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Abstract. We show that let & be a class of unital C*-algebras which have tracial topological rank zero (stable
rank one). Then A has tracial topological rank zero (stable rank one) for any simple unital C*-algebra A € WTAZ2.
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1. INTRODUCTION

Inspired by Lin’s tracial approximation by interval algebras in [20], Elliott and Niu in [7]
considered the natural notion of tracial approximation by other classes of C*-algebras. Let & be
a class of unital C*-algebras. Then the class of C*-algebras which can be tracially approximated
by C*-algebras in &, denoted by TAZ?, is defined as follows. A simple unital C*-algebra A
is said to belong to the class TAZ if, for any € > 0, any finite subset ' C A, and any element
a > 0, there is a projection p € A and a C*-subalgebra B of A with 13 = p and B € & such that

(1) ||xp —px|| < eforallx € F,

(2) pxp €¢ Bforallx € F, and

(3) 1 — p is Murray-von Neumann equivalent to a projection in aAa.
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Let & be a class of finite dimensional C*-algebras. Then the class of C*-algebras which
can be tracially approximated by C*-algebras in &7 is called tracial topological rank zero and
denoted by TR(A) = 0.

Hirshberg and Orovitz introduce the tracially 2 -absorbing in [18], they show that tracially
Z -absorbing is equivalence 2 -stability for separable simple amenable unital C*-algebra in
[18].

Inspired by Hirshberg and Orovitz’s tracial 2 -absorbing, Fu introduced some type finite tra-
cial nuclear dimension in his doctoral dissertation in [13] and introduced certain tracial approx-
imation C*-algebras in [14], and he show that finite tracial nuclear dimension implies tracially
Z -absorbing for separable, exact simple C*-algebra with non-empty tracial state space.

Inspired by Fu’s finite tracial nuclear dimension and the general tracial topological rank one
in [6], Fan and Yang introduced certain weak tracial approximation by a class of unital C*-
algebras in [27]. Let & be a class of unital C*-algebras. Then the class of unital simple C*-
algebras which can be weak tracial approximation by & is denote by WTA ., A simple unital
C*-algebra A is said to belong to the class WTAZ if, for any € > 0, any finite subset F' C A,
any nonzero positive element a of A, there exist a unital C*-subalgebra B of A with B € &
and completely positive contractive linear maps ¢ : A — A and y : A — B with ¢(A) L B, i.e.,
¢©(A)B =0, such that

(1) (1) S a, and

(2) [[x—@(x) —y(x)|| < &, forany x € F.

In this paper, let &2 be a class of unital C*-algebras which have stable rank one (tracial
topological rank zero). Then A has stable rank one (tracial topological rank zero) for any simple

unital C*-algebra A € WTAZ.

2. PRELIMINARIES

Recall that a unital C*-algebra A is said to have stable rank one, written zsr(A) = 1, if the set
of invertible elements is dense in A.
Recall that a C*-algebra A has SP property, if every nonzero hereditary C*-subalgebra of A

contains a nonzero projection.
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Let a and b be positive elements of a C*-algebra A. We write [a] < [b] if there is a partial
isometry v € A** with vw* = P, such that, for every 0 < ¢ € Her(a), cv € A and v*cv € Her(b).
([a] < [b] implies that a is Cuntz subequivalent to b, i.e. a < b. If A has stable rank one then,
by [2], [a] < [b] if a < b but even in this case the preorder relation [a] < [b] is not necessarily
an order relation.) We write [a] = [b] if, for some v as above, v*Her(a)v = Her(b). Let n be
a positive integer. We write n[a] < [b] if in addition there are n mutually orthogonal positive
elements by, by, -, b, € Her(b) such that [a] < [b;], i=1, 2, ---, n (see Definition 1.1 of
[23], Definition 3.2 of [22], or Definition 3.5.2 of [21].)

Let 0 < 0 <1 be two positive numbers. Define

1 ift>o
fet)={ 222 ifo/2<t<oc

0 if0<t<o/2.

