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Abstract. In this work, we introduce and study the classes of contra Aj-continuous, contra quasi-Aj-continuous
and contra Aj-irresolute functions in a topological space endowed with an ideal. We investigate the relationships
among these functions and their respective characterizations. Also, we analyze the behavior of certain topological
notions under direct and inverse images of these new classes of functions.

Keywords: ideal; semi-/-open set; Aj-closed set; contra Aj-irresolute function.

2020 AMS Subject Classification: 54C08, 54C05, 54D10, 54D15.

1. INTRODUCTION

In 1933, Kuratowski [5] introduced the notion of local function of a set as a generalization
of the closure of a set. In this sense, given a topological space (X,7) and an ideal I on X,

the local function of a subset A of X with respect to / and 7, isthe set A*={x € X :UNA ¢
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I for each U € 7 such that x € U}. In 1990, Jankovic and Hamlett [4], used this generalization
in order to define the Kuratowski operator CI*, which induces a topology 7* finer than 7. Using
the operator C/*, Hatir and Noiri [3], in 2002, defined the concept of semi-/-open set and used
it to establish some decompositions of generalized continuity. Later, in 2013, Sanabria et al.
[6] used the class of semi-/-open sets to define and study the notions of Aj- sets and Aj -closed
sets, in particular, through these notions they characterized the semi-/-71-spaces and the semi-
I-Ty j>-spaces. Quite recently Sanabria et al. [7] used the class of Aj-closed sets to define
and characterize new variants of continuity called Aj-continuous, quasi-Aj-continuous and A;-
irresolute functions. On the other hand, in 1996, Dontchev [1] introduced the notion of contra-
continuous function in topological spaces and, established interesting results that related contra-
continuity with compact spaces, S-closed spaces and strongly S-closed spaces. In this work, we
introduce and characterize new variants of contra-continuous functions defined in terms of Aj-
closed sets, in contrast with the variants of continuity due to Sanabria et al. [7]. Specifically,
are studied the concepts of contra Aj-continuous, contra Aj-irresolute and contra quasi-Aj-
continuous functions. The preservation of certain modifications of connectedness, compactness

and separations are investigated, through direct and inverse images of these functions.

2. PRELIMINARIES

Throughout this paper, Int(A) and CI(A) denote the interior and the closure of a subset A of
a topological space (X, T), respectively. Also P(X) denote the power set of X. An ideal I on X

is a nonempty subfamily of P(X) which satisfies the following conditions:

() fACBand Be€ I, thenA € 1.
2y IfAcelandBel,thenAUB€ 1.

Some well-known types of ideals on a topological space (X, T) are the family of all nowhere
dense subsets of X, the family of all closed and discrete subsets of X and the family of all
meager subsets of X.

In the sequel, (X, 7,I) (or simply X) denote a topological space (X, ) with an ideal  on
X, which is simply called an ideal space. Given an ideal space (X,7,/) and a subset A of

X, the local function of A with respect to I and 7 is defined as A*([,7) ={x € X :UNA ¢
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I foreach U € 7(x)}, where 7(x) = {U € 7:x € U}. When there is no chance for confusion,
we will simply write A* instead of A*(1, 7). It is a well known fact that CI*(A) = AUA* is a
Kuratowski closure operator and hence, 7*(1,7) = {U C X : CI*(X —U) =X — U} is a topology
on X, which is finer than 7. If there is no chance to confusion, we will write T* instead t*(/, 7).
The members of T* are called t*-open sets and their complements are called t*-closed sets.
It is easy to see that a subset A of X is 7*-closed if and only if A* C A. According to [3],
A C X is semi-I-open if A C CI*(Int(A)). The family of all semi-/-open sets of X is denoted
by SIO(X, 1) and the complement of a semi-/-open set is called semi-I-closed set. As in [6],
we say that A C X is a Aj-set if A = AJ(A), where Aj(A) is the intersection of all semi-/-open
subsets of X containing A. According also to [6], we say that A C X is Aj-closed if A=LNF,

where L is a Aj-set and F is a T-closed set. In [6], the following implications were established:

open == semi-/-open === Aj-set

ﬂ

closed == 1*-closed == Aj-closed

The complement of a Aj-closed set is called Aj-open set. According to the previous implica-

tions, we have the following results.
Lemma 2.1. [7, Lemma 2.2] Every T*-open set is Aj-open.

