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Abstract. We introduce Riesz bases in Krein spaces from a fundamental decomposition and we study some basic
properties. Among these, the non-dependence of the bases with the fundamental sitmetry and the projections from
one space to another stands out.
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1. INTRODUCTION

Let & be a vector space over C and consider a sesquilinear form [-,-] : R x 8 — C. The
vector space (£, [-,-]) is a Krein space if R = KT & R ~, where (R, [-,+]), (R, —[-,]) are Hilbert

spaces, and R, &~ are orthogonal with respect to [-,-].

In R the following inner product is defined:

(x1,0) = ot - L T € 85 ="+
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This inner product defines the Hilbert space (&, (-,-)), which is called the Hilbert space associated
to K. In addition, there are unique orthogonal projections on &1 and &~ which are denoted by
P and P~ respectively. The linear, bounded and invertible operator J = PT — P~ is called

fundamental symmetry and it satisfies

(1.1) [x7y]J = [Jxvy] = (xvy)a ||x||J =V [x7y]17 x,y € R

It is easy to prove that J is self-adjoining, isometric, J-isometric in the sense that ||Jx||; = |||,

and that the following equalities are true:
2 L1 _ 1
Jo=1Ig, PT = §(J+1ﬁ), P = E(IR_J)

The Hilbert space (R, [-,-];) is used to study linear operators that act on the Krein space (&, [-,]).
Topological concepts such as continuity, lock of linear operators, spectral theory, among others,
refer to the topology induced by the J -norm given in (1.1). Therefore, we can apply the
same definitions as in the theory of operators in Hilbert spaces. For example, the adjoint of
an operator T in Krein spaces T satisfies [T (x),y] = [x,T*!(y)] but we must bear in mind that
T also has an adjoint operator in the Hilbert space (&,][-,-];), denoted by T*/, where J is the
fundamental symmetry in &. The relationship between T y T*/ is TI = JT*/J. Also, let &
and & be Krein spaces with fundamental symmetries Jg y Jg respectively. If T € (R, &)
then T = JgT*/2J%. An operator T € Z(R)is said self-adjoint if 7 = T} and J-self-adjoint
if T =T*. Also, a linear operator T is said to be invertible if its range and domain are all space.

(See K. Esmeral, O. Ferrer, Lora, B. [3], K. Esmeral, O. Ferrer, E. Wagner, [6])

Orthonormal systems give a criterion to generalize to spaces with indefinite inner product, the
orthogonal expansion given by the theorem 5 in terms of a Riesz basis. For this, it is necessary
to be clear about the concept of biortogonality in these spaces and give a definition of Riez bases

in spaces of indefinite metric according to what is established in Hilbert spaces.
Definition 1. Let 7" be a closed subspace of K. The subspace:

Yy = {xef:[x,y]=0,Vye ¥}
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is called the J-ortogonal complement of " with respect to [+, -] (or simply J -ortogonal complement

of 7).

Definition 2. (Bi-orthogonality) Let (&,[-,-]) be a Krein space. We say that {x,},eny C Ry

{¥n}nen C R are biortogonal, if it is satisfied that
[k Yn] = £
Remark 3. If (#,[-,+]) is a space with inner product, the following sets are defined:
B ={xcF:|xx]=0} and B ={xc.F:[xx]=0,x+#0}
Bt ={xcF:xx]>0} and BT ={xc€.F:[xx]>0,Vx=0}
B ={xeF :|x,x] <0} and % ={xe.F:[xx] <0, Vx=0}

Theorem 4. [1, Theorem 7.19] Let (.7, -, ]) be a space with inner product, not degenerate and

decomposable. Let

ﬁ:ﬁ]—’—@a/’]_, gl—i_ga@—i_—i_, ﬁl_ge%__

and

F=F F, , F CBT, F CH
be two fundamental decompositions of F. If (Z{",[-,"]), (# ,—I-,+]) are Hilbert spaces, then
(F55 ), (Fy =) they are also Hilbert spaces and the Hilbertian norms induced by both

decompositions are equivalent.

Taking into account the fundamental decomposition of a Krein space, it is possible to guarantee
the existence of these bases in spaces of indefinite metric taking into account the Riesz bases

for the subspaces corresponding to the decomposition.

