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1. INTRODUCTION

Fixed point theory has a wide application in all fields of quantitative science. Therefore, it is
quite natural to consider various generalizations of metric space in order to address the needs
in various fields of quantitative science. So, we consider different generalization of metric
space. There is a lot of extension of the notions of metric space. Among which one of the most
important generalization is the concept of S, —metric space introduced by Souayah and Mlaiki
[13]in 2016. For more, we refer ([2], [3], [4], [5], [11], [12], [13] ) and references therein. Also
one of the important generalization is the result obtained by Samet et al. [10]. They introduced
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the concept of a-admissible mapping and defined the notion of o — ¥ contractive mapping.

The results of Samet et al. [10] had been generalized in various directions (see [7], [8], [9]).

Before starting our main work, we recall some well known definitions, properties and lem-

mas which will be used in this paper.

Samet et al. [10] defined -admissible as follows.

Definition 1.1. [10] Let &7 : U — Uand o : U x U — [0, 00). Then ¢/ is said to be a-admissible
if x,y e U,
o(x,y) > 1= o(dx,ay) > 1.

2
Example 1.1. Let U = [0,). Define «/: U — Uand a: Ux U — [0,0) by &/x = % for all

x€ Uand

1, if x,y € [0,3];
a(x,y) =
0, otherwise.

Obviously, 7 is @—admissible mapping.

Berinde [6] defined (c)-comparison function as follows.

Let ¥ be a family of functions y : [0,00) — [0,0) satisfying the following conditions
(i) y is non-decreasing,
(ii) there exists ko € N and a € (0, 1) and a convergent series of non-negative terms Y ;. ; vk
such that
Y () < ayh(n) +w

for k > ko and any t € R™, where R™ = [0, ).

Lemma 1.1. [6] If v € W, then the following hold:
(i) (y"(f))nen converges to 0 as n — oo for all 1 € R,
(i) w(r) <t foranyr e R,
(ii1)  is continuous at 0,

(iv) the series Y7o, w*(t) converges for any t € R*.
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Karapinar and Samet [7] introduced the following contractive condition.

Definition 1.2. [7] Let (U, d) be a metric space and <7 : U — U be a given mapping. We say that
</ is a generalized o — Y contractive mapping if there exist two functions o : U x U — [0, o)
and y € ¥ such that

o(x,y)d(/x, y) < y(M(x,y))

for all x,y € U, where

(1) M(x,y) = max {d(x,y)7d(x,e;z%x) +d(y,oy) d(x,oy)+d(y, x) }

2 ’ 2
Example 1.2. Let U = [0, 1] be endowed with the metric d(x,y) = |x —y| for all x,y € U. Let
y(t) = 1+%, Vit>0.
Define the mapping <7 : U — U by
1, ifxe0,1),
0,ifx=1
and @ : U x U — [0,e0) by a(x,y) =1 forall x,y € U. Then, </ is a generalized ot — y contrac-

A x =

tive mapping.

Obviously, (U,d) is a complete metric space. In this case, <7 is not continuous.

If x€[0,1) and y = 1, we have
a5, )d(/x, ) = d(5,0) = 340, /) < w(M(x)
Ifx=1andye€ [0,1), we have
o(x,y)d(x,y) =d(dx,dy) = %d(x,szfx) < l[/(M(x,y))
The other cases are trivial. So, .7 : U — U is a generalized @ — ¥ contractive mapping.

Definition 1.3. [13] Let U be a non-empty set and let s > 1 be a given number. A function
Sy U3 — [0,00) is said to be Sp,-metric if and only if for all x,y,z,7 € U, the following conditions
hold:

(i) Sp(x,y,z) =0if and only if x =y = z;

(i) Sp(x,x,y) = Sp(y,y,x) for all x,y € U,
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(iil) Sp(x,v,2) < s5[Sp(x,x,7) +Sp(v,9,) + Sp(z,2,1)].

The pair (U, S}) is called an S,-metric space.
Rohen et al.[14] also defined the S, —metric space as follows.

Definition 1.4. [14] Let U be a non-empty set and let » > 1 be a given number. A function
S:U3— [0,0) is said to be Sj,-metric if and only if for all x,y, z,¢ € U, the following conditions

hold:
(i) S(x,y,z) =0ifand only if x=y =z,
(i) S(x,v,z) <D[S(x,x,1) +S(y,y,) + S(z,2,1)].