Lemma 2.2. [7, Lemma 2.3] Let {Ay : @ € A} be a collection of subsets of a space (X, t,I). If

Aq is a Aj-open set for each o0 € A, then | J{Aq : @@ € A} is a Aj-open set.

3. CONTRA CONTINUITY IN TERMS OF Aj-CLOSED SETS

In this section, we introduce and study certain types of contra continuity in terms of Aj-closed
sets. We establish some relationships and characterizations for these new classes of functions.
Next we consider a function f defined from an ideal space (X, t,/) to an ideal space (Y, o,J).
First, we present the definitions and characterizations of some variants of continuity due to

Sanabria et al. [7].

Definition 3.1. [7] A function f: (X, 1,I) — (Y,0,J) is called:

(1) A3-continuous, if f~1(V) is a Aj-open subset of X for each open subset V of Y.
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(2) Quasi-Aj-continuous, if f~'(V) is a Aj-open subset of X for each 6*-open set V of Y.

(3) AS-irresolute, if f~'(V) is a Aj-open set of X for each Aj-open subset V of Y.

Theorem 3.1. [7] For a function f : (X,t,I) — (Y,0,J), the following statements are equiva-

lent:

(1) f is Aj-continuous (resp. quasi-Aj-continuous, Aj-irresolute).

Q) fY(B)isa Aj-closed subset of X for each closed (resp. 6*-closed, Aj-closed) subset B of
Y.

(3) For each x € X and each open (resp. c*-open, Aj-open) subset V of Y containing f(x)

there exists a Aj-open subset U of X containing x such that f(U) C V.

Now, we introduce a new variants of contra-continuity and study the relationships among

these classes of functions and also obtain properties and characterizations of them.

Definition 3.2. A function f: (X, 1,I) — (Y,0,J) is called:

(1) Contra AS-continuous, if f~1(V) is a Aj-closed subset of X for each open set V of Y.

(2) Contra quasi-Aj-continuous, if f~1(V) is a Aj-closed subset of X for 6*-open subset V of
Y.

(3) Contra AS-irresolute, if f~1(V) is a Aj-closed subset of X for each A%-open subset V of Y.

Theorem 3.2. Let f: (X,7,I) — (Y,0,J) be a function. The following statements hold:

(1) If f is contra Aj-irresolute, then it is contra quasi-Aj-continuous.
(2) If f is contra quasi-Aj-continuous, then it is contra Aj-continuous.

(3) If f is contra Aj-irresolute, then it is contra Aj-continuous.

Proof. (1) Let V be any 6*-open subset of Y. By Lemma 2.1, we have V is a Aj-open subset
of Y and since f is contra Ai-irresolute, it follows that f~!(V) is a A$-closed subset of X.
Therefore, f is contra quasi-Aj-continuous.

The proof of (2) is similar to case (1) and, (3) is an immediate consequence of (1) and (2). [

In the following two examples, we show that the converses of (1) and (2) in Theorem 3.2, in

general are not true.
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Example 3.1. Let X = {a,b,c}, 1 ={0,X,{a},{a,b}}, 0 ={0,{c},X}, I = {0,{b},{a,b}}
and J = {0,{a}}. Then, the familly of all 6*-open subsets of X is {0,X,{c},{b,c}}, the family
of all Aj-open subsets of X is {0,X,{c},{b,c},{a,c}}, the family of all Aj-closed subsets of
X is {0,X,{a},{a,b},{c},{a,c}} and, we have the identity function f : (X,7,I) — (X,0,J)
is contra quasi-Aj-continuous, but is not contra A-irresolute, because f~!({b,c}) is not a Aj-

closed subset of X.

Example 3.2. Let X = {a,b,c},7=1{0,X,{a,c}}, 0 ={0,X,{a,c},{b}},1={0,{b}} and J =
{0,{a}}. Then, the family of all o*-open subsets of X is {0,X,{b},{c},
{a,c},{b,c}}, the family of all Aj-closed subsets of X is {0,X,{a,c},{b}} and, we have the
identity function f : (X,7,/) — (Y,0,J) is contra Aj-continuous, but is not contra quasi-Aj-

continuous, because f~!({c}) and f~!({b,c}) are not Aj-closed subsets of X.

