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Abstract. In this paper, we introduce the concept of generalised ¢-rational contractive mappings in the framework
of rectangular b-metric spaces. Using this new contractive mapping we prove some fixed point theorems. Various
results are also derived and presented as corollaries. Obtained results are verified with suitable examples. The

result also applied in integral equation.
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1. INTRODUCTION AND PRELIMINARIES

There are various generalisations of metric space. The main aim is to generalised the famous
Banach Contraction Principle. Some of the generalisations of metric space which will be of
interest to our study are b-metric space [1], rectangular metric space [2], rectangular b- metric
space [3, 4] etc.

Samet et al. [5] introduced the concept of ¢r-admissible mappings. The concept of a-

admissible is generalised by different authors [6, 7, 8, 9, 10, 11, 12, 13, 14].
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In this paper, we introduce the concept of generalised a-rational contractive mappings in the
framework of rectangular b-metric spaces. By using this new contractive mapping we prove

some fixed point theorems.

Definition 1. [1] Let X be a nonempty set and s > 1 a given real number. A functiond : X x X —
[0,00) is called a b-metric provided that, for all x,y,z € X, the following conditions hold:

(b1) d(x,y) =0ifand only if x =y,

(b2) d(x,y) = d(y,x),

(b3) d(x,z) < sld(x,y) +d(y,2)].

= <

Then the pair (X,d) is called a b-metric space with parameter s.

Definition 2. [2] Let X be a nonempty set, and let d : X x X — [0,00) be a mapping such that

for all x,y € X and all distinct points u,v € X, each distinct from x and y:

d(x,y) =0 ifand only if x =y,
d(x,y) = d(y,x),

(r1)
)

(r3) d(x,z) <d(x,u) +d(u,v)+d(v,y) (rectangular inequality).
(

(r2

Then (X,d) is called a rectangular or a generalized metric space (g.m.s.).

Definition 3. [3, 4] Let X be a nonempty set, s > 1 be a given real number, and letd : X x X —
[0,00) be a mapping such that for all x,y,z € X, and all distinct points u,v € X, each distinct

from x and y:

(by1) d(x,y) =0ifand only if x =y,
(br2) d(x,y) =d(y,x),
(b3) d(x,y) < sld(x,u) +d(u,v)+d(v,y)] (rectangular inequality).
Then (X,d) is called a b-rectangular or a b-generalized metric space (b-g.m.s.).

Definition 4. [3] Let (X,d) be a rectangular b-metric space, {x, } be a sequence in X and x € X.

Then

(a): The sequence {x,} is said to be convergent in (X,d) and converges to x, if for every
€ > 0 there exists ng € N such that d(x,,x) < € for all n > ng and this fact is represented

by lim,, e Xx;, = X OF X;; — X s n — oo,
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(b): The sequence {x,} is said to be Cauchy sequence in (X,d) if for every € > 0 there
exists ng € N such that d(x,,Xnp) < € for all n > ng, p > 0 or equivalently,
iflimy, o0 d (X, Xn1p) = 0 for all p > 0.

(¢): (X,d) is said to be a complete rectangular b-metric space if every Cauchy sequence

in X converges to some x € X.

Lemma 5. [6] Let (X,d) be a rectangular b-metric space and T : X — X be a given mapping.
Suppose that T is continuous at u € X. Then, for all sequence {x,} in X such that x,, — u, we

have Tx, — Tu, that is, limy,_,cd(Tx,, Tu) = 0.
In 2012, Samet et al. [5] introduced the concept of -admissible mapping.

Definition 6. [5] For a nonempty set X, let T : X — X and & : X x X — [0,0) be mappings. We

say that the self mapping T on X is a-admissible if for all x,y € X, we have
(1 alx,y) > 1= a(Tx,Ty) > 1

Take s > 1 and denote N the set of positive integers and P, the set of functions y : [0,00) —
[0,0) satisfying:
(i): v is nondecreasing,
(ii): I s"y"(t) < oo for each t € RT, where n is the n'" iterate of y.