The pair (U, S) is called an Sj-metric space.
Definition 1.5. [14] An Sj,-metric is said to be symmetric if

S(x,x,y) =S(y,y,x),vx,y € U.
Lemma 1.2. [11] In an Sp-metric space, we have

S(x,xy) < bS(y,y,x)
and S(y,y,x) < bS(x,x,y)
where b > 1 is a real number.
Lemma 1.3. [11] In an S,- metric space, we have
S(x,x,z) < 2bS(x,x,y) +b*S(y,,2)

Definition 1.6. [13] Let (U, S) be an S,-metric space. A sequence {x,} in U is said to be

(i) Sp-Cauchy sequence if, for each € > 0, there exists ng € N such that S(x,,x,,x,) < €
for each m,n > ny.

(i1) Sp-convergent to a point x € U if, for each € > 0, there exists integer ny such that
S(xp,xn,x) < € or S(x,x,x,) < € for all n > ny and we denote it by r}glgoxn =X.

(iii) (U,S,) is said to be a complete S,-metric space if every Cauchy sequence {x,} con-

verges to a point x € U such that

Hm Sy (X, X0, Xm) = Lim Sp (X, %, %) = Sp(x,x,x)
n,m—yoo n—soo
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Definition 1.7. [11] A mapping <7 : U — U is said to be S,-continuous if {.&7x} is S,-convergent

to .o/ x, where {x, } is an S)-convergent sequence converging to x.
The concept of -admissible mapping is introduced by Alghamdi and Karapinar [1].

Definition 1.8. [1]Let &7 : U — Uand B : UxUx U — [0, o), then &7 is said to be f-admissible
ifx,y,z€ U,
B(x,y,2) > 1= B(Ax, oy 7)) > 1.

Example 1.3. Let U = [0, 1]. Define &7 : U — Uand 8 : Ux U x U — [0,0) by

x2

1
o x = T + X Vx € Uand B(x,y,z) =1 forall x,y,z € U. Then, < is B—admissible mapping.

We extend the concept of a—admissible for n" order and define as follows.

Definition 1.9. Let .7 : U — U be a self mapping on a non-empty set U and o : U" — [0,0) be

a mapping. Then we say <7 is an o-admissible of order n if x1,xp,...,x, € U,

(X1, X2, ey Xy) > 1 = (A X1, A X,y X)) > 1.
Remark 1.1. When n =2 and n = 3, &/ is an «—admissible and 3 —admissible respectively.

2. MAIN RESULTS

Now we introduce the concept of generalized S, — B — ¥ contractive mappings by generalis-

ing the concept of & — Y contractive mapping in the setting of S,-metric space.

Definition 2.1. Let (U, S) be an Sj-metric space and <7 : U — U be a given mapping. We say
that <7 is a S, — B — W contractive mapping if there exist two functions f: U x U x U — [0, o)

and ¥ € ¥ such that for all x,y,z € U, we have
B(x,y,2)S(/x, oy, o/z) < y(S(x,y,2))

Example 2.1. Let U = [0,00). Let (U,S) be an S,—metric space with S;(x,y,z) = d(x,y) +
d(x,z), d is an ordinary metric on U.

Define o7 : U — U by &/x = x(x+9) for all x € U. We define : U x U x U — [0, ) by
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1, if (x,,z) = (0,0,0),
Blxg) = (x,5,2) = (0,0,0)

0, otherwise.

One can easily verify that
1
Bx.y,2)S(x, oy, /7) < 7S(x,y,2), Vx,y,z€ U.
1
Then, <7 is an S, — B — y contractive mapping with y(¢) = é_lt for all ¢ > 0.