Remark 5. By virtue of [4, Theorem 3.4] If (.#,]-,+]) is a space with inner product and if

{e;} jen is an orthonormal system in .%, then following conditions are equivalent:
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a) We have to:

Y

(1.2) Y [x,ej]* <o, xe
jeN

and
— Y kel <ka< ¥ kel xed)
[ej,ej]:—l [Ej,ej']:l

b) Are fulfilled (1.2) and

[xvy] = Z [ejvej][xaej][eby]? (x,y € ﬁ)
JjeN

c¢) The function
1
2
2
x| = <Z[x,€j] ) , (ke F)
jeN
is a quadratic norm in .% and it defines a larger topology. With respect to said topology, it is
true that:
x=1) lejejllxefle), (xe 7)
JjeEN
Lema 6. Let (R, |[-,+]) a Krein space with associated fundamental symmetry J and P an orthogonal

projection that commutes with J, then the spaces PRy (I — P)R they are Krein spaces with

fundamental symmetries PJ and (I — P)J respectively.

Definition 7. Let .7 be a Hilbert space. It is said that the succession {x,},cny C 7 is a
Riesz basis for 77 if there are T : 7 — J linear, continuous and invertible operator and

{en}nen C A orthonormal basis of 7 such that Te, = x, for each n € N.

The results about Riesz bases in Hilbert spaces and their elemental properties can be seen in

C. Heil [2] and R. Young [5].

In the next section we will show the main results of this work as a generalization of the Riesz

bases for Hilbert spaces to spaces with indefinite metrics.
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2. MAIN RESULTS

2.1. Riesz bases in Krein spaces.

Proposition 8. Let (R,][-,-]) be a Krein space with fundamental symmetry J associated with the

decomposition & = 8T @ 8. If T € B(R) then &' is T, T -invariant if and only if TJ = JT.

Proof. =) Suppose TAT C &1 and T & C &*, we must show that TR~ C £~. Note that if

y€ R andz € K" then
2.1) [Ty,z] = [y,TMz] =0

and since z € &' is arbitrary it follows that 7y € K7, this is, TR~ C 8. Now, let x € R,
x=x"+x",thenas Jx™ =x* and Jx~ = —x~ we have following:
Tix = TJ(x"+x7) = T(x"—x")
= Tx"—Tx = JTx" —JTx"

= J(Tx"+Tx") = JTx
<) Suppose TJ = JT. Note that:

0 = JT—TJ = JTlg—IgTJ
= (PP =P )T(P"+P )~ (PT+P)T(P"—P")
= (P'T-P T)P"+P )—(P'T+P T)(P"—P)
= 2(P*TP~ —P TP").

Then PTTP~ = P~ TP" and since P PT™ =0 = PTP~, we conclude that TR"™ C f". In

addition, with a ragument similar to the equation (2.1) it follows TH g+ C RT. O

Remark 9. Let (&,[-,]) be a Krein space with fundamental symmetry J. If T € B(R) is
invertible and commutes with J, then 7! also commutes with J since TJ =JT implies TJ T =

J and therefore

T-y=r"YrJr-H="'myur-Hy=Jr!
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Definition 10. (Riesz bases in Krein spaces) Let (&, [,-]) be a Krein space with fundamental
symmetry J associated with the decomposition £ = 8 @ £~. We say that {x,},eny C & is
a Riesz basis for K with respect to J if there are 7 : 8 — K linear, continuous and inverse

operator and {e, },,cn C R orthonormal basis of & such that T'Je, = Jx, for each n € N.

The previous concept generalizes the Riesz bases given in the definition 7 since in Hilbert
spaces the fundamental symmetry J is the identity operator. From now on, when talking about

continuity in a Krein space, it will be with respect to the J -norm.

Theorem 11. Let (R,[-,]) be a Krein space with fundamental decomposition given by & =
ﬁfr ® R, J1 the associated fundamental symmetry and {x, } nen a Riesz basis for | with respect
a Ji. If J, is the fundamental symmetry associated with the decomposition K = ﬁ; D R, , then

{xn}nen also is a Riesz basis for | with respect to J».

Proof. Let T be the linear, continuous and invertible operator that makes the sequence {x, },en €
R a Riesz basis with respect to symmetry fundamental J; associated with the decomposition
R = R/ @R[ . Then, there is {e,},en orthonormal basis of the Krein space £ that satisfies
TJie, = Jix,. Well, if J, is the fundamental symmetry associated with the decomposition

R=8/] @R, yI': 8 — Ris the operator defined by
I':= J2J1TJ1J2

so I is also linear, continuous and invertible. Finally, it is shown that I" makes {x,},cy C R a
Riesz basis with respect to the fundamental symmetry J,. Indeed, considering the orthonormal

basis {ey },en We obtain

FJzen = (J2J1TJ1J2)J2€n = (J2J1TJ1)J%€,Z = <J2J1TJ1>€n

= (L)) The, = (Jo))1xn = JJix, = Jox,
O

The previous result shows that the Riesz basis condition 7'Je, = Jx,, for each n € N associated

with the 7" operator, is independent of the fundamental symmetry J. Therefore, in the definition
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10 we can simply speak of the Riesz basis for the Krein space K.

