1 (lOgr> GO =

A ds (logt)®  (1-L)(logn**!
(logs)”x(s)) s T (F(a—H) Ia+2)

< )Xn: logn>a+5i+1 1
~ "T(a+9d+2 (logn;
- ) Z;Lll"%il

1 € e\B-1 drt

We begin by taking into account the following hypotheses:

-1

(Hy) : The functions f, g are continuous over J x R? and & is continuous over J.

(H») :There exist nonnegative constants M; and N;,i = 1,2, such that for all t € J,x;,y; € R :

2
|f<t,}’17)’2)_f(tax1»x2)| S ZMi|yi_xi|7

2
g (t,y1,32) =g (t,x1,:)| < Y Nilyi—xil,
=1
we put
Ar=max{M;} and A, =max{N;}.
i=1,2 i=1,2

(H3) : There exist nonnegative constants Ly, Ly, L3, such that forallt € J,x; e R;i=1,2:

|f<t7x17x2)| Sle |g(t,x1,x2)| §L27 ’h(t)| §L3
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Setting the following quantities:

] a+ﬁ+6
1 ZA’%—H&H)
o= C(a+B+1)
‘Z&}"ﬁ'ﬁl 1‘
! 1, (logmi)*+®
11 a+2 2, ogm) ™
(11D T et T T (logmy)% _1‘ (;{ C(a+6+1)
MT(5+T)
+ zn";t.(logni)a%ﬁl I'(0+2) a+l+|1-L|
i=1 ‘T(ot+6+2) al (a+B+1) T(0+2)
n 1 o+8;+1 1
‘1__ Z Ogn1)5
Z7T(a+8+2)
1 ‘M}"é’kl 1‘
1
(B+1)
o+8;—1
Fastptars
"o (1;(1_“,1)1 (Io +[ng++22)
‘lergzl)—l'
n N6
(m (e
u L i= (]
\m;gzl \&
L l°g”>°‘+5’“ C(o+2)T (1 p)
(a+6i+2) al (a—pu+1)
@ = F(a+ﬁ—c+1)+<r(a—c+1)
1 I'(a+2)
1
v +FW—G+%>aFm+B+n

1 11— 2| 1
+<rm—o+n+rm—o+m>rm+n’
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_ T(1—p) 1 1
14 Q =
(14) 2 F((X—[J—G—l—l)+<F(O€—G+2)+F(OC—G+1))
Fa+2)T'(1—pu)
ol (0 —pu+1)

Now, we are in a good position to present our first uniqueness of solution for (1):

theorem 3.1: If (H,) and (H,) are satisfied and we have also:
(15) max { (BAf+Ay) Qi +AQ 5 (BAf+A,) Q1 +AQ, } < 1.

Then, (1) has a unique solution on J.

Proof: We shall proceed to prove that S is contractive. For x,y € E, we can write

=il < s ey [/ oe)” (g [ (o6)"
X [B‘f (r,y(r) ;IC—}DO'y(’L')) _f<f,x(f) ﬂgIDox@))‘

+ lg(t,y(2), 1Py (7)) — g (7,x(7) ,IPx(7))|] —

(16) +

X/]Th (log%>a+6 1 (%/ls (10g%>ﬁ_1

X [B‘f (’L’,y(f) ,[(;Dcy(f)> —f(T,X(T) 7IgDGx(T)>‘

drt
+ lg(t,y(7),IPy (1)) — (T,X(T)JPX(T))|]7
A @ (logr)*™! (logl‘)a
Fllogay 1)~ “)’) st H M2 * T+ 1)
1 o (logn)* o
T ( )0 <Z (()Xg—ES +1)
logn; i—
‘;Z Ai r(g5‘n+1) - !