Now we introduce the following definition

Definition 7. Let (X, d) be a b-rectangular metric space and T : X — X be a given mapping. We
say that T is generalised o-rational contraction if there exists o : X X X — [0,00) and y € ¥,

such that, for all, x,y € X with a(x,y) > 1, we have

(2) d(Tx,Ty) < y(M(x,y)),

where

M(x,y) = max {a’(x,y),d(x, Tx),d(y,Ty),

d(x,Tx)d(y,Ty) d(x,Tx)d(y,Ty) }

3) 1+d(x,y) = 14+d(Tx,Ty)
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2. MAIN RESULTS

In this section, we shall state and prove our main results. We start with the following useful
proposition which we find its analogous for rectangular b-metric space. We give its proof for

convenience of readers.

Proposition 8. Suppose that {x,} is Cauchy sequence in a rectangular b-metric space such that

lim d(x,, ) = lim d(x;,2) =0,

where u,z € X. Then u = z.

Proof. Suppose, in the contrary , that u # z. If x,, = z for arbitrary large values of n, so necessar-
ily u = z. So, we assume that x,, # z for infinitely many n. So, we may assume that x,, # x,,, # u

and x,, # x,, # z for all m,n € N with n # m. Thus, by the quadrilateral inequality
d(z,u) < sd(z,xp) +sd(xp,Xp+1) + 5d (X41,1),

for all n € N.
Since {x,} is Cauchy in (X,d), so lim,_,ed(xy,X,+1) = 0. Then, letting n — o, we get

d(z,u) = 0 which is a contradiction. O

Theorem 9. Let (X,d) be a complete rectangular b-metric space and T : X — X. Assume that

T is an a-rational contraction. Suppose also that

(i): T is a-admissible,
(ii): there exists xo € X such that a(xo,Txo) > 1 and a(xg, T?xp) > 1,

(iii): T is continuous on (X,d).

Then there exists u € X such that u is fixed point of T

Proof. By assumption (ii), there exists a point xo € X such that o (xo, Txg) > 1 and a(xo, T%xg) >

1. Take the sequence {x,} such that

4) Xp=Txp_1,
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foralln =1,2,.... Suppose that x; = x;+| = Tx; for some k. So, x is a fixed point of 7. Now,

assume that

(5) Xn 7 Xnt1,

foralln=0,1,....

We have a(xp,x;) > 1 and a(xp,x2) > 1. Since T is a-admissible, so

o(x1,x) = a(Txe,Txy) > 1,
and (X(xl,X3) = a(T)Cl,TXZ) > 1.
Similarly to above, we obtain
(6) a(Xp, X1 1) > 1 and a(xy, x02) > 1,
forallmn=0,1,....
Step 1: We shall prove
(7) 1im d(x,541) = 0.
From (2) and (3), we find that
(8) d(xn7-xn+l) :d(Txn—l7T-xn) S W(M(xn—l7xn))7
foralln > 1,
where

M(xn—l7xn) = max {d(-xn—hxn)?d(xn—la Txn—l)7d(xn7 T-xn)7

d(xn, Txp—1)d (xn, Txy) d(xn_l,Txn_l)d(xn,Txn)}
1+d(xp—1,%,) = 14+d(Txp—1,Tx,)

< max{d(xn_1 7xn)7d(xn7xn+l )}

If for some n, M (x,—1,x,) = d(Xu,Xu+1), then we obtain from (8)

0< d(xnyxn+1) < W(d(xnaanrl)) < d<xnaxn+1)a
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which is a contradiction. Hence M (x,,_1,x,) = d(xy,,,x,), for all n € N, and (8) becomes

) d(xn,Xn+1) < Y(d(xXp—1,%n)),
forallm=1,2,....

This yields
(10) d(Xn,Xn41) < d(Xn—1,%n),
forallm=1,2,....

By (9), we find that

(11) d(xnvxn+1) < V/nd(x()?xl)a

forall n € N.