Theorem 12. Let (R, [,-]) be a Krein space with fundamental symmetry J associated with the
decomposition & = 8 @ & y T the operator that makes the sequence {x,},eny C 8 a Riesz
basis for 8. If & is T, TV - invariant, then there is a unique succession {y,}nen € 8 and an
orthonormal base {z,}nen C R such that

k= Z [Znazn] [kvyn]xﬂ

neN

for each k € R and also, {y}nen is biortogonal to {x,} en.

Proof. Tf {x,},en C R is a Riesz basis for 8 with respect to J, there are 7 : 8 — R linear
operator, continuous (with respect to the J-norm) and invertible and {e, },cy C K orthonormal
basis of K such that TJe, = Jx, for each n € N. Thus, being {e, },cn orthonormal basis of &,
due to [4, Theorem 3.4] it is true that:
T k= Z len,en] [Tk, en)en
neN
Also, if 8T is T, Tl _ invariant then T commutes with J due to the statement 8. Then,

k = TT % =T (Z[en,en][le,en]en> = Z[en,en][T*Ik,en]Ten

neN neN

= Z[en,en][T*Ik,en]TJJen = Z[en,en] [Tk, en]JT Jey,

neN neN

= Z len,en] [Tk, e,)00x, = Z len,en][T ™k, e)xn
neN neN

= Z en, en] [k7 (T_l)[*} en} Xn = Z (20, 2n] [k, Yn]Xn
neN neN

Where y, := (T’l)[*]en y Zn := ep. Also, taking into account the observation 9 it is concluded
el = [ (T e = [T e = [T 0xpse)
= [T Vxg,en] = [TV xg, Jey)
= [Jek,Jen] = [ek,en] = :tékn

Therefore, {y, },en and {x, },cn they are biortogonal. O
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Remark 13. Since every Hilbert space (7, (-, -)), it can be seen as a Krein space with fundamental
decomposition # = S & {0}, where (/T = J#,(-,-)) is positive definite, and (/#~ =
{0}, (-,-)) is negative definite. Then if {x,},cn is a Riesz basis for .7, the Theorem 2.2 is

the already known result for the Riesz bases in Hilbert spaces, that is, we have that:

h = Z <Znazn><hayn>xn = Z <hayn>xnth eH

neN neN

since it is known that {z, },c_s is the orthonormal basis of .7#” and that in this case the invariance

of 77 is easy to check.

Proposition 14. Let (8&,[,:]) be a Krein space with fundamental symmetry J associated with
the decomposition & = 8T @ K™, If {xn}nen C R is a Riesz basis for K, then {Jx, }pen C R is

also a Riesz basis for 8.

Proof. We have that there are 7 : & — 8 linear operator, continuous (with respect to the J
norm) and invertible and {e,},cy C & orthonormal basis of & such that T'Je, = Jx, for each
n € N. Well, since J fulfills the same properties mentioned, it is concluded that the operator JT

is also linear, continuous and invertible. Therefore, since
(JT)Je, =J(TJe,) =J(Jx,) Vn € N
we get that {Jx, },cny C Ris a Riesz basis for & O

Proposition 15. Let (8],[,:]) be a Krein space with fundamental symmetry J associated with
the decomposition & = KT & R™. Si {x," }nen C Ry {yn }nen C 8 are Riesz bases for &'

and 8 respectively, then {%E(x,ﬁ + yn‘)}  E Ris a Riesz base for (R,[,]5).
ne

Proof. By hypothesis there are T : &7 — & and T~ : & — R~ linear, continuous and
invertible operators and {z," },,eny C £+, {24~ }neny C £ orthonormal bases for &1 and &_
respectively such that 77¢," = x," and T"z,~ =y, for each n € N. Consider the operator

T : R — R defined by Tk = TTk"™ +T k= for each k € & which is linear, continuous and
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invertible and let’s see that {‘/TE (tn+ + Zn_)} C R is base J-ortonormal on K. Indeed,

neN
V2 S V2 . V2 S V2 _
_(tn++2n )7_(tm++zm ) = _(tn+_zn )a_(tm++zm )
2 2 , 2 2
vaoval) [viovao
R P
1 1= _
= i[trj_vlr_n‘—]_invzm]
1 -
= E([trfat;;]_[znvzm]) = Oum
Then, {40{r + Zn*)} N is base J-ortonormal in K. Also like,
ne
2 2
T(%_(tﬁﬂn‘)) = gT(t,ﬁjLG‘)
2 2
= £T+(ln+)+£T_(Zn_)
2 2
V2 _
= 7(xn++yn )
Therefore, {%(x,ﬁ +y.7) }neN C Ris a Riesz base for (&, [-,]s). O

