Available online at http://scik.org

J. Math. Comput. Sci. 11 (2021), No. 1, 1053-1062
https://doi.org/10.28919/jmcs/5277

ISSN: 1927-5307

NONSTANDARD ANALYSIS OF UNIFORM SPACES

S. ALAGU!, R. KALA?

1Department of Mathematics, Manonmaniam Sundaranar University, Tirunelveli 627012, India

2Department of Mathematics, Manonmaniam Sundaranar University, Tirunelveli 627012, India

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. There are nonstandard characterizations of classical topological concepts like total boundedness, com-
pleteness, comapactness etc., in metric spaces. In this article we present nonstandard extensions of these charac-
terizations to uniform spaces. We also furnish completion of uniform spaces. We accomplish this by extending the

methods in metric spaces by way of passing from sequences to filters and nets.
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1. INTRODUCTION

Non-standard analysis is a branch of Mathematics introduced by Abraham Robinson in
1966[1]. Abraham Robinson constructed a superstructure to work in any given structure like
the Euclidean spaces, topological spaces, algebraic structures (rings, fields etc.,.), graphs and so
on. The basic idea is not to study the superstructure but to study the classical spaces by getting

on to a higher platform, namely a superstructure, and get a microscopic view of the classical
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space below. For instance, we get the completion of a uniform space X with the tools available

in a superstructure *X.

2. PRELIMINARIES

First we collect all the basics of Uniform spaces which are required in this article. For this
our references are [3], [4], [5]. For the fundamentals of Nonstandard analysis by Abraham

Robinson, we refer to [1], [2].

Definition 2.1.

Let X be a set. A uniform structure on X is a filter ¥ C X x X such that
() VU € ¥,A(X) CU, where A(X) = {(x,x) : x € X} being the diagonal of X.
() VU €, U €W, where U = {(x,y) : (y,x) €U}
() VU e ¥,3dV CU suchthat VoV C U,
where VoW = {(x,z) : (x,y) € VA(y,z) € W}, for general V,W C X x X.

Definition 2.2.
Let X be a set with uniform structure . ForV € ¥, x € X define V (x) ={y € X : (x,y) € V}.
There exists a topology on X such that Vx € X, {V (x) : V € W} is a neighbourhood base for x.

Henceforth X with this induced topology will be referred to as the uniform space X.

Definition 2.3.
Let X be a uniform space with uniform structure V.
(i) A cauchy filter on X is a filter Q on X suchthatVV € ¥, 3A € QwithA xA CV.

(ii) A cauchy net in X is a net (xy) D being the directed set, satisfying the following :

aeD>

VV eW¥,3apeDsuchthat o, f > g = (xg,xp) €V.
Let us now recall the following definitions.

Definition 2.4.

(1) A filter  on a topological space X is said to converge to x € X if for every neighbourhood
Gofx,3A € QsuchthatA C G.

(ii) A net (xq)qcp in a topological space X is said to converge to x € X if given any neighbour-

hood G of x, o € D such that & > o = (x¢,x) € G
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Definition 2.5.

A uniform space X is said to be complete if every cauchy filter on X converges.
Equivalently, we have the following :

Proposition 2.6.

A uniform space X is complete if and only if every cauchy net on X converges.

As a common notation as in [1],[2], *X denotes a nonstandard extension of X, V (X),V (*X)
the corresponding superstructures on X, *X respectively. We assume V (*X) is an enlargement
of *X, as defined in [2].

We now give the definition of concurrence.

Definition 2.7.
A binary relation P is said to be concurrent on A C domP if for each finite set {x;,x5....x, }

in A there is a y € rangeP so that (x;,y) € P,1 <i <n. P is concurrent if it is concurrent on

domP.
The following proposition is from [2].

Proposition 2.8.
The following are equivalent.
(i) V (*X) is an enlargement of V (X).
(ii) For each concurrent relation P € V (X) there is an element b € range *P so that (*x,b) € *P

for all x € domP
We now recall the notion of nearness in the case of a topological space X.

Definition 2.9.
y € *X is said to be near-standard if there exists x € X such that for every neighbourhood

G of x, y € *G. We denote it by y ~ x.

If X is a metric space, it is equivalent to saying V € > 0, *d (y,x) < €.

In the case of a uniform space X with a uniform structure ¥,y € *X is near-standard if
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Jdx e X suchthatVV € W, y € *(V(x)) which is equivalent to (x,y) € *V.

When X is a metric space, we have the following notion of pre-near-standardness.

Definition 2.10.

y € *X is said to be pre-near-standard if V € > 0, 3 x € X such that *d (y,x) < €.
For a uniform space, the notion of pre-near-standradness extends as follows.