Since Y, s"y" < oo, then },, " < oo and hence lim,, . W (d(x0,x1)) =0. So, lim,, e d (X, Xp11) =

Step 2: We shall prove

(12) lim d(xp,x,42) = 0.

n—oo

From (2) and (3), we find that

(13) d(xp,xp42) = d(Txp—1,Txp41) < Y(M(Xp—1,%041)),

where

M(x'l—l ,X,H_]) = max {d(xi’l—l axn-i-l)?d(xn—l axn)7d(xn+1 7xn+2)7

d(xn—l ,xn)d(xn—i—l 7xn+2) d(xn—l 7xn)d(xn+l 7xn+2) }
14+d(xp—1,%0+1) 1 +d (X, %n42)

< max{d(x,,_1 ;xn)ad(xnaxn—b—l )}

We have

d(xn+1axn+2) < d(xnaanrl) < d(xnflaxn)-
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Then

M(xnflyxn+1) = max {d(xnfl7xn+1)7d(xn717xn)a [d(xnflaxn)]z}-

Let a, = d(xp,xp12), by = d(Xn, Xnt1)-
Thus, M (x,_1,%,41) < max{a,_1,b,_1,[bn_1]?}, for all n.
If M(xp_1,Xn41) < by 0of M(xp_1,%n41) < [bp_1]?, since b, — 0 as n — oo then from (13)

we have

lim d(x,;,X%,42) < lim y(M(x,—1,X541))

n—soo n—oo

= 0.

If M(x,—1,%+1) < a,_1, then we see that

d(xn;xn—i—Z) < W(d(xn—hxn—i-l)) < d(xn—laxn—l—l)-

Thus, the sequence {d(x,,x,+2)} is a decreasing sequence of non-negative real numbers and
hence d(xy,x,2) — 0 asn — oo.

Step 3: We shall prove that x;, # x,,, for all n £ m.

Suppose that x;,, = x;,, for some n > m, so we have x,,+| = Tx,, = Tx;, = X;+1. By continuing
in this fashion, we obtain x,,; = x,,, - for all k € N.

We have

0<d(xm,Xm+1) = d(xn,Xpt1)
= d(Txn—lyTxn> < W(M(xn—laxn)) < W(d(xn—7xn))

< d(xnflaxn) < d(-xn727xn71)

< d(xmaxm+1)a
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which is a contradiction. Thus, in that follows, we can assume that x;, # x,, for all n # m.

Step 4: We shall prove that {x,} is a Cauchy sequence, that is, lim, e d (%X, Xp+p) = 0 for

all p € N. the cases p =1 and p = 2 are proved. Now, take p > 3 arbitrary. We distinguish the

two cases.

Case(1): Let p = 2m where m > 2. By quadrilateral inequality, we find

d (xn s xn+2m>

IA

IA

IN

IA

IA

IA

sd(Xp, Xn+2) +5d (Xn12,Xn13) +5d (X043, Xn42m)

8d(Xp, Xn42) +5d (Xp12,Xn43)

—|—s{sd(xn+3 Xnt4) T 8d(Xp14,%015) +5d (X5, Xn 1 2m) }
sd (xp, Xp42) +5d(Xp12,Xn43) + szd(xn+3 yXntd)

+S2d(xn+47xn+5) + Szd(xn—i-S s Xn+2m)

Sd(xmanrZ) + S3d(xn+27xn+3) + S4d(xn+3axn+4)

+55d(xn+47xn+5) +...+ Szmd(xn—t—Zm—l 7xn+2m)

n+2m—1

sd(Xn, Xn2) + Y, S (g, x1)
k=n+2

n+2m—1

sd(Xn, Xn2) + Y, s R d (xg, x1)
k=n+2

n+2m—1

sd (Xn, Xn12) + Z Sk‘l’kd(xom)
k=n+2

sd (Xn, Xn12) + Z Skll’kd(xom)
k=n+2

Since, limy, oo d (X4, Xp42) = 0 and Yy —, > s"W"d(xp,x1) < oo, then

Y}E{}od(xmxn—ﬂm) =0.