Let A be a C*-algebra, and let M,,(A) denote the C*-algebra of n x n matrices with entries
elements of A. Let M« (A) denote the algebraic inductive limit of the sequence (M, (A), ¢,),
where ¢, : M,,(A) — M,,11(A) is the canonical embedding as the upper left-hand corner block.
Let Mo (A) 4 (resp. M, (A).+) denote the positive elements of M. (A) (resp. M (A)). For positive
elements a and b of M (A), write a @ b to denote the element diag(a, b), which is also positive
of Mw(A). Given a,b € Mw(A)4, we say that a is Cuntz subequivalent to b (written a < b) if

there is a sequence (v,);_, of elements of M. (A) such that
r}1_r>r01° |lvubvy, —a|| = 0.

We say that a and b are Cuntz equivalent (written a ~ b) if a < b and b < a. We write (a) for
the equivalence class of a.

Hirshberg and Orovitz introduce the tracially 2 -absorbing in [18], they show that tracially
Z -absorbing is equivalence 2 -stability for separable simple amenable unital C*-algebra in
[18].

Inspired by Hirshberg and Orovitz’s tracial Z-absorbing, some finite tracial nuclear dimen-

sions were introduced by Fu in his doctoral dissertation in [13].
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Definition 2.1. ([13].) A unital C*-algebra A is said to have type 11l tracial nuclear dimension

at most m, denote T3dimyye (A) < m, if for any € > 0, any finite subset F C A, any nonzero

positive element a of A, there exist a unital C*-subalgebra B of A with dimy,.(B) < m and

contractive completely positive linear maps ¢ : A — A and y : A — B with ¢(A) L B, i.e,
¢©(A)B =0, such that
(1) o(1) < a, and

(2) lx—@(x) —yx)|| <& foranyx € F.

Inspired by Fu’s finite tracial nuclear dimension and the general tracial topological rank one
in [6], Fan and Yang introduced certain weak tracial approximation by a class of unital C*-
algebras in [27].

Let & be a class of unital C*-algebras. Then the class of unital C*-algebras which can be

weak tracial approximated by C*-algebras in &, denoted by WTA .2, is defined as follows.

Definition 2.2. ([27].) A unital C*-algebra A is said to belong to the class WTAZ, if for any
€ > 0, any finite subset F C A, any nonzero positive element a of A, there exist a unital C*-
subalgebra B of A with B € & and completely positive contractive linear maps ¢ : A — A and
y:A — Bwith 9(A) LB, i.e., (A)B =0, such that

(1) (1) Sa, and

(2) |x=o(x) —y()[| <& foranyxc F.

Let & be a class of unital C*-algebras such that dimy,c < n forany B € &, thenA € WTA Y
if and only if T>dimpyc(A) < n.

Theorem 2.3. ([1], [18], [25], [26].) Let A be a stably finite C*-algebra.

(1) Leta, b € Ay and € > 0 be such that ||a— b|| < €. Then there is a contraction d in A with
(a—¢€)4 =dbd*.

(2) Let a, p be positive elements in Mw(A) with p a projection. If p < a, then there is b in
M (A)+ such that bp =0 and b+ p ~ a.

(3) The following conditions are equivalent: (1) a <b, (2) forany e >0, (a—€)4+ < b, and

(3)! for any € > 0, there is 6 > 0, such that (a—€)+ < (b—6)+.
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(4) Let a be a purely positive element of A (i.e., a is not Cuntz equivalent to a projection).
Let 6 >0, and let f € Cy(0, 1] be a non-negative function with f =0on (5,1), f > 0o0n (0,8),
and || f|| = 1. We have f(a) #0and (a—8)++ f(a) S a.

(5) Let a,b € A satisfy 0 <a <b. Let € >0, then (a—€)+ S (b—¢€)4.

The following Theorem is lemma 3.3 in [16].

Theorem 2.4. ([6]) Let 1 > € >0 and 1 > 6 > 0 be given. There exists § > 0 satisfying the

following condition: If A is a C*-algebra, and if x,y € A+ are such that 0 < x,y < 1 and
lx—yll <8,

then there exists a partial isometry w € A*™ with ww'fs(x) = fo(x)ww* = f5(x),

wHer(fs(x))w* C Her(y) and
wew € yAy, [[w ew —c|| < g]lc|
forall c € f5(x)Afs(x).

3. MAIN RESULTS

The technique in the proof of the following Theorem is take from [13] or from [14].