Definition 2.2. Let (U, S) be an Sj-metric space and let <7 : U — U be a given mapping. We
say that o7 is a generalized S;, — B — ¥ contractive mapping of type I if there exist two functions

B:UxUxU— [0,00) and ¥ € ¥ such that for all x,y,z € U, we have
2 B(x,y,2)S( x, oy, o/ z) < y(A(x,y,z))
where
A(x,y,2) = max{S(x,y,z),S(x,x,x),S(y,y,y),S(z,2,9z),

1
@(S(x,x, Ay)+ Sy, 42) +8(z,z,9x)) }

Definition 2.3. Let (U, S) be an Sj,-metric space and let o7 : U — U be a given mapping. We say
that o7 is a generalized S, — B — Y contractive mapping of type II if there exist two functions

B:UxUxU— [0,e0) and y € ¥ such that for all x,y € U, we have
3) B(x,x,y)S(e/ x, 7 x, 4 y) < y(A(x,x,y))
where

A(x,x,y) = max {S(x,x,y),S(x,x, gx),S(y,y, ),

1
@(S(x,x,dx)—kS(x,x,%y)—}—S(y,y,gfx))}

Theorem 2.1. Let (U, S) be a complete S,-metric space. Suppose that o7 : U — U is a general-
ized S, — B — v contractive mapping of type I and satisfy the following conditions:

(i) <7 is B-admissible,

(ii) there exists ug € U such that 8 (ug, ug, o ug) > 1,

(iii) <7 is S,-continuous.
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Then .o/ has a fixed point in U.

Proof. Let up € U be the element for which B (ug, ug, <7ug) > 1. We define the sequence {u, }

in U as

Upy1 = A uy, foralln > 0.

Suppose that u, # u, | for all n > 0. Otherwise, for some k € N we would have uy = u | =

o/ uy, that is, u = u; would be a fixed point of .2/ and the proof would be completed.

Since <7 is B-admissible, we have

B (uo,up,ur) = B(uo,uo, A ug) > 1= B(ug, o ug, Auy) = B(uy,uy,up) > 1.
or, in general
“) B (un,tn, un1) > 1,

foralln=0,1,...

From (2) and (4), for all n > 1, we have

S(l/tn,l/tn,un+1) = S(%un—ladun—h%un)

< ﬁ(unflvunflaun)S(fQ{unflan{unfth{un)

IN

W(A(un—l yUn—1, un))
where

A(un—lvun—lyun) = max {S(un—laun—l7un)>S(un—17un—lan{un—l)7
S(”n—l7un—l7@{un—l)as(unaun7@{un)a

@(S(”nflaunflyﬂunfl) +S(un717un717dun)

—}—S(un,un,%un,l))}

= maX{S(un_l,un_l,I/tn),S<I/tn_1,Mn_l,un>,S(Mn,un,un+l)
1

@(S@‘n—]7”11—1;un)as(un—laun—l7un+1)aS(un;un;”n))}
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S maX{S(uVL*l?un*luun)vs(unuxnaun+1)a

1
@(S(unflyunflaun) +2bS(un717un717un) +b2S(un7un7un+l)>}

< maX{S(un—hun—l;un)7S(un7un7un+l);
1
@(3b2S(un—l ) un—laun) +b25(un>un7un+l))}

max {S(”n—laun—hun)as(unaunaun-l—l)a

IN

1
4 (SS(unflaunflaun) +S<una Un, un+1)) }

= max {S(un—1,Un—1,n),S(ttn, tn,uns1) }
Thus, we have
S(”naunaun—l-l) S W(max{S(un—l7un—l7un)7s(un7unaun—l—l)})

We may consider the following two cases:

Case I : If max{S(up—1,un—1,un),S(tp,ttn,tn11)} = S(tty, 11 ) for some n, then

S(”mun,un—i-l) < W(S(”na Up, ”n+l))

< S(”m”na”n—i—l)

which is not possible.

Case II : If max{S(uy—1,un—1,un),S(tn, tn,ttn+1)} = S(p—1,Uy—1,u,), then

S(“m“m“n—i—l) S W(S(un—lvun—bun))
for all n > 1. Since y is non-decreasing by induction, we get
5) S(un,un,un+1) < l//"(S(uo,uo,ul) :hnSbO

forall n > 1.
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Using Lemma 1.3, we have

S, tn ) < 2bS(uy,up, tpi1) +sz(un+1,un+1,um)

IN

2bS(un; Up, un—H) + bZ{ZbS(un—H yUnt-1, un+2) + sz(un—i-Za Un+2, um)}

IN

ZbS(una Up,Un+1 ) + 2b3S(un+l yUn+-1, ”n+2)

