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Abstract. The most essential and the needed concept used by the theory of complex function is the Quasi subordi-
nation. The subordination along with the majorization concepts are getting collaborated with the help of this Quasi
subordination concept. In this article, a novel subclass consisting of univalent analytic functions are investigated,
analysed and reviewed. The Chebyshev polynomials that is associated with the open unit disk is defined. Further
the estimates are found in these classes having the coefficients of functions by utilizing the benefits of Cheby-
shev polynomials. Then the Fekete-Szego inequalities are obtained which provides the results representing the
associated new classes thereby briefly making the quasi-subordination to involve along with majorization results.
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1. INTRODUCTION AND PRELIMINARY RESULTS

Let us denote .« as the class of functions which is in the form

(1) f@ =2+ Y and,
n=2

that seems to be analytic in the open unit disk U = {z € C: |z| < 1} and is again normalized by
the conditions f(0) =0 = f’(0) — 1. Also let us consider . as the subclass of . that consists
of univalent functions in U.

Let as assume ®(z) as the class of analytic functions in the form
0(z) = W12+ 0+ 03+,

which satisfies with a suitable condition |@(z)| < 1 in U, that is mentioned to be the class which
is comprised of the Schwarz functions. By Recalling the subordination principle between the
analytic functions, f(z) and g(z) are analytic in U. This could be mentioned that the func-
tion f(z) is considered as the subordinate to g(z), Schwarz function ®(z) gets existed, then
f(z) = g(®(z)), (z € U). This make the functions are subordinate. This subordination condi-
tion is denoted by f < g (or) f(z) < g(z), (z € U). Particularly the function g(z) is univalent in
U, then the above mentioned subordination is much equivalent to the conditions f(0) = g(0),
f(U) Cg(U).

According to Ma-Minda [21], the following subordination principle is stated as:

Let us consider .#*(¢) as the deliberated class representing the starlike function f € . for
which £ < 0(z), (z€ U) and €' (¢) be assumed as the class representing the convex function

[

f €. bywhich 1+ Z}C,”((ZZ)) < ¢(z), (z€ U). Ma-Minda [21] analysed and reviewed these classes.

Quasi-subordination is the extension of subordination which is introduced and studied by

Robertson in [29, 30]. The function f(z) is Quasi-subordinate onto the function g(z) in U when-
ever if arises the Schwarz function @(z) along with an functions which is analytic given as ¢(z)
by satisfying the condition |@(z)| < 1 as f(z) = ¢(z)g(®(z)) in U, which is also represented by

f =4 &, where

@) 0(z) =do+diz+dry*+--- and | d,|< 1.
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By setting the value @(z) = 1 then the subordination reduction is typically done by quasi-
subordination. And by setting w(z) = z, then we get f(z) = ¢(z)g(z) and also consider that
f(z) which is majorized by g(z) and is mentioned as f(z) < g(z) in U. Hence the quasi-
subordination might be considered as the generalization by representing the notion of the sub-
ordination in addition with the majorization which emphasize the reputation of majorization.
Quasi-subordination were discussed in [19, 28, 3, 6, 17, 11, 16, 27]. Many authors have re-
cently examined different aspects of meromorphic families, including multivalent and univalent
meromorphics, as well as corresponding functions that include both linear and non linear oper-
ators (for example, see [22, 4, 14, 13, 26, 15, 20, 31, 25, 32, 7]).

The major role considered in the numerical analysis, applied mathematics and the approx-
imation theory might play a crucial role in case of the chebyshev polynomials. Considerably
it is applied mostly in mathematical applications. Hence an extensive review might need to
undergo on the chebyshev polynomials. Considering the chebyshev polynomials, it is of vari-
ous kinds (specifically four). Of the four kinds, the orthogonal polynomials based research is
mostly preferred by most of the researchers. Considering the short antiquity of the Chebyshev
polynomials which is of the first kind ie: 7,(¢), the second kind U,,(¢) and its applications where
anybody might refer the articles [23, 8, 10, 1, 5, 2, 12].

The Chebyshev polynomials are represented by 7, (x) and U,(x) for all x € [—1, 1] respec-
tively are well defined by,

T,(x) =cosnf, xe[—-1,1],

and second kind,

_ sin(n+1)0

U,(x) = , xe[-1,1],

sin @
where n denotes the polynomial degree and x = cos 6.

Let us define the function

1

0t) =15 2
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where t = cos 9, 0 € (—%,%) and z € U.

®(z,1) can be written as

1
1) = 1 —2tz+72
= sin(n+1)6
= 1 i S
+,§’1 sin @ ¢

= 142cos0z+ (3cos’ 0 —sin®0)7> +---

1
= 14U(0)z4+ V()2 + -, zel, t€(§71]7

where

sin(ncos™'1)
Uyt = ——=7, neN,
n—1 /—l—tz

are the Chebyshev polynomials of second kind.

Furthermore, we know that
Un(t) = 21Uy 1 (t) — Uy (1)
and
Ui(t)=2t,  Uy(t)=4r*—1, Us(t)=8>—4r,  Uslt) =16 121> +1,---.