From Theorem 3.2, Example 3.1 and Example 3.2, we have the following diagram, where

the implications are not reversible:

Contra Aj-irresolute == Contra quasi-Aj-continuous == Contra Aj-continuous

Theorem 3.3. For a function f : (X,t,1) — (Y,0,J), the following statements are equivalent:

(1) f is contra Aj-continuous.
(2) f~Y(B) is a A3-open subset of X for each closed subset B of Y .
(3) For each x € X and each closed subset B of Y containing f(x), there exists a Aj-open subset

U of X such that x € U and f(U) C B.

Proof. (1) = (2) Let B be any closed subset of Y. Then V =Y — B is an open subset of Y and,
as f is contra Aj-continuous, f~1(V) is a Aj-closed subset of X. Since f~1(V) = f~1(Y —B) =
YY) —fYB)=X— f1(B), we conclude f~!(B) is a Aj-open subset of X.

(2) = (1) Let V any open subset of Y. Then B=7Y —V is a closed subset of ¥ and, by hy-
pothesis, f~1(B) is a AS-open subset of X. Since f~1(B) = f1(Y -V)=f1(¥)-f (V)=
X — f71(V), we obtain that f~1(V) is a Aj-closed subset of X and hence, f is contra Aj-
continuous.

(1) = (3) Let x € X and B be any closed subset of Y such that f(x) € B. Then x € f~!(B) and,

because f is contra Aj-continuous, f~!(B) is a Aj-open subset of X. If U = f~!(B), then U is
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a AS-open subset of X such that x € U and f(U) = f(f~'(B)) C B.

(3) = (1) Let B any closed subset of ¥ and let x € f~!(B). Then f(x) € B and, by hypoth-
esis, there exists a Aj-open subset Uy of X such that x € U, and f(Uy) C B. Thus, x € U, C
Y fW)) c f~1(B) and hence, f~'(B) = U{U,:x € f~!(B)}. By Lemma 2.2, we obtain that
f~Y(B) is a Aj-open subset of X. O

Theorem 3.4. For a function f : (X,t,1) — (Y,0,J), the following statements are equivalent:

(1) f is contra quasi-Aj-continuous.
(2) f~Y(B) is a A3-open subset of X for each 6*-closed subset B of Y.
(3) For each x € X and each 6*-closed subset B of Y containing f(x), there exists a Aj-open

subset U of X such that x € U and f(U) C B.
Proof. The proof is similar to that of Theorem 3.3. 0

Theorem 3.5. For a function f: (X,t,1) — (Y,0,J), the following statements are equivalent:

(1) f is contra Aj-irresolute.
) fY(B)isa Aj-open subset of X for each Aj-closed subset B of Y .

or each x € X and eac -closed subset B of Y containing f(x), there exists a Aj-open
(3) Fe h X and each Aj-closed subset B of Y ining f(x), th ] Aj-op

subset U of X such that x € U and f(U) C B.
Proof. The proof is similar to that of Theorem 3.3. 0

Theorem 3.6. Let f: (X,1,1) — (Y,0,J)and g: (Y,0,J) — (Z,0,K) be two functions, where
I, J and K are ideals on X, Y and Z, respectively. Then:

(1) go fis contra Aj-irresolute, if f is Aj-irresolute and g is contra Aj-irresolute.

(2) go fis contra Aj-irresolute, if f is contra Aj-irresolute and g is Aj-irresolute.

(3) go fis Aj-irresolute, if f is contra Aj-irresolute and g is contra Aj-irresolute.

(4) go fis contra Aj-continuous, if f is contra Aj-continuous and g is continuous.

(5) gof is contra Aj-continuous, if f is contra Aj-irresolute and g is Aj-continuous.

(6) go fis contra Aj-continuous, if f is Aj-irresolute and g is contra Aj-continuous.

(7) go f is contra Aj-continuous, if f is Aj-continuous and g is contra continuous.

(8) go fis Aj-continuous, if f is contra Aj-continuous and g is contra continuous.
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(9) go fis Aj-continuous, if f is contra Aj-irresolute and g is contra Aj-continuous.
(10) gof is contra quasi-Aj-continuous, if f is Aj-irresolute and g is contra quasi-Aj-continuous.
(11) gof is contra quasi-Aj-continuous, if f is contra Aj-irresolute and g is quasi Aj-continuous.

(12) gof is quasi Aj-continuous, if f is contra Aj-irresolute and g is contra quasi-Aj-continuous.