+b* {ZbS(unJrZ; Un 12, Unt3) + sz(”n+3; Un+35Um) }

VAN

2bS (upy 1) + 2b3S(un+1,un+1,un+2) + 2bSS(un+2, Upi2,Unt3)
4257 S (g 3, Uy 3, tngd) + o A 25" S (U U1 5 Ui

oo FS(um—2,tm—2,um—1) } + S(Up—1, Up—1, Um)

< 2bH"(14+b*h+b R+ ... RSy,

< 2bH"(1+B*h+b* R+ ... )Sp,

2bh"
= meO — 0 asm,n — oo.

This implies that {u, } is an S,-Cauchy sequence in the Sj-metric space (U, S). Since (U, S)
is complete, there exists u € U such that {u, } is S,-convergent to u. Since <7 is Sj-continuous,

it follows that {.<7u,} is Sp-convergent to .«7u. By the uniqueness of the limit, we get u = /u,

that is u is a fixed point of 7. O

Corollary 2.1. Let (U, S) be a complete Sj,-metric space. Suppose that &7 : U — U is an S, —
B — v contractive mapping and satisfy the following conditions:
(i) 7 is B-admissible,
(ii) there exists ug € U such that B (ug,ug, o up) > 1,
(iii) &7 is Sp-continuous.

Then <7 has a fixed point in U.

Example 2.2. In the above Example 2.1, we observe that <7 is an S, — B — ¥ contractive
mapping.
For x =y =z =0, we have B(x,y,z) = (0,0,0) = 1 and B(«/x, &y, o/z) = (0,0,0) = 1.

So, o7 is B—admissible. And, there exists a point uy = 0 € U such that B (ug,ug, o ug) =
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B(0,0,270) = B(0,0,0) = 1. Also, <7 is Sp—continuous. All the conditions of Corollary 2.1

are satisfied. Hence, <7 has a fixed point. Here, the fixed point of . is 0.

Corollary 2.2. Let (U,S) be a complete S,-metric space. Suppose that &7 : U — U is a gener-
alized S, — B — y contractive mapping of type II and satisfy the following conditions :
(i) 7 is B-admissible,
(ii) there exists ug € U such that B (ug,up, up) > 1,
(iii) .o is S,-continuous.

Then o7 has a fixed point in U.

By omitting the continuity of .7, we state the following theorem.

Theorem 2.2. Let (U,S) be a complete S,-metric space. Suppose that <7 : U — U is a gen-
eralized S, — B — v contractive mapping of type I such that v is continuous and satisfy the
following conditions:
(i) 7 is B-admissible,
(ii) there exists ug € U such that 8 (ug, ug, o ug) > 1,
(iii) if {u,} is a sequence in U such that B (u,,un,uyy1) > 1 for all n and {u,} is an Sp-

convergent to u € U, then B (uy, u,,u) > 1 for all n.

Then 7 has a fixed point in U.

Proof. Taking up € U as the element satisfying the condition (ii), we construct the sequence

{un} as usual, that is,
Uy = A uy, foralln > 0.
This sequence {u,} is an S,—Cauchy sequence in the complete S, —metric space (U,S) which

can be shown exactly as in the proof of Theorem 2.1, that is, the sequence {x, } is S,-convergent

tou e U.

From (iii), we have
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for all n > 0.

Using (6), we have

S(upi1,uny1, du) = S(up, A uy, A u)

< ﬁ (”na Up, M)S(%u”’ JZfl/ln, %u)

IN

W (A(up, up, u))

where

A(up,up,u) = max {S(un,un,u),S(un, Up, Ay, S(u,u, o/ u),

1
@(S(un,un,szfun) + S(up,up, A u) +S(u,u,£7un))}

= max{S(un,un,u),S(un,un,unH),S(u,u,szu)

1
@(S(un,un,unH) + St ttn, ) + S(u,u,un41)) }

Letting n — oo in the above inequality, that is,

S(unr1, tnt1, 7 u) < Y(A(un, up, u))

it follows that
S(u,u, fu) < W(S(u,u, o u))

which is not possible.