Oc+2 e\ a—1
<10g—)
S

n 10gn (X+5+1
; I'(a+06+2)

1637
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s s\B—
X(f{ﬁ;ﬁi<bgz) |
X [B‘f <T,y(’L’) ,2Dc’y(f)> —f<T,X(T) ,2D"x(f)>’

+1g(7,y(2), 1Py (7)) — g (7, x(2) . IPx(7))]] d_rT

T b6 =x00) 5+ (g

(logs I'loe+1)

n 8i+1
|1—L | (logr)®*"! 1 (logm;)* ™
M CGORRL a i:Zi)L’F(oc+6i+2)

1 1 e e\ B-1
X log—)
o (logni)d F(ﬁ)/l ( T
.;li 1"(()§,+1) - 1‘

X {B‘f <T,y(’L’) ,EID"y(T)) —f<T,X(T) %DGX(T))’

which implies that

n 1 a+B+9;
” || (A ) 1 ;A’l(“((ffﬁ)wﬂ)
Sy—58x|.., < (BAf+A =
F( +ﬁ+1> n 1 i)t
£y -1
I 1 (logm)*to
o+2
17 M G - <;A T(o+8+1)
IT(&+1) _1
n Not-6+1
+Zli(lognl) I'(a+2)
S T(a+6+2) )| al(a+B+1)

n )a+6,‘+1

Z (log 7
~ TI'(a+6+2)

o141
+ (W ‘1 a

1 1

— Iy—+l;
£ g —| ) T
i=1 '
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lF5+1

Z r(1- u(logn)“‘HS -
i
A F(l—[,t) I'(o+0—pn+1)
F(a—u+1)
(=p+1) ‘2%11"0%;11 _1‘
1
a+2
M CE= R - 1‘

n (logni)a+5i n (logni)a+8i+l

J OB gy LORT)

x (Z_Zi 1“(oc+6,~+1)+i; T(a+6+2)
Cla+2)T(1-p)),

< [(BAf+Ag) Q1 +AQ] [ly— x|l -

Also, one can see that

D°Sx(t) = ﬁ/j(logé)a o l(ﬁ/ ( f)ﬁ_l

X [h(r) —Bf <r x ,HDG

( (logt)* ! (logt)*~° )

* I(a—0+2) T(a—oc+1)

St ) (o) (g [ (o)™

X [h(r) —Bf (r,x(f) ,2DGX(T)) —g(7,x(7) alpx(f))]
A x(s)> ds | ( (log)®™®  (1-¢) (log;)“"“)

~ (logs)H s Ia—c+1) T(a—0+2)

TACH LR (R
dt

—g(7,x(7),1°x(7))] P

(18)

drt
T

X

1639
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We have also

1 A A A WA A
D°Sy—D° < / log - —/ log =
prsy-p7sil. < sl et [ (owf) ™ (g ) (e )

x [B ‘f (r,y(r) ,E,D"y(r)) —f (m(f) %D"X(T))‘

drt

+ g (7. (1), 17y (7)) =g (1,2 (7). IPx ()] =

A ds (logt)* o *! (logt)*~°
+a%g”””_“m>?*(rm—o+a+rm—c+n>

artar (025" (g | (oe3)”

< [B]£ (e (2) %D"ym) —f (5.x(2) 5 0%x(9))|

drt
+ 18 (7,y(7) 1Py (7)) =g (7,x(2) PP (2)l]
ds (logt)*~°
19 —
19 +logs“’y |)s+( (a—o+1)
1——} logt)* o1 1 l3 !
T TT(a—0+12) r Og

c[ols (et 57500) < 00)

+1g(.3(2),1P3(2)) — g (,x(2) 2% ()| d—}

IN

1 1
(BAf+Ay) {F(aJrﬁ_aJrl) * (F(a—o+1)
1 ) I'(a+2)

* IlNo—0+2) /) al'(a+B+1)

[y = x|

1 11— 1] 1
+<FW—G+U+FW c+m>rw+n
L(l—p) 1
A {F(a—u—cjtl) * (F(a—6+2) +F(oc—o'+1)>

T(0+2)T(1—p)
X OCF(OC—[.L—I—I) :|||y_x||E

[(BAf +4¢) Qi +AQ ] [ly — x| -

IN
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Thus, we obtain the inequality:

(20) 1Sy — Sx||.. <max{(BA;+Ag) Q1 +AQs; (BAf+Ag) Qi +AQ ) ||y — x| -

We conclude that S is contractive. As a consequence of Banach contraction principle, we

deduce that S has a unique fixed point which is the exact solution of (1).

Now, we shall use the following lemma to prove the second main result.