Definition 2.11.
Let X be a uniform space with a uniform structure ¥. y € *X is said to be pre-near-

standard if VV € W,3 x € X such that y € *(V (x)) which is equivalent to (x,y) € *V.

Definition 2.12.
Let X be a uniform space with uniform structure ¥. We say x,y € *X are near if

x,y € *V forevery V € ¥. We denote it by x ~ y.
Clearly ~ is an equivalence relation.

3. MAIN RESULTS

Here we present nonstandard characterizations of the classical topological concepts namely,

completeness, total boundedness and compactness in uniform spaces.

Proposition 3.1.
A uniform space is complete if and only if every pre-near-standard point y € *X is

near-standard to some x € X.

Proof. Let X be complete and y € *X be pre-near-standard.
VV eV, fix xy € X such that (xy,y) € *V

VW eW,define 'y = {xy: VCW}

Given Wi,W, € ¥, we have I'y,nw, = T'w, N1'w,

Therefore there exists a filter A containing all I'y’s, W € W.

Claim (i) : A is a cauchy filter.
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LetV € ¥ and W be symmetric with W CVand WoW CV
Enough to prove : I'y xI'y CV
Let (xg,xy) € Tw x 'y, where G C W, H C W
Now (xg,y) € *G and hence (xg,y) € *W
Similarly (xg,y) € *W
Leta,be X
(VzeX)[(a,z) e WA (b,z) € W = (a,b) € V], since WoW CV
(Vze *X)[(a,z) € *WA(b,z) € *W = (a,b) € *V], by Transfer.
Now (xg,y) € *W and (xg,y) € *W
Therefore (xg,xy) € *V
Since xg,xy € X, we get (xg,xg) €V
Therefore I'y xI'y CV
Therfore A is a cauchy filter on X as claimed and hence A converges to some x € X.
Claim (i1) : y~x
Take any * (V (x)), where V € W. We want to show y € *(V (x))
That is, to show (x,y) €*V
Fix a symmetric W withW CVand WoW CV
Then I'y intersects W (x), since A converges to x.
Therefore for some U C W, xy € W (x)
That is, (x,xy) € W
Also (xy,y) € *U C *W
Now, (Vze€ X)[(x,a) e WN(a,z) €W = (x,2) € V]
Therefore by Transfer, (V z € *X)|[(x,a) € *WN(a,z) € *W = (x,z) € *V]
Taking a = xy,z =y, we get (x,y) € *V

This completes the proof of the ’if” part.

Conversely let every pre-near standard point of X* be near standard.
To prove : X is complete.

Let (xa),ep be a cauchy net in X.
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By cofinality of the directed set D,V o, 0, ...q; € D,3 vy € D suchthat y > o fori=1,2,...n.
By concurrence, 3 y € *D such that y > *oo = a Va € D.

Claim : *xy is pre-near standard in *X.

LetV €Y.

Jop € Dsuchthat o, € Dand o, > ay = (xa,xﬁ) ev.

Therefore @, € *D and o, B > o = (*xa, *x[;) eV

In particular, @ € *D and ot > 0p = ("X, X)) € *V

Therefore (*xy,xao) %

*xy is pre-near standard in *X.

By hypothesis, *xy is near standard to some y € X.

Claim : (xg) —y

Let U (y) be any basic neighbourhood of y, where U € ¥ and U is symmetric.
First *xy € * (U (y))

Equivalently, (*x,,y) € *U —-(1)

JdBo€Dsuchthat a,f € Dand o, > By = (xa,xﬁ) eU

Therefore @, € *Dand a,f > By = (*xa,*x[;) e U

In particular, o > By = (*xa,*xy) e *U—2)

From (1) and (2), @ € *D and a > By = (*xq,y) € *U

By Downward Transfer, @ € D and o > By = (x¢,y) €U = xq € (U (y))
Therefore (x) — y and so X is complete.

Hence the theorem. O

Proposition 3.2.

A uniform space X is totally bounded if and only if every y € *X is pre-near-standard.

Proof. Let X be a totally bounded uniform space with uniform structure V.
LetV V¥

I x1,x2,..x, € X such that X = U,V (x;)

VxeX)(Fie{l,2,..n})[x €V (x;)]

(Vxe *X)(Fie{l,2,..n})[x € "V (x)]

Therefore every point of *X is pre-near-standard.
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Conversly suppose X is not totally bounded.

Then 3 V € ¥ such that for every finite set {x,x2,...x,} C X, 3y € X such thaty ¢ V (x;) for
i=1,2,..n.

By concurrence of this relation, 3y € *X such thaty ¢ *(V (x)) for every x € X.