The generating function of the first kind of Chebyshev polynomial T;,(¢), t € [—1,1], is given

by
1—1z

,(1)'=—— U).
nzz‘f) 1)z 1—2tz+7% (zel)
The first kind of Chebyshev polynomial 7;,(¢) in addition with the second kind of Chebyshev
polynomial U, () might gets related by considering the following relationship:

dT, (1)
dr nUn-1(1)

T,(t) = Un(t) —tUp—1(1);
2To(t) = Un(t) —Upa(2).

Definition 1.1. A function f € .7 is said to be in the class (., B,®), o, B € R if it satisfies

the following condition

NN () SRR ] .
=F) (=07 +a<1+f’(Z) ﬂ*ﬁ[(l—a)f(zwazf'(z) =g @01 (2 D).
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Definition 1.2. A function f € .7 is said to be in the class /y(o,,®), 0 < a <1 if

/ -«
(f’(z))“(zjf(g)) —1=,®(z,0)—1, (zel).

Definition 1.3. A function f € .7 is said to be in the class £;(o,®), 0 < a < 1 if

1 -«
(f’(z))a<1+z}t,<(;))) —1=,P(z,t)—1, (z€T).

Our current research proves that the usage of the Chebyshev polynomials might gets ex-
panded to provide the basic coefficients of analytic functions in J7 (o, B, ®(z,1)), (o, P(z,1)),
Z,(0,®(z,1)). We also have to find the Fekete-Szego estimation for the above defined class
associated with quasi-subordination and majorization.

The lemma that is following in regards to the coefficients of functions in ®(z) might needed

for proving our main results.

Lemma 1.1. [18] Let the Schwarz function ®(z) be analytic function in U with ®(0) = 0,

lo(z)| < 1 and
3) 0(z) = W12+ 0P+ 03>+ .

Then
|, — pof| < max{1,|ul},

for any complex number W. The result is sharp for the function ®(z) = z or ®(z) = 2.

Lemma 1.2. [9] Let us consider the Schwarz function @(z) as the analytic function in U with

®(0) =0,

0(z)| < 1 and given by (3) then

1, forn=1
| 0| <

1—|w >, forn>2.

The result is sharp for the function ®(z) = z or @(z) = 7"

Lemma 1.3. [18] If ¢(z) given in (2) be analytic function in U with |¢(z)| < 1. Then |dy| < 1

and |d,| < 1—|do|* < 1 forn > 0.
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2. FEKETE-SZEGO COEFFICIENT ESTIMATES ASSOCIATED WITH QUASI-SUBORDINATION

Theorem 2.1. Let o, B be positive real numbers, let ¢(z) is given in (2) and if f(z) given by (1)
belongs to 7, (o, B, ®), then

] < 2t
“C=Tra
and for some u € C
5 t dpu(1+2a)t —2(1+3a—aB+o?B)t 421
_ <t 1 - :
a3 —Harl < 555 max{ ’ 1+ )72 2

Proof. If f € (., B,®), then by the Definition 1.1 we have

N - i@ zf"(2) ' @) +af(z) ]
(1 ﬁ){(l )f(z) +oc(1+ f,(z)>]+ﬁ{( )f(z)+azf’(z)] 1

¢(2) [@(0(2),1) = 1]

1+ (14 a)axz+ [2(1+2a)az — (1 + 30— af + a*B)az| & + -+

= [doU;(t) 1] z+ [doUl (1) +d0U2(t)w12 +dU; (t)wl] 24

Equating the coefficient of z and z> we have the following coefficients

_d()Ul(l‘)(Dl
@ T lva
and
Ui Us(r) | (143a—aB+a?B)doU (1)
O B ra) ("1“’1+d°[“’2+(vl<r>+ (1+a) )“‘ZD'

Since u is a complex number, from (4) and (5), we get

Ui (1)

i 2:—
G =0 a)

©) y (d1w1+doa>2— [zu(1+2a)—(1+3a—a[3+a23)U1(t)d8_ UZ(t)dO} wz)

(1+a) Ui(7)

Since ¢(z) given in (2) is analytic and bounded in U, Hence applying the result in [24, p. 172],

for some y (|y| < 1). We have

(7 do| < 1 and  d; = (1-d})y.
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Substituting the value of d; in (6), which yields

Ui (t) Us(t)

2 2
— —_ d d
e T (wa+ AT
2u(1+2a) — (1430 — aff + a*B) ) )
8 — Ui(t)| o W | dy |-
If dyp = 0, the equation (8) becomes
U (t)ya)1
G = S0 )
Using Lemma 1.2 and Lemma 1.3
Ui (1)
_uall < 21\
a3 —Harl < 57 0

If dy # 0, from equation (8), let

F(d()) = yw;+ (C()z—i—gf—xia)lz) do

C(2u(l+2a)— (1+3a—af+a’B)
( (1+a)?