Lemma 3.1: Let E be a Banach space and S : E — E be a completely continuous operator.

If one has bounded the set

F={x€E:x=uSx,0<u<1},

then S has a fixed point in E.
Theorem 3.2: Assume that the hypotheses (H}) and (H3) are satisfied. Then, (1) has at least

one solution defined over J.
Proof: We need the bounded ball: B, = {x € E : ||x||; < r} and we proceed as follows

Step 1: The application S is continuous on E.

The proof is trivial and then it can be omitted.

Step 2: Uniform boundedness: For all x € C, and by (H3) we have

n logn)a+ﬁ+5
” || [ ] 1 ;1 I'(a+B+0i+1)
Sx||, < [BLy+Lp+Ls + =
! F((X+ﬁ+1) 1 logn, 1
g 6+1) B
wi I 1, (logn,)*"®
- + e TI SEEEEY
F(@+2) togn® | \& T(a+&+1)
IT(&+1)
iwogn»“*@“ Fa+2)
Z7T(a+8+2) )| al(a+B+1)
(e 3l (logry) 70!
F(OC+2 Pt a+5 +2)




1642 MOHAMED BEZZIOU, ZOUBIR DAHMANI, IQBAL JEBRIL, MOHAMED KAID

1 1
X
(log ;) LB+1)
£ a1
& o D(1—p)(logn,)“+o#
+Ar r(l—pu) iglll Hatdi—u+1)
F(O‘—HJrl ‘21”10%1:[;1 _1‘

4|z o 1

T(a+2) logn,

IT(G+1) 1

n Ao+ n Na+6i+1
« )LiMJFZ;Li%
ST (a+6+1) & 'T(a+6+2)
C(a+2)T(1-p)
al'(c—pu+1)
< (BLi+Ly+L3) Q1 +ArLy) < +oo,

and
. 1
|1D%Sxllo < (BLi+Ly+L3) {r ot pB— G+1)+(F(a—6+1)
) I'o+2)
(o — 0'+2 ol a+[3+1)
o 11— 1 1
* F(a—6+1)+F(OC c+2) )T (B+1)

r'(l—p) 1
JrArl“(oc—u—crqtl) * (F(oc—6+2)

1 T(a+2)T(1—p)
- F(a—6+1)> ol (o —u+1) ]

(BLI +L, +L3)§1 +Ar§2 < oo,

IN

Hence, for any x € C,, we obtain ||Sx||; < +oo, which means in particular that the operator S

is uniformly bounded on C;.

Step 3: The application S maps bounded sets into equicontinuous sets of E:
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Let 1,1, € J with t; < t; and let C, be the above bounded set of E, for all x € C,, we have

dr

% [1(1) = Bf (.(1).§0°x(7) ) — g (r.x(1) PPx ()| =
5 t a—1

_ —(logs)“x(s)> d?— ﬁ/l <log%>

X (% /ls (log%)ﬁl [h(r) —Bf (r,x(r) ,gD"x(r)>

o @ PN D ) &

T (logs)H s

(logtz)oHl—(logtl)O‘+1 (logtl)a - (loth)a
+
T(a+2) C(a+1)

X FOE?(—ZS) /le (log E) o« (ﬁ /1s (log%)ﬁ_l
<[00 -8 (.20 6075(®) s (e.x(2), Pr(e)] T

A ds ([ (logt)* — (logt;)*
- (logs)ux(s)> 5T ( C(a+1)

AN
(22) + T(0+2) @) <log;>

v [h(f) _Bf <f,x(r) ,EID"x(r)) —g(7,x(7) ,IPX(T))] d;‘

IN

BLy + Lo + L] { H(logtz)‘”ﬁ _ (1ogt1)“+ﬁ‘

‘(logtz)aﬂ ~ (logt, )a+1‘
+ X

o+2)
|(logt1 — (logr2)*| \ T(a +2) 1
I(o+1) Cla+B+1)

‘(logtz — (logt a‘
I'o+1)

I |17é||(logtl)a+17(log12)a+l| 1
I'(a+2) F(ﬁ i 1)