Then y is not pre-near-standard.

This completes the proof. 0J

Proposition 3.3.

A uniform space X is compact if and only if every point of *X is near-standard.

Proof. Let X be a compact uniform space.
Suppose y € *X is not near-standard.

ThenVx e X, 3V, € ¥suchthaty ¢ *(Vy(x))
Jx1,...x, € X such that X = U, V,, (x;)
Therefore *X = U * (Vy, (7))

Nowye *Xbuty¢ *(V,, (x;)) fori=1,2...n

This contradiction shows that every y € *X is near-standard.

Conversely suppose X is not compact.

Then there exists an open cover G4 of X which does not admit a finite subcover.
Vap,..o,3y€ X suchthaty ¢ Gy, fori=1,...n

By concurrence, 3y € *X suchthaty ¢ *Gy Vo

That is, 3 y € *X such that y is not near-standard. 0

From the above results, we may state the following classical result:

Proposition 3.4.

A uniform space is compact if and only if it is totally bounded and complete.

Now we present a nonstandard method of completion of a uniform space X.



1060 S. ALAGU, R. KALA

Theorem 3.5.
A uniform space (X,¥) has a completion ()/(\ ,‘i’)

Proof. Let X' be the set of pre-near-standard points of *X and X be the set of equivalence classes
of X’ under the relation x’ ~ y" if x is near y'.

Let the elements of X be denoted by m(x’) for x’ € X'. For V € ¥, we define VCXxX as
V={(m),m()): )€ v}

Let ¥ = {V:VG‘P}

Define ¢ : X — X by ¢ (x) = m (x)

m(x)=m(y) =>x~y=x=y,sincex,y € X

¢ is one-one.

Since (x,y) € *U < (m(x),m(y)) € U, we get that ¢ is a homeomorphism of X onto ¢ (X)
Let m(y') € X, where y/ € X’ and let U € ¥ with U € ¥

J x € X such that (x,y") € *U, since y' is pre-near-standard.

Therefore (m (x),m(y')) € U and hence ¢ (X) is dense in X

To show : X is complete

Let (m (xy)) 4ep be a cauchy net in X, where x|, € X’

By cofinality of the directed set D,V a1, 0, ...0, € D,y € D suchthat y > o; fori=1,2,...n.
By concurrence, 3y € *Dsuchthaty> *a=a Vo € D.

Fix G € "W such that G C *V V'V € W. This again is by concurrence.

Now VV € ¥, € D, x4y € X such that (x},xqy) € *V

Claim : *xy,g € X" and (m (x})) — m (*xy,G)

LetU € V.

LetVoV CUand WyoWy CV ; V CU,Wy CV where V,W, € ¥ and are symmetric.

J o € D such that &, § > op = (m(xﬁx) ,m (xb)) eWo= (x:x,xb) € *Wo

(Xa,wps X)) € *Wo

<x§x,xb> € *Wo

Therefore (xajwo,x@ e *v (D
Also (xb,xﬁw()) € "Wy C 'V (2)

(1) and (2) are true for every W C Wy
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Thus o, > ay, Wi C Wy and Wo C Wy = (xoc,pr;}> € *V and (xb,x&WZ) c*v
Hence a, 8 > ap and W; C Wy and W, C Wy = (xa,WuxB,Wz) e *U

= (xmwl,x&%) € U, since Xo, Wy XB.w, € X

By Transfer we have V ., B € *D; W, W, € *W¥;

o, B > a0, Wi CWo,Wa CWo = (*xaw, *xpw,) € *U 3)
In particular, V x € *D, W) € *W

o> 09, Wi CWo = (*xams “xy6) € *U

Therefore @« € D,W; € ¥, ax > o, W) C Wy = (Xa,Wl, *x%G) € *U

Thatis, VU € ¥ 3 xq w, € X such that (xa,Wn *x%6) € *U

Therefore *xy g € X’

To prove : (m(xy)) = m (*xy,6)

LetU e ¥

From (2) we have the following :

BeD,W,eW,B > Po,Ws C Wy = (x/ﬁ,xﬁ,wz) € *U, since V.C U @)
From (3), B e D.W, € ¥, 8 > By, W, C Wy, x € *D,W; € *P,a > o, W; T W

= (*xa,anﬁ,Wz) € *U ®))
From (4) and (5),

ac D, BeD,a>a B> aW e W, W, CWy= (xb, *mel) € *U

In particular, B € D, B > o = (xb, *)C%G> € *U= (m (xb) ,m (*x%(;)> eU
Therefore (m (x})) — m (*xy,6)

Therefore X is complete.

Hence the theorem. U
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