Proof. (1) Let V be a Aj-open subset of Z. Since g is contra A}-irresolute, g~!(V) is a AS-
closed subset of ¥ and, as f is Al-irresolute, then by Theorem 3.1, we have f~!(g~1(V)) is a
AS-closed subset of X. Because (go f) 1 (V)= (f"log 1)(V) = (f (g~ 1(V)), it follows that

(gof)~1(V) is a Aj-closed subset of X. This shows that go f is contra Aj-irresolute.

The proofs of (2)-(12) are similar to that of (1). 0

Theorem 3.7. Let f: (X, t,I) — (Y,0) be a function and let [ be the product topology induced
by T and o on X xY. Let g: (X,t,]) — (X X Y,1) be the graph function of f defined by

g(x) = (x, f(x)) for each x € X. If g is contra Aj-continuous, then f is contra Aj-continuous.

Proof. Let V be any open subset of Y. Then X X V is a open subset of X X ¥ and, as g is contra
A3-continuous, we have f~!1(V) =g (X xV)isa Aj-closed subset of X. Therefore, f is contra

Aj-continuous. O

4. STUDY OF DIRECT AND INVERSE IMAGES BY CONTRA Aj-CONTINUOUS FUNC-

TIONS

In this section, we study the behavior of some modifications of classical topological notions
under direct and inverse images of the new variants of contra continuity introduced in the previ-
ous section. Recall that an ideal space (X, 7,1) is said to be Aj-connected (resp. T*-connected),

if X cannot be written as a disjoint union of two nonempty Aj-open (resp. T*-open) sets, see

[7].

Theorem4.1. If f: (X, t,I) — (Y, 0) is a surjective contra Aj-continuous function and (X, t,1)

is a Aj-connected space having more than one element, then (Y, ) is a not discrete space.

Proof. Suppose that (Y,0) is a discrete space and let A be any nonempty proper subset of Y.
Then, A is a clopen subset of ¥ and as f is contra Aj-continuous, f~!(A) is a Aj-open and Aj-

closed subset of X. Since (X, 7,1) is a Aj-connected space, by [7, Theorem 4.5], the only subsets
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of X which are both Aj-open and Aj-closed are @ and X. Thus, f~1(A) =0 or f~1(A) =X. If
f~(A) = 0, then this contradicts the hypothesis that A # @ and f is surjective. If f~1(A) = X,
since f is surjective and A is a proper subset of Y, there exist y, € ¥ — A and x, € X such that
¥, = f(x,), but then y, € A and y, ¢ A. Again we obtain a contradiction. Therefore, (Y,0) is

not a discrete space. 0

Theorem 4.2. Let f: (X,1,I) — (Y,0,J) be a surjective function. The following statements

hold:

(1) If f is contra Aj-irresolute and (X,t,I) is a Aj-connected space, then (Y,0,J) is a Aj}-
connected space.

(2) If f is contra quasi-Aj-continuous and (X,7,I) is a Aj-connected space, then (Y,0,J) is a
o*-connected space.

(3) If f is contra Aj-continuous and (X,7,I) is a Aj-connected, then (Y,0) is a connected

space.

Proof. (1) Suppose that (X, 7,I) is a Aj-connected space and f : (X, 7,I) = (Y,0,J) is a sur-
jective contra Aj-irresolute function. If (Y, ,J) is not Aj-connected, there exist two nonempty
Aj-open subsets A and B of Y such that ANB =0 and Y = AUB, which implies that B=Y — A
and A =Y — B are nonempty Aj-closed subsets of ¥ and, because f is contra Aj-irresolute,
f~Y(A) and f~!(B) are disjoint Aj-open subsets of X such that X = f~!1(A) U f~!(B). This

contradicts the fact that (X, 7,7) is Aj-connected. Therefore, (Y, 0,J) is Aj-connected.

The proofs of (2) and (3) are similar to that of (1). O

Theorem 4.3. Let (Y, o) be any Ty-space. If each contra Aj-continuous function f : (X, t,1) —

(Y,0) is constant, then (X, 7,1) is a Aj-connected space.

Proof. Suppose that (X,7,) does not is a Aj-connected space and each contra Aj-continuous
function f : (X, 7,I) — (Y,0) is constant. By [7, Theorem 4.5], there exists a proper nonempty
subset A of X which is both Aj-open and Aj-closed. Let Y = {a,b} endowed with the topology
o ={Y,0,{a},{b}}. If f: (X,7,I) — (Y,0) is a function such that f(A) = {a} and f(X —A) =
{b}, then f is a non constant contra Aj-continuous function and (Y, o) is a Tp-space, which

contradicts the hypothesis. Therefore, (X, 7,1) is a Aj-connected space. U
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Theorem 4.4. If f: (X,t,I) — (Y,0) is a contra Aj-continuous function and (Y,0) is a

regular space, then f is Aj-continuous.