+Ar [|(logt)* 7+ — (logtl)a_“|

((logtz)(x—l—l B (logtl)a-l-l‘
+

I'a+2)
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) \aogn)“—(logrz)“\)] r(1-p)

Similarly as before, we have

ID®Sx(1y) — D°Sx(t))| <

(23)

IN

I'a+1) Fla—p+1)

1 oa—o—1 s s\B-
| ()" (o ()
x [ (%)~ Bf (7.%(2) 5 D°x(r)) g (z.x() . 1Px())] d7r
A x(s)>é

~ (logs)F s

f —oi—1 § s\ Bi—
“raa o) (g [ (o2 )

art

% [h(f) —Bf (fc,x(r) ,%Dax(’l:)> —g(r,x(f),lpx(f))} T

102s) (S)) is

+ (logt,) a o+1 logtl)a o+1 + (10gt1)06—0 o (1Ogt2)a_6
Ma—0+2) T(a—oc+1)

ae ) (st )
< [1e)~ By ((0) §0°x(2)) — g (£.1(5), 1Px(0)] ax

T
A ds
- (logs)”x(s)) 5

‘aogtz)a-l-ﬁ—o' . (logtl)a—i-ﬁ—c‘
Fa+p—-o+1)

[BLl +1,+ L3] [

o [ loogn)® o —ogny® | |(log11)* 7% — (log#2)*°|
I(a—0+2) F((X—G—}—l)

I'(o+2) }

al' (o +B+1)

[ (1 ) |(logr)™ ™ — (logn)*~°~*
IFa—c—pu+1)

+Ar

+ |(logtz)afdﬁ*l_(logtl)(X*GJrl‘ + ‘(logtl)a_c _ (logtz)a—c‘
I(a—0+2) T'(c—0c+1)

Fa+2) T'(l—p)
T a Flo—u+1)]"
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The right hand sides of (22) and (23) tend to zero independently of (u;,u;) as t; — t.
As a consequence of Steps 1,2 and 3, thanks to Ascoli-Arzela theorem, we conclude that §

is completely continuous.

Step 4: The set

F={xeX:x=05x,0<o<1}

1s bounded.

Let x € F, then, we have x = @Sx for some 0 < w < 1. Hence, we can write

n a+B+9;
(logm;)
|| || [ ] 1 lgllll"(a—i—ﬁ-i-é‘-f—l)
oSx||, < OBL+L)+13 —
FlatB+1) [, toen)
P! ll“(6,~+l)
&
I - Z5 2 1 - i (10g17i)a+
T(a+2) (log ;) _1‘ = T(a+o+1)
IT(EHD)
(24) +Z 10%171)“*5’“ I(a+2)
S T'(a+6+2) )| al(a+B+1)
n )(X+5,'+1

Z (logn;i
I'(o+6+2)

o14|1-1
+ < I'(a+2) ' ~

y 1 1
Z )Ll T 8+1 B 1‘
¢~ 9 L(1—p)(logn,) o #
T(1-— Z Ai I'a+o—u+l)
( ‘LL) i=1
+wAr NCETES)
- IOgTh
Z AitisT) T(&+1) 1
1
+2
+ F(ofx+2) + (
Ognz . 1‘
IT(&+1) 6+1

n .(logni)a+5 n logn)a+5i+1
. (;A’F(aqL&Jrl XA a5+
y F(a+2)T'(1—p)

ol'(a—pu+1)
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< O[(BLy+ L+ L3) Q1 +ArQ;] < +oo,

and
1
|ID°0Sx|,, < @(BL+Ly+L3) ll‘(a—l—,B—G-i-l) + (F(a—c-l—l)
N | ) I'a+2) +( 1
T(a=0+2) ) o (a+ B +1) MNa—o+1)
= 1 I'(1—p)
(25) +1“(oc—0'+2)> r‘(l}_{_l)}—'—wAr {I‘(a—u—c—}-l)

1 T(a+2)T(1—p)
* (F<a—16+2> + I(a—o+ 1)) al (a—p+1) ]

< o[(BLi+ Ly +L3) Qi + ArQs] < oo,

From (24) and (25), we see that ||x||; < +eo. Consequently, F is bounded.
As a consequence of the above Schaefer theorem, we conclude that S has a fixed point which

is a solution of (1).