UL ()0 +wa) 0

which is a polynomial in dy and hence it is analytic in |dy| < 1, and maximum |F (dp)| is attained

at dy = ¢, (0 < 6 < 27). Therefore we obtained that

max_|F(e®)] = |F(1)]

0<6<2m
and
Uy (1) 2u(l1+2a)— (1430 — aff + a*B) Us(1)
2 1 2
— — — Ui(t) -
43~ Ha = 30 ) [ (1+a)? = ywy) @1
By Lemma 1.1
Uy (1) 2u(l+20) — (1+3a—aB + o?B) Us(t)
—udd < 1 1 Uy (1) — ===
las — nas| < 30 +2a) max < 1, (1+a) 1(1) 0
Which completes the proof. U

By Applying the same technique as in Theorem 2.1 for the classes . (a, ®) and .Z; (¢, P),

the following Theorems are obtained.
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Theorem 2.2. Let ¢(z) be given in (2) and if f(z) given by (1) belongs to (o, @), then

2t
lap]| < ——.
1+«

and for some | € C

2ur—(1—a)2+a)t 4> —1
(1+a)? 2t

t
|a3—ua%|§2+—amax{l,‘ ‘},OSOCSL
Theorem 2.3. Let ¢(z) be given in (2) and if f(z) given by (1) belongs to £, (o, P), then

’az‘ <t.

and for some 1 € C

41> —1

3u2—oa)t—4(1—o)r —

2t
|a3—,ua%|§mmax{l, ’},OS(XSI

3. FEKETE-SZEGO COEFFICIENT ESTIMATES ASSOCIATED WITH MAJORIZATION

Theorem 3.1. Let o, B be positive real numbers, let ¢(z) is given in (2) and if f(z) given by (1)

satisfies the condition

€))

N @ zf"(2) of'(2) +a?f"(z) | -
1= |0-0%5+a(1+573)| +8 | rmm) <20
then

2
|a2| < H-—OC

and for some € C

4p(l+2a) —2(1+3a—af+a*B)r  4*—1 ‘}

2 4
’613 uaz‘ (1 ) maX{ 5 ’ (1 )2 ;

Proof. If f(z) in (9), then by the definition of majorization we have

) (2) o (@) + a2 f(2)
(1=F) [“ " T (1 ) )] th {a - a)f(Z)JraZf’(Z)} -

= 0(2)[®(z,1) - 1]

1+ (14 a)axz+ [2(1+2a)az — (1 + 30— af + a*B)az| &> + -

= [doU1 (1)) 2+ [doUs (1) + d Uy (1)] 22 + - --
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Equating the coefficient of 7 and z> we have the following coefficients

_d()Ul(t)
(10) ar = T o
and
U Us(1) | (1+3a—aB+a’B)doUi(t)
v =g (4 g+ (1t ap |)

Since u is a complex number, from (10) and (11), we get

_ _ 2
(12) a5 — pad = Ui (1) )(Ch Uz(t)do_zu(1+2a) (1+30—af+a°p)

2(1 42« Ui (1) (1+ )2 Ul(t)dg)'

Substituting the value of d; from (7) in (12), which implies that

a3_“a%: U (1) <y+U2(t)d0_ {2“(1+20{)—(1+3O{—aﬁ+a2ﬁ)

2(1+20) Ui(t) (1+ )2 Ul(’)”} dg)'

If dyp = 0, the equation (12) becomes

2 Ui (z)
(13) a3 — pas| < 2(1+2a)
If dy #0, let
U 2u(l1+2a)— (1430 — 2
H(dO):y+U?E§§dO_ ul +20) ((1:06)02 oaf +o B)U1(t)—|—y d3.

which is a polynomial in dy and hence it is analytic in |dg| < 1, and maximum |F (dp)| is attained

atdy = eie, (0 < 0 < 2m). Therefore we obtained that

H(®) = |H(1
Ogg;gzﬂ\ (e”)] = [H(1)]

and consequently

Uy (1) 2u(1+20) — (1430 — af + a?p) Us(t)
14 —pad| < ———-— 1 Up(t) — ——|¢.
19 b=kl <7y { . (I+ap O~
From equation (13) and (14) we get the required result. ]

By Implementing the same method as in Theorem 3.1 for the classes .7 (o, P(z,¢)) and

Z, (o, P(z,1)), we get the following Theorems.
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Theorem 3.2. Let ¢(z) be given in (2) and if f(z) given by (1) satisfies the condition

/ l—o
(f'@2)” (ié?) 1< ®(z,t)—1,0<a<,

then
2t

1+a

las| <

and for some L € C

ut—(1—a)2+ o)t 41> —1
(1+a)? 2 ‘}

2 t
az — Uay| < ——max< 1,
’ 3 2| 24+ o {

Theorem 3.3. Let ¢(z) be given in (2) and if f(z) given by (1) satisfies the condition

1/ 1—o
(f/(z))“(lﬁ}t,((;))) —1<®(z,1)—10< o< 1,

then

lap| <t.

and for some p € C

417 — 1
3u2—a)r—4(1—o)r — t2t ‘}

laz — pa3| < Lmax 1
3 ‘u 21 = 3(2_a) )
4. CONCLUDING REMARK

From the above researches lot of various mind blowing consequences that generates the re-
sults that gets asserted in the theorems proven above might gets derived by particularly special-

ising the parameters that provides the results.
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