Proof. Let x € X and U be an open subset of Y such that f(x) € U. Since (Y, o) is regular, there
exists an open subset V of Y such that f(x) € V C CI(V) C U. Now, as f is contra Aj-continuous
and CI(V) is a closed subset of ¥ containing f(x), then by Theorem 3.3, there exists a Aj-open
subset W of X such that x € W and f(W) C CI(V) C U. By Theorem 3.1, we obtain that f is a

Aj-continuous function. O

Definition 4.1. An ideal space (X, 7,1) is said to be Aj-normal, if for each pair of disjoint closed
subsets A and B of X, there exist two disjoint Aj-open subsets U and V of X such that A C U
and BCV.

Remark 4.1. If (X, 7) is a normal space, then (X, 7,I) is a Aj-normal space for each ideal / on

X.

Recall that a topological space (X, 7) is called ultra normal [8], if for each pair of nonempty
disjoint closed subsets A and B of X, there exist two disjoint clopen subsets U and V of X such
that A C U and B C V. The following result shows that, the inverse image of an ultra normal

space under a closed injective contra Aj-continuous function is a Aj-normal space.

Theorem 4.5. If  : (X,7,I) — (Y,0) is a closed injective contra Aj-continuous function and

(Y, ) is an ultra normal space, then (X,7,I) is a Aj-normal space.

Proof. Let A and B be two disjoint closed subsets of X. Since f is closed injective, f(A) and
f(B) are disjoint closed subsets of Y and, as (Y,0) is an ultra normal space, there exist two
disjoint clopen subsets U and V of Y such that f(A) C U and f(B) C V. Now, because f is
contra Aj-continuous, it follows that f~!(U) and f~!(V) are disjoint Aj-closed subsets of X

such that A C f~1(U) and B C f~1(V). Therefore, (X, ,I) is a Aj-normal space. O

Definition 4.2. An ideal space (X, 7,/) is said to be Aj-T», if for each pair of distinct points

x,y € X, there exist two disjoint Aj-open subsets U and V of X such thatx c U andy € V.

Remark 4.2. If (X, 7) is a T>-space, then (X, 7,1) is a Aj-T>-space for each ideal I on X.
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Recall that a topological space (X, 7) is called Urysohn [9], if for each pair of distinct points
x,y € X, there exist two open subsets U and V of X suchthatxe U,y €V and CI(U)NCI(V) =0.
The following result shows that, the inverse image of a Urysohn space under an injective contra

Aj-continuous function is a Aj-T>-space.

Theorem 4.6. If f : (X,7,I) — (Y,0) is an injective contra Aj-continuous function and (Y, o)

is an Urysohn space, then (X, t,I) is a Aj-T»-space.

Proof. Let x and y be two distinct points of X. Since f is injective, we have f(x) # f(y) and,
as (Y, o) is an Urysohn space, there exist two open subsets U and V of Y such that f(x) € U,
f(y) €V and CI(U)NCI(V) = 0. By Theorem 3.3, there exist two Aj-open subsets A and B of X
suchthatx € A,y € B, f(A) C CI(U) and f(B) C CI(V). Thus, f(A)Nf(B) CCI(U)NCI(V) =
0, which implies that f(ANB) = 0 and hence, ANB = 0. This shows that (X,7,]) is a A}-T»-

space. 0J

According to [2], we say that a topological space (X, 7) is locally indiscrete, if each open
subset of X is closed. In the following definition some modifications of a locally indiscrete
space are introduced in order to investigate related properties with the functions defined in

Section 3.

Definition 4.3. An ideal space (X, 7,1) is said to be:

(1) Locally t*-indiscrete, if each T-open subset of X is closed in X.
(2) Locally Aj-indiscrete, if each Aj-open subset of X is closed in X.

(3) Aj-space, if each Aj-open subset of X is open in X.

Proposition 4.1. Let (X, 1,1) be an ideal space. The following statements hold:

(1) If (X,7,1) is locally Aj-indiscrete, then it is locally T*-indiscrete.

(2) If (X, t,I) is locally t*-indiscrete, then it is locally indiscrete.