Theorem 3.1. If the class & is closed under tensoring with matrix algebras, or closed under
passing to hereditary C*-subalgebras, then the class WTAZ? is closed under tensoring with

matrix algebras or passing to unital hereditary C*-subalgebras.

Proof. (I) Write B = gAq for some projection g € A. We will prove that B € WTAZ.

Take £ = %, 0 = ()7, there exits §; > 0 which satisfy Theorem 2.4.
Take € = %, o= (%)2, there exits 8, > 0 which satisfy Theorem 2.4.

For any finite subset F' C B contain a nonzero positive element a € B, since A € WTAZ, for
G = FU{q}, any 6, > 0, there exist a unital C*-subalgebra B of A with B € & and completely
positive contractive linear maps ¢’ : A — A and ¥’ : A — C with ¢’(A) L C, i.e., ¢'(A)C =0,
such that

(1) ¢'(1) < a, and
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(2) [[x— @' (x) — ¥/ (x)|| < &, for any x € F.
Letq' = ¢'(q) + ¥'(q). then [lg — ¢'[| < &,.
By Theorem 2.4, there exists a partial isometry w € A** with ww* f 5 (
fis )z(q ), wHera(f s

7 (%2

)2(6/) =1 3 )z(q’)WW* =

71
4

,(¢"))w* C Hera(q') and

S o
wrew € ¢'Aq, ||wFew —¢|| < ZIHCH

for allcEf(%)z(q’)Af(%l)z(q’).

Since [19'(g) — /5, 2(6)0'(0)f 5, ()| < % then [9'(q) =,y ,(¢) 9'(6),
< 3 (since |[w*ew —c|| < t||c|| for all ¢ € Fyay o (@)AT 5., (@)

Letq = wf s, ,()0'(4)f 3, (q')w". then we have |7 — ¢'(q)]| < %

By Theorem 2.4, there exists a partial isometry v € A™ with w* f(%)z((p’ (@) =
Jre (@' (@) = fre2(9'(q), vHera(f £ 2(9'(¢)))v* C Hera(g) and

32 32 32

"Il

)z(q’)w

|

. —_— €
viev € 9'(q)A9'(q). [viev—cf < felle]

forall c € ¢ 2 (9 (@))AS 5 2 (9/(4)).

Since  [W'(a) — f5,@W @S @) < % then  [W(9) — whs ()
W (0)f (0 < 3 Gsince w—ell < & forall e Ty TO0AT g 26D

Let = f 5, ,(¢)V' (@), (4", then we have 7~ vl <2

By Theorem 2.4, there exists a partial isometry u € A*™ with wuu* f(%)z(l[// (q)) =
T (W' (@)uu” = fe)2(v'(q)), uHera(f g 2(v'(q)))u* C Hera(g) and

32 32

I E
ucu € gAq, ||u"cu—c|| < EHCH

for all ¢ Ef(%)z(l///(q))Af(%) 2(V'(q))-
Define D = uHerc(f(£)2(q)¥(q') fig)2(q))u" C uHera(f(£12(4") W(q)fig)2(q))u” C B,

32 32 32
we have D = Herc((f(£,)2(¢)¥(9)f(£)2(¢')). then D € Q.
We define ¢ : A — A by taking x t0 vf( ¢ 2(9'(¢))9'(x)f £ )2(¢'(q))v* and y : A — D by

taking x to uf( ¢ )2 (W' (q)) W' (x) f &2 (W' (g))u”, then we have ¢ and y are completely positive
contractive linear maps with ¢(A) L D, i.e., 9(A)D = 0.
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We have (1)
Ix—o(x) -y
< fx = ¢"(x) = W' )|+ [[@(x) = @' )| + [ w(x) — y'(x)]
<3e+[[vfig 2(0'(9) 0" (X)f £)2 (¢ (@)V" — fre 2(0"(9) 0" (x) i £)2 (9" ()]
+lo'(x) — frg 2(0'(9) @ () ()2 (@ (@)l
19,62 (W (@)W () f e e (W @)V — (W @)W () fe o (W (@)

i
32
)

W' () = v/ )2 (W (@) W' (x).f )2 (W' (@))v*]| < Te.

2) o(q) = vfg(%)z((p’(q))qo’( )i z((p’( W < 0'(q) Sbin A, since B is a hereditary

%2

i
32

C*-subalgebra of A, then we have ¢(q) < b in B.