Case(2): Let p =2m+ 1 where m > 1. By rectangular inequality, we find
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d (xn s Xn+2m+1 )

Finally, we get

for all p € N.

AN

IN

IN

IN

IA

IN

IA

IN

sd (X, Xpg1) 4 8d (Xpg1,Xn42) +5d (X412, Xt 2m41)

sd (X, Xp11) +5d (Xps1,X012)

+s{5d (xn42,Xn13) + 5d (X413, Xn4) + 5d (Xntd, Xns2m+1) }
5d (Xp, Xn1) +5d (X1 1,%042) + szd(xn+2,xn+3)

+52d(xn+3 ) xn+4) + 32d<xn+4axn+2m+1 )

Sd(xnaxn—l—l) + Sd(xn—i—l ;xn—i—Z) + Szd(xn+27xn+3)
+S3d(xn+37xn+4) +..+ Szmd(xn+2maxn+2m+l)
Sd(xmanrl) + Szd(xn+l 7xn+2) + s3d(xn+25xn+3)

+S4d(xn+37xn+4) +...+ 52m+1d(xn+2m7xn+2m+l )

n+2m

Y S d (g x)
k=n

n+2m

Z Sk—n+1 Wkd(xmxl)
k=n

n+2m

Z swkd (xo,x1)
k=n

Z sfykd (xg,x1) — 0 asn — oo,
k=n

nlglgod(xnvxn-i-P) = 07
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We conclude that {x,} is a Cauchy sequence in (X,d). Since (X,d) is complete, there exists

u € X such that

(14) lim d(x,,u) = 0.

n—oo
Since T is continuous, we obtain that limy,_,. d(Tx,, Tu) = 0. So, lim,,_,e d(x,, Tu) = 0. By
proposition 8, we conclude that Tu = u, that is, u is fixed point of 7.

In the following, we state some consequences and corollaries of our obtained result.

OJ

Corollary 10. Let (X,d) be a complete rectangular b-metric space and T : X — X be a given
continuous mapping. Suppose there exist two functions o : X x X — [0,00) and y € ¥, such

that

(15) a(x,y)d(Tx,Ty) < w(M(x,y)),

forall x,y € X. Suppose also that
(i): T is a-admissible,
(ii): there exists xo € X such that a(xo,Txo) > 1 and a(xg, T?xp) > 1,
(iii): T is continuous on (X,d).

Then there exists u € X such that u is fixed point of T
Proof. Let x,y € X such that o(x,y) > 1. Then, if (15) holds, we have
d(Tx,Ty) < ou(x,y)d(Tx,Ty) < y(M(x,y)).

Then, the proof is concluded by theorem 9.
0

Corollary 11. Let (X,d) be a complete rectangular b-metric space and T : X — X be a given

continuous mapping. Suppose there exist a function ¥y € ¥ such that
d(Tx,Ty) < y(M(x,y)),

forall x,y € X. Then, T has a fixed point.
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Proof. Tt suffices to take ¢t (x,y) = 1 in corollary 10. O

Corollary 12. Let (X,d) be a complete rectangular b-metric space and T : X — X be a given

continuous mapping. Suppose there exist a constant k € (0,1) such that
d(Tx,Ty) <kM(x,y),
forall x,y € X. Then T has a fixed point.

Proof. Tt suffices to take y(t) = kz, with k € (0, 1), in corollary 11. O

Considering s = 1 in theorem 9, we have

Corollary 13. Let (X,d) be a complete rectangular b-metric space and T : X — X be a given

continuous mapping. Assume that T is an Q-contraction. Suppose also that

(i): T is a-admissible,
(ii): there exists xo € X such that a(xo,Txo) > 1 and a(xg, T?xp) > 1,
(iii): T is continuous on (X,d).

Then there exists u € X such that u is a fixed point of T.