4. EXAMPLES

We discuss thee examples. We begin by considering the problem:

Example 4.1:
(17 (Cpos54 , 102 1= GD"x(1)]
0 (5 )0+ b
: 0.3
26) J sl Oe0) _ it e e,

(607 +3)1(0) =0.x(1) =x(e) = £ Adx(m).

\

where § = 1.7,a = 0.54,4 = 05,0 = 04,p = 0.3,8, = 0.2,8, = 0.25,A = 107%,B =
oM = 1.5, =2,1m =2,my =2.33,
1 1 1 s .
and (ks % & + gb; ) 37966+ 1072 x 10.461 : 0.11878

|t — §D%x(r)]
e+l (1 + ‘t — %Do“x (t)|) ’
sin (£ 4x (1) +1°3x (1))

g(tvx(t)ﬂIOAX(t)) = 30¢! )

f(rx@).6G0%%x()) =




SOLVABILITY FOR AN INTEGRO-DIFFERENTIAL PROBLEM OF LANE AND EMDEN TYPE 1647
wehave: Ay = &, Ay = 55 Since, it is found that Q; =5.6332,Q, =20.653,Q; =3.7966,Q, =
10.461 and (BAy+Ag) Q) +AQy = 0.22756, (BAf+A,) Q1 +AQ, = 0.11878. Note that

max{(BAf+Ag) Qi +AQ, ; (BAf+Ag) ﬁl —{—Aﬁz} =0.22756 < 1.

Thus, Theorem 3.1 implies that the problem (26) has a unique solution on [1,e].
Next example illustrates Theorem 3.2

Example 4.2: Consider the Caputo-Hadamard fractional problem:

( . (C 0.5
C 18 (C 0.7 7-2 1 sin(§D05x(r)+21+1)
HD <HD T (logt)0'6) X (t) + 4¢3 31341
cos(x(t)—10'4x(t)+t) - 1
(27) + 510g(3[+1) — t(l+2)4’t 6]1,6[,

(D7 +772) x(e) =0,x(1) =x(e) = i)Z:I)L,-I‘Six(ni),

\
where B = 1.8,00 = 0.7,1t = 0.6,6 = 0.5,p = 0.4,8, = 0.2,8, =03,A=7 2, B= ;5 A =
1,A,=2,m =2.1,m = 2.4,r = 0.99 and

sin C O’SX
I (t,x(t) ’gDo.sx(I)) _ (7D 3;3(:31+2t+ 1)7
cos (x(£) —I%%x (r) +1) 1

Slog(3t+1) h(t):t(t+2)4’

g (t,x(t) ,IO'4x(t))

We have: Ly = g,La = 1gp53, L3 = g1+ S0, we obtain: Q; =3.7053,Q; = 23.155,Q; = 2.

7075,Q, = 11.763 and ||Sx]|,, <1.0597, ||D**Sx|| < 0.67012, | @Sx]|, < 1.059 7w, || D° 0Sx]|, <

0.67012mw : 0 < @ < 1. Hence, all conditions of theorem 3.2 are holds true, witch implies that
the problem (27) has at least one solution on [1,e].

Example 4.3: Consider the following third problem

( 1
1 ¢ D3
601 (50 + Ly x4+ i
(logr)3 dte\ 145 D3
1 |x| 3 e’
(28) +— (sinxt +—+I4xt):—, t€ll,el,
BrA O T 0 ) =3y 1o
(GD%+1)x(e) =0.x(1) =x(e) = £ Ad¥x(my),
i=1
. . 3 1 1 3
For this third example, we note that f = > o= X u= T p= 7 0, =6=01,

1
4+¢’

A=1, B=
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and
Cc il CD%
f(tax(t)7HD7x(t)> = 1:1_6,—1)17
H 4
1 3
(29) g (t.x(t), I"x(t)) = N (sinx(t) +%||x|+ I4x(t)> ,

e*l‘

3vVi2+9

It’s clear f,g and h are continuous and bounded functions. Thus the conditions of Theorem

h(t) =

3.2 are valid, then the above example 4.3 has at least on solution on [1, e].
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