Proposition 16. Let 8|, R Krein spaces, and Jy, J, be the fundamental symmetries associated
with the decompositions £ = & © R] and K, = £ ® &, respectively. If {x,}nen C Ry y

{yn}nen C Ry are Riesz bases, then {4()@1 @y,,)} N C R @ Ry is a Riesz base for 81 ® K.
n

S

Proof. Let Ty : 1 — Ry, Th : R — R and {e, hen C Ry, {th}nen C Ky linear, continuous
operators and invertible and the orthonormal bases that make {x, },cny C K1 and {y, }neny € R2

Riesz bases in &1 and R, respectively. Notice that the following product
[,'] RIDL XK DR —C
defined by
=i D

turns out to be an inner product. Consider the operator 7' : &) © R, — K| © K, given by

T =T, & T,. This operator is linear, continuous and invertible, since 77 and 73 are. It remains
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to show that {4(6,1 & tn)} N C R @ R, is the orthonormal basis of 8] ® K,. In effect, note

ne
that:
V2 V2 V2 V2 V2 V2
[7(€k@fk>’7<en@’"> B R P
1 1 1 1
= E[ekaen]ﬁri[lk,fn]z = i§5kn+i§5kn = +0m
Also,
V2 V2 V2
T(Jl@.]z) (7(&1@1}1) = Tl.]l 7€n @Tz.]z TIH
V2 V2
= T(lelen@TZJZtn) = T(Jlxn@JZ)’n)
V2
= (Jidh) (7(%@%)
{4(}@,@)@)} is a Riesz base for 8] & R,. O

Theorem 17. Let (8],[-,:]) be a Krein space with fundamental symmetry J associated with the
decomposition into & = 8 @& K~ and {x,},en a Riesz basis for & If P is an orthogonal

projector of 8 commuting with J, then {Px, },cN is a Riesz basis for Krein’s space PR.

Proof. Let T be the linear, continuous and inverse operator that makes the sequence {x,},cn C
R aRiesz basis for £. Now, if P is an orthogonal projector that commutes with J, it is concluded
by the Lemma 6 that PR is a Kerin space with the fundamental symmetry PJ associated with
the decomposition PR = PR @ PR~. On the other hand, if I': & — 8 is the operator defined
by
I''=PTP

then I is also linear, continuous and invertible and by hypothesis there is {e, } ,en orthonormal
basis of the Kerin space 8 that complies with T'Je, = Jx, for each n € N, and consequently

Je, = T~ Jx,. Then, taking into account that P commutes with J and that P2 = P we obtain
[(P))e, = (PTP)(PJ)e, = (PT)P*Je, = (PT)P(T " 'J)x,
= (PTP)(T'J)x, = (PTP)PP Y (T~ ))x, = (PTP?)(P~'T ) Jx,

= P(TP)(TP) 'Jx, = PJx, = PP(Jx,) = (PJ)(Px,)



2790 FERRER OSMIN, SIERRA ARLEY, CARRILLO DIEGO

Therefore, it is concluded that I' makes {Px, },ciy @ Riesz basis for PR. U

2.2. Example. Consider the vector space C? over C, with the usual sum and product and the
function [-,-] : C? x C*> — C given by
(2.2) [(x1,31), (%2, y2)] = X132 = y132.

Well, it turns out that the space with inner product (C?, [-, ]) is a Krein space with fundamental
decomposition C? = # *[+].# ~, where # * = {(x,0): x€ C} and ¥~ ={(0,y): ye C}.

Then, the fundamental symmetry

J((X,y)) =P+(x,y) —P_()C,y) = ()C, _y)

determines the J -norm || - || such that

eyl = G y), (]2 = (% = (=) -3) "2 = /]2 + [y

On the other hand, considering the orthonormal base {(1,0),(0,1)} and the operator T = J

linear, continuous and invertible, the Riesz base {(1,0),(0,—1)} since 7J = I and therefore
TJ(1,0)=(1,0)=J(1,0) and TJ(0,1)=(0,1)=J(0,—1)
3. CONCLUSION

It is possible to conclude, by virtue of the theorem 11, that a Riesz basis does not depend on
the fundamental decomposition of the Krein space. Therefore, we are able to extend the Riesz

basis definition, from Hilbert spaces to indefinite metric spaces, known as Krein spaces.
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