Corollary 14. Let (X,d) be a complete rectangular b-metric space and T : X — X such that

a(x,y)d(Tx,Ty) < w(d(x,y)),

forall x,y € X.
Suppose also that
(i): T is a-admissible,
(ii): there exists xo € X such that a(xo,Txo) > 1 and a(xo, T?xp) > 1,
(iii): T is continuous on (X,d).
Then there exists u € X such that u is a fixed point of T.
Remark 15. We may get many other consequences of theorem 9 when considering for example

some cases of o, that is, we may recover the cyclic contractions and we can also obtain some

fixed point results involving a partial order.
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We may replace the continuity hypothesis of T by the following
(H) : if {x,} is a sequence in X such that o¢(x,,x,+1) > 1 for all n and x, — x € X as n — oo,

then there exists a subsequence {x,,()} of {x,} such that ct(x,),x) > 1 for all £.

Theorem 16. Let (X,d) be a complete rectangular b-metric space and T : X — X. Assume that

T is an a-rational contraction. Suppose also that

(i): T is a-admissible,
(ii): there exists xo € X such that a(xo,Txo) > 1 and a(xg,T?xp) > 1,

(iii): (H) holds.

If w(t) <t forallt >0, then T has a fixed point.

Proof. Proceeding as in the proof of Theorem 9, we construct a sequence {x,} with x,, # x,, for
all n # m in X such that x, — u as n — oo. We show that Tu = u. Suppose, on the contrary,
Tu # u. So, we may assume that x, # x,, # u and x,, # x,, # Tu for all m,n € N with n # m.

Then, for all k € N, by assumption (iii), (2) and by quadrilateral inequality, we have

0<d(u,Tu) < sd(uxyp))+sd(Xu)s Xn)+1)) + 54 Xn(k)+1,70)
= sd(u, %)) + 54 (X (k) Xn(k) 1)) + 54T X (1) 720)

< Sd(uvxn(k)) + Sd<xn(k) 1 Xn(k)+1 ) + SW(M<xn(k) ) u)),

where
M(xn(k) ) u) = max {d(xn(k) ) u)7d(xn(k) ) u) ) d(ua T”):
d (X (k) > Xn(k)+1)d (u, Tue) d(xn(k)7xn(k)+l)d(”vT”>}
I+ d(xn(k) s u) , 1+ d(xn(k)—H ) Tu)
We have

lim d (x, ), u) = lim d (1), X () 41) = 0.

k—ro0 k—>o0
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This implies that there exists n € N such that

max{d (X, (), ), d (Xn(k)> Xn(k) 1), d (, Tu),

d(Xn(k)s Xn(r)+1)d (s Tu) - d Xk, %) 1)d (1, Tu)
1 +d(xn(k)7u) 7 1 +d(xn(k)7u)

=d(u,Tu), for all k > N.

Then, for k£ > N, we obtain

0<d(u,Tu) < Sd(u7xn(k)) +Sd(xn(k)>xn(k)+l)'

From y(r) < L, letting k — oo, we get

0<d(u,Tu) <sy(d(u,Tu)) < d(u,Tu),

which is a contradiction. Hence we find that u is a fixed point of 7', that is, Tu = u.

1003

O

Corollary 17. Let (X,d) be a complete rectangular b-metric space and T : X — X be a given

mapping. Suppose there exists a function ¥y € ¥, such that

d(Tx,Ty) < y(M(x,y)),

forallx,y € X. If w(t) <t forallt >0, then T has a fixed point.

Proof. Tt suffices to take a(x,y) = 1 in theorem 16.

Considering s = 1 in theorem 16, we have

Corollary 18. Let (X,d) be a complete rectangular b-metric space and T : X — X. Assume

that T is an a-contraction. Suppose that
(i): T is a-admissible,

(ii): there exists xo € X such that ot(xo, Txo) > 1 and ot(xo, T?xp) > 1,
(iii): (H) holds.

Then T has a fixed point.
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We present the following example.