(IT) For any finite subset F C M, (A) contains a nonzero positive element b € M,(A), any
€ > (0, as the same argument as Theorem 3.7.3 in [21], there are mutually orthogonal and mu-
tually equivalent projections ej,ep,--- , e, in Her(b) such that each of them is equivalent to a
projection eg € A.

Take G = {ajj : (aij)uxn € F}. For 6 > 0, since A € WTAZ, there exist a unital C*-
subalgebra B of A with B € &7 and completely positive contractive linear maps ¢ : A — A
and y : A — B with ¢(A) L B, i.e., 9(A)B = 0, such that

(1) o(1) < ep, and

(2) |lx—@(x) —y(x)|| < 8, forany x € F.

Define @ := o ®id :AQM, > AM, and ¥ : y®id : A®M, - B®M,, if we take &
sufficiently small, then, we have

(1) 9(1aom,) = L1 @iy S Teo @iy S b, and

(2) [[x—@(x) —y(x)|| < &, forany x € F.

U

Theorem 3.2. Let & be a class of unital C*-algebras which have tracial topological rank zero.
Then A has tracial topological rank zero for any simple infinite dimensional unital C*-algebra

A e WTAZ.
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Proof. We need to show that for any € > 0, any finite subset F' of A, any nonzero positive
element b of A, there exist a projection p € A and unital C*- subalgebra D of A and D is finite
dimensional algebra with 1p = p such that

(1) ||[px—xp|| < € for any x € F,

(2) ||pxp €¢ D for any x € F, and

(3) [1—p] < [b].

Since A is an infinite dimensional simple unital C*-algebra there exist non-zero positive ele-
ments by, by € A4, such that b1by, =0 and by + by < b.

Since A € WTAZ, for € > 0, finite subset F'U {14} of A, non-zero positive element b; of A,
there exist a unital C*- subalgebra B of A with B € WTAZ and 1p = ¢, and completely positive
contractive linear maps ¢’ : A — A and y’ : A — B with ¢’(A) L B, such that

(1) ¢'(1a) S b1,

(2) |lx—¢'(x) —y¥/'(x)|| < €, for any x € F and

(3) 14— ¢'(1a) —y'(14)ll <e&.

By (2)’, we have

> [lx—¢'(x) - ' (x)]|
> llgxq — q9'(x)g — qy' (x)q|
= [laxq — v'(x)||
and
€> |lx—¢'(x) -y (x|l
> [[(1=q)x(1=g) = (1=q)9'(x)(1—q) = (1=q)y'(x)(1 —q)]
= (1 =g)x(1—q) =o'
Therefore, we have ||x —gxg — (1 —¢)x(1 —q)|| < €.

By Theorem 2.3 (1), and by (3)’, we have ((14 — y¥/'(14)) — &)+ < @'(14), i€, 14 —¢q¢ <
¢'(1a).

Since 14 —q < 1—y'(14), by Theorem 2.3 (5), we have (14 —¢q) —€)+ S ((1a — ' (14)) —
€): S (14). So, 14 —q S ¢'(14) (since 14 — g is a projection).

Since B has topological rank zero, for G = {y/(x),x € F}, any € > 0, there exist a projection
p € A and unital C*- subalgebra D of A and D is finite dimensional algebra with 1p = p such

that
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()" lpy'(x) — w(x)'p|| < € forany x € F,

(2)" ||py¥'(x)p €¢ D for any x € F, and

(3)" g —p] < [b2].

Therefore, we have

(1) lpx—p(gxq—(1—q)x(1-q))|| <&, i.e., | px—pgxq|| <&, then we have [|px—py’(x)|| <
2¢, as the same argument we have ||xp — ¥/ (x)p|| < 2€, by (1)”, we have ||px — xp|| < 4e.

(2) lpxp = py' (x)pll < [|pxp — p(axq — (1 — q)x(1—q))pll+ | paxgp — p¥'(x) p|| < 2é, then
we have || pxp €;¢ D for any x € F, and

B)l—p=1—q+p—qgS @' (1a)+p—q<by+by Sb,sincetsr(A) =1, we have [1 — p] <
[b]. O

Theorem 3.3. Let & be a class of unital C*-algebras which have stable rank one. Then A has
stable rank one for any simple stably finite infinite dimensional unital C*-algebra A € WTA S

and A has SP property.