Thus, S(u,u, 27u) =0 and hence u = </ u. O

Corollary 2.3. Let (U,S) be a complete Sp-metric space. Suppose that <7 : U — U is a gen-
eralized S, — B — W contractive mapping of type II such that y is continuous and satisfy the
following conditions:
(i) &7 is B-admissible,
(ii) there exists ug € U such that 8 (ug, ug, ug) > 1,
(iii) if {u,} is a sequence in U such that B (uy,u,,u,t1) > 1 for all n and {u,} is an Sj-
convergent to u € U, then 8 (uy,u,,u) > 1 for all n.

Then .o/ has a fixed point in U.
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Theorem 2.3. Let all the conditions of Theorem 2.1 (respectively Theorem 2.2, Corollary 2.2,
Corollary 2.3) hold. Furthermore, assume that for u € Fix(.</), B(u,u,z) > 1 for all z € U.

Then, the fixed point of the mapping <7 is unique.

Proof. Let v,w € Fix(.</) be two fixed points of .«7. By the hypothesis, we have (v,v,w) > 1.
Since v and w are fixed points of <7, we have, (v, v, Zw) = B(v,v,w).

Consequently, we have
Svyvw) = S(Hv, v, dw)

< Bv,w)S(Av, v, dw)

IN

v(A(v,v,w))
where

A(v,v,w) = max {S(v, vw),S(v,v, 7 v),S(w,w, w),

1
@(S(v,v,;zfv) +S(v,v, Iw) —|—S(W,W,£7v))}

= max{S(v,v,w), é(S(v, v,w)+S(w,w,v)) }
= S(vv,w)

Thus, we get that

Syvw) < w(Av,v,w))

< y(S(vvw))
< S(vv,w).
which is not possible.
Hence, v = w, that is, the fixed point of <7 is unique. O

Corollary 2.4. Let (U,S) be a complete S,-metric space and <7 : U — U be a given mapping.

Suppose that there exists a continuous function ¥ € ¥ such that

S(x, oy, z) < w(A(x,y,z))
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for all x,y,z € U. Then .7 has a unique fixed point.

Corollary 2.5. Let (U,S) be a complete S,-metric space and <7 : U — U be a given mapping.

Suppose that there exists a continuous function ¥ € ¥ such that
S(/x, oy, dz) <y(S(x,y,2))
for all x,y,z € U. Then <7 has a unique fixed point.

Corollary 2.6. Let (U,S) be a complete Sj-metric space and <7 : U — U be a given mapping.

Suppose that there exists A € [0, 1) such that
S(e/x, oy, o/z) < Amax{S(x,y,z),S(x,x, Zx),S(y,y,y),

1
S(z,z,972), @(S(x,x,dy) +8(,y,9/2) +S(z,2,9x)) }

for all x,y,z € U. Then .« has a unique fixed point.

Corollary 2.7. Let (U, S) be a complete S,-metric space and let <7 : U — U be a given mapping.

Suppose that there exist non-negative real numbers p, q,r,s,t with p+q+r+ s+t < 1 such that

S(x,dy,dz) < pS(x,y,z)+qS(x,x,9x)+rS(y,y, oy)

t
+s(S(z,2,9/7)) + @(S(x,x, Ay)+S(y,y, 7))+ S(z,z,x))

for all x,y,z € U. Then .« has a unique fixed point.

Corollary 2.8. Let (U, S) be a complete S,-metric space and let <7 : U — U be a given mapping.

Suppose that there exists A € [0, 1) such that
S(x, oy, o/z) < AS(x,y,2)
for all x,y,z € U. Then ./ has a unique fixed point.

3. CONSEQUENCES

We state fixed point theorems on metric spaces endowed with a partial order.

Definition 3.1. Let (U, <) be a partially ordered set and .7 : U — U be a given mapping. We

say that o7 is non-decreasing with respect to < ifx,y e U, x <y = &/x < Fy.
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Definition 3.2. Let (U, <) be a partially ordered set. A sequence {u,} C U is said to be non-

decreasing with respect to < if u,, < u,1 for all n.

Definition 3.3. Let (U, <) be a partially ordered set and S be an Sj-metric space on U. We say
(U, %,S) an Sp-regular if for every non-decreasing sequence {u,} C U such that u, — u € U as

n — oo, u, =< u for all n.