Example 19. Consider the set X = AU |[1,2], where A = {0} U {% :n=2,3,...,6}. Define
d:X xX — [0,00) as follows

U
o
I
U
I
Sy
I
o
o
X

o
I
o

Il
QL
7 N N N N N

VO
N N N N
Il Il
QU QU
S~ N 7~ N -7/ N, 7/ N .
Il
o
o
>

N = N = N = N = W] =
Bl—= O\|= W= W= A=

o
=
I
o
I
o
I
S
\o]
S

W= W= A= = W=
Nl = Q\|= W= W= O\ =

N N N N N S
I
e
—_
2

N a
?AG\AA
Olm Nl—m B—m W= ] —
Il

N

Il

.

Il

=

(O8]

\'O\

with d(x,x) = 0, d(x,y) = d(y,x) for all x,y € X, and d(x,y) = (x—y)* if {x,y} N [1,2] # ¢.
Obviously, d is neither a metric nor a rectangular metric. But d is a rectangular b-metric space

with s =3 and (X ,d) is complete. Consider now the mapping

B ifx e [1,2);

, ifx € A.

Tx =

W —

Take y(t) = §t fort € [0,%0) and

17 l:f‘xhye [172’];
a(x,y) =
0, otherwise.

We show that T is an a-contraction. Let x,y € X such that a(x,y) > 1. So, x,y € [1,2]. We

have

Tx:%andTy:%
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Then
2
d(Tx,Ty) = (Tx—Ty)*= (1;x - 1%)
= %(X—y)2
= y(d(Tx,Ty))
< y(M(x,y)).

Moreover, there exists xo € X such that o(xo,Txg) > 1 and o(xg,T?x) > 1. In fact, for

X0 = 2, we have

o(2,T2)=a(2,7) =1

a(2,7%2) = a(z,g) =1.

Notice that T is o.-admissible. To show this , assume that x,y € X such that o/(x,y > 1).
It yields that x,y € [1,2]. Owing to the definition of T, we have Tx,Ty € [1,2], and hence
o(Tx,Ty) > 1. Thus, T is a-admissible. It is clear that T is not continuous. Now, we show
that (H) is verified. Let {x,} be a sequence in X such that 0l(x,,,,) > 1 for all n € N, then

{x, C[1,2]}. Ifx, = uasn— oo, we have d(x,,u) = (x, —u)> — 0 as n — . Then,

Xp—u| —0
as n — o. Hence, u € [1,2] and hence, ot(x,,u) = 1.

Note that for s = 3 and y(t) = %t, we have ¥ s"y"(t) = tZZ’:l(?—l)” <coand y(t) < % for
allt > 0.

Hence, all condition of 9 are satisfied. Here, {%, 2} is the set of fixed points of T, that is, we

have two fixed points.

In example 19, mention that we have two fixed points of 7" which are 2 and % Note that
o(2, %) < 1. So, the uniqueness of the fixed point, we need the additional condition.

(U) : For all x,y € Fix(f), we have a(x,y) > 1, where Fix(f) denotes the set of fixed points
of T.

Theorem 20. Adding condition (U) to the hypothesis of theorem 9 (respectively theorem 16),

we obtain that u is the unique fixed point of T.
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Proof. We argue by contradiction, that is, there exist u,v € X such that u = Tu and v = T'v with

u # v. By assumption (U), we have o(u,v) > 1 so by (2)
0<d(u,v)=d(Tu,Tv) < y(M(u,v)),
where

M(u,v) = max {d(u,v),d(u, Tu),d(v,Tv)

d(u,Tu)d(v,Tv) d(u,Tu)d(v,Tv)}
1+d(u,v) ~ 14+d(Tu,Tv)
= d(u,v).

So, 0 < d(u,v) < y(M(u,v)) = y(d(u,v)) < d(u,v). which is a contradiction. Thus, u = v,

so the uniqueness of the fixed of 7. 0

We give the following example.

Example 21. We go back to example 19 when X = {0,1,2,3} and d is a rectangular b-metric
on X with complete. Define the map T : X — X by

T0=T1=T2=0and T3 = 1.