Proof. Let x € A. For any € > 0, we will show that there exists an invertible element y € A such
that [|[x —y[| < &.

Since A is stably finite, we may assume that x is not one-sided invertible. Since A is a simple
unital and to show x is a norm limit of invertible in A, it suffice to show that ux is a norm limit
of invertible elements (for some unitary u € A), by Lemma 3.6.9 in [21], we may assume that
there exist a nonzero positive element cx = xc = 0.

Since A is simple infinite dimensional and has SP property, there exist nonzero projections
p1,p2 € Her(c).

By Theorem 3.1, we have (1 — p;)A(1 —p;) € WTAZ.

For F = {(1—p1)x(1 —p1),1 —p1}, and € > 0, since (1 — p;)A(1 — p1) € WTAZ, there
there exist a unital C*- subalgebra D of (1 — p;)A(1 — p;) with D € &, 1p = g and com-
pletely positive contractive linear maps ¢ : (1 — p1)A(l — p;) — (1 —p1)A(1 —p;) and v :
(I=p1)A(1—p1) = Dwith ¢((1 —p1)A(1 —p1)) LD, i. e, o((1 = p1)A(1 — p1))D =0, such
that

(1) @(1—p1) S p1,

(2) [1(1 = p1)x(1 = p1) — @((1 = p1)x(1 = p1)) = w((1 = p1)x(1 = p1))]| < & and
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B)M=pi—e(l—p1)—v(l-p)l <e
By Theorem 2.3 (1), and by (3), we have ((1 —p; —y (1 —p;1)) —€)+ S @(1 — py), since
y(1 —p1)) < g, also by Theorem 2.3 (5), we have ((1—p;1—¢q)—¢€)+ S (1 —p1—y(l —
P1)—€)+ So(1—p1) < pi- Sowehave 1 — p; — g < pp (since 1 — p; — g is a projection).
By (2) and ¢((1 —p1)A(1 —p1))D =0, we have

e > [|(1=p1)x(1—p1) —@((1 = p1)x(1 = p1)) = y((1 = p1)x(1—p1))|

> [lq(1 = p1)x(1 = p1)g —q@((1 — p1)x(1 = p1))g — q¥((1 — p1)x(1 — p1))q||
= [lg(1 = p1)x(1 = p1)g —qy((1 — p1)x(1 = p1))q|
= [lg(1 = p)x(1 = p1)g — y((1 = p1)x(1—p1))|l

and

e>[|(1—p1)x(1—p1) —@((1 — p1)x(1 = p1)) = y((1 — p1)x(1 = p1))|l
> |(1=p1—q)(1 = p1)x(1 —p1)(1 —p1 —q)—
(I=p1—=q)@((1 = p1)x(1—p1))(1 = p1—q)
—(1=p1=q@)y((1—p1)x(1 —p1))(1 = p1 —q)||
=[[(1=p1—q)(1 = p1)x(1=p1)(1-p1—q)
—(I=p1=q)y((1 = p1)x(1=p1))(1 = p1 —9)|
=[(1=p1—=q)(1 = p1)x(1 = p1)(1 = p1 —q) — ((1 — p1)x(1 — p1))].

Therefore, we have [[x — y((1 — p1)x(1 —p1)) — @((1 — p1)x(1 — p1))|| < 2¢, since [|x —
gxq —(1=p1—q)x(1-p1—q)ll <e.

Since y((1 —p1)x(1—p1)) € D and tsr(D) = 1 there exist an invertible element y; € D such
that |y ((1—p1)x(1 —p1)) —yill <e.

Since 1 — p; —q < p1. Let v € A such that vi'v =1 — p; —q and w* < py. Set y, = ¢((1 —
p1)x(1—p1))+(e/32)v+ (e/32)v* + (¢/8)(p1 — vw*), Then we have @((1 — py)x(1—p1))+
(e/32)v+(g/32)v* is invertible in ((1 — p; —q) +w*)A((1 — p1 —gq) +vv*). So y, is invertible
in(1—p;—q)A(1—p1—q). Hence y; +y; is invertible in A. Therefore, we have ||x—y; +y2|| <
4e. O
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