Theorem 3.1. Let (U, <) be a partially ordered set and S be an S,-metric on U such that (U, S)
is a complete Sj-metric space. Let .o/ : U — U be a non-decreasing mapping with respect to <.

Suppose that there exists a function ¥ € ¥ such that

@) S(x, o x,y) 2 Y(A(x,x,y))

for all x,y € U with x <y. Suppose also that the following conditions hold :
(i) there exists uy € U such that uy < o uy,
(ii) < is Sp-continuous or (U, <, S) is Sj-regular and y is continuous.
Then .o has a fixed point in U. Moreover, if for u € Fix(</), u < z for all z € U, one has the

uniqueness of the fixed point.

Proof. Define the mapping 8 : U x U x U — [0, ) by

I, ifx=<y

) Blx,x,y) =

1 .
19, Otherwise.

From (7), for all x,y € U, we have
B (x,x,y)S(;zfx, X, %y) < l//(A(x,x,y))

It follows that o7 is a generalized S;, — B — Y contractive mapping of type II. From the condition

(i), we have

B (uo, uo, o7 up) > 1

Since 7 is a non-decreasing mapping with respect to <, we have, for all x,y € U,

xXy=>dx<dy= B(Ax,dx,dy) > 1.
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It follows that

Blx,x,y) 21 = B(x,dx,ay) > 1.

Thus 7 is B-admissible. Moreover, if &7 is Sj-continuous, by Corollary 2.2, <7 has a fixed

point.

By (ii), for every non-decreasing sequence {u,} C U such that u, — u € U as n — oo, we
have, u,, < u for all n. By the definition of 8 —admissible mapping, we have, B (u,, u,,up11) >
1 = B(up,un,u) > 1 for all n. Thus, all the hypotheses of Corollary 2.3 are satisfied and

hence there exists u € U such that &/u = u.

To prove the uniqueness, since u € Fix(.2/), we have u =< z for all z € U. By the definition of
B —admissible mapping, B (u,u,z) > 1 for all z € U. Therefore, the hypotheses of Theorem 2.3
are satisfied and hence the uniqueness.

0

Corollary 3.1. Let (U, <) be a partially ordered set and S be an S,-metric on U such that (U, S)
is a complete S;-metric space. Let o7 : U — U be a non-decreasing mapping with respect to <.

Suppose that there exists a function y € ¥ such that

S(e/x, o/ x,ay) < y(S(x,x,y))

for all x,y € U with x < y. Suppose also that the following conditions hold
(i) there exists uy € U such that uy < o7 uy,
(ii) 7 is Sp-continuous or (U, <, S) is Sj-regular.

Then o has a fixed point in U. Moreover, if for u € Fix(</), u < z for all z € U, one has the

uniqueness of the fixed point.

Corollary 3.2. Let (U, <) be a partially ordered set and S be an Sj,-metric space on U such that
(U, S) is a complete S,-metric space. Let .7 : U — U be a non-decreasing mapping with respect

to <. Suppose that there exist non-negative real numbers p,q,r and s with p+g+r+s < 1
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such that
S(x,dx,o/y) < pS(x,x,y)+qS(x,x,2/x) +rS(y,y, )

+§(S(x,x, A X) +8(x,x,4y) +S(,y, 7x))

for all x,y € U with x <y. Suppose also that the following conditions hold:
(i) there exists uy € U such that uy < o/ uy,
(ii) o7 is Sp-continuous or (U, <, S) is Sj,-regular.
Then <7 has a fixed point in U. Moreover, if for u € Fix(/), u < z for all z € U, one has the

uniqueness of the fixed point.

Corollary 3.3. Let (U, <) be a partially ordered set and S be an S,-metric space on U such that
(U, S) is a complete S,-metric space. Let .27 : U — U be a non-decreasing mapping with respect

to <. Suppose that there exists a constant A € [0, 1) such that
S(x, ox,oy) < AS(x,x,y)

for all x,y € U with x <y. Suppose also that the following conditions hold :
(i) there exists uy € U such that uy < o uy,
(ii) 7 is Sp-continuous or (U, <, S) is Sj,-regular.
Then <7 has a fixed point in U. Moreover, if for u € Fix(</), x < z for all z € U, one has the

uniqueness of the fixed point.
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