Let y(t) = 4. For s =2, we have

is”l//"(t):tzi <o
n=1

and y(t) < 5 for all t > 0. We shall show that
d(Tx,Ty) < %M(x,y),for all x,y € X

For this, we consider the following cases:

CaseI: x,y € {0,1,2}. We have
1
d(Tx,Ty) = d(0,0) =0 < 7M(x,y)

Case II: x,y € {0,1,2}, y = 3. We have
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If x =0, then

7
d(TxTy) = d(0,1)=1<

maX{d(0,3),d(0,0),d(3,1)7d(070)7d(371) d(0,0),d(3,1)}'

1+d(0,3) * 1+d(0,1)

If x =1, then

3
d(Tx,Ty) = d(O,l)zlgi

d(1,3),d(1,0),d(3,1),

I
R
3
I~
>
—N—

d(1,0)d(3,1) d(1,0)d(3,1)
1+d(1,3) * 1+4d(0,1) }

If x =2, then

d(Tx,Ty) = d(0,1)=1<2

- %max {d(2,3),d(2,0),d(3, 1), d(2,00d(3,1) d(2,0d(3,1) }

1+d(2,3) ' 1+4d(0,1)

Case III: x =y = 3, We have
1
d(Tx,Ty) =d(0,0)=0< ZM(?),S).

Then all the require hypothesis of corollary 17 are satisfied. Here, x = 0 is the unique fixed

point of T.

3. APPLICATIONS

In this section, we give an existence theorem for a solution of the following integral equation

(16) x(t) = g(r) +/Otk(t,s,x(s))dr, t €10,1],

where K : [0,1] x [0,1] xR — R and g : [0, 1] — R are continuous mapping. Let X = C([0, 1], R)
be the set of all continuous functions defined on [0, 1].

Defined : X x X — R by

d(x,y) = [[(x =),
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where ||x|| = sup{|x(z)| : € [0,1]}. Then (X,d) is a complete rectangular b-metric space . Now

prove following result.

Theorem 22. Suppose the following hypothesis hold:
(i): there exist k € (0, %) and B : X x X — [0,00) such that for all x,y € X with x(t) < y(t)
forallt € [0,1] and for every s € [0,1], we have
0 < |k(t,sx(z)) —k(z,5,y(t)) |

< B(15)(y(s) —s(s))

and

sup 1[3(t,s)ds = Vk;

r€l0,1]/0
(ii): k is non-decreasing with respect to its third variable;

(iii): there exists xo € X such that for all t € [0,1] we have

xo(t) < g(t)—}—/olk(t,s,x(s))ds

1 1
and xo(t) < g(t) +/ k(t,s,g(t) —i—/ k(t,r,x,)dr)ds.
0 0
Then the integral equation (16) has a solution in X.

Proof. For x € X and ¢ € [0, 1] ,define the mapping

1
1) = () + | k(o))
Define the mapping & : X X X — [0, ) by

1, ifx<y;

ofx,y) = _
0, otherwise.

Take y(r) = kt, so y(r) < L forallr >0 (since s =2).
We define x,y € X, x <y if and only if x(¢) < y(¢) for all ¢ € [0, 1] where < denotes the usual

order of real numbers. Let x,y € X for all 7 € [0, 1]. Thus, by condition (i).
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T(x) (@) =TT (2)]

IN

/0 K (5,50 ds

1
< [ Bs)x(s) =y(o)lds
= [ B9yt ()P

< /lm —y)2|lds
Vi /lle= 2.

IN

We deduce that for all x,y € X such thatx <y

(17) d(Ty, Ty) < kd(x,y) = w(d(x,y)) < y(M(x,y)).

Since K is non-decreasing with respect to its third variable, so for all x,y € X with x <y we
get T(x)(t) <T(y)(z) forallt € [0, 1], that is if a(x,y) > 1, we obtain a(Tx,Ty) > 1. Moreover,
the condition (ii) yields that there exists xo € X such that o(xo,T2%xp) > 1. The hypothesis (H)
also hold easily. Therefore, all conditions of the Theorem 16 are verified with s = 2 and hence

the operator 7 has a fixed point, which is a solution of the integral equation (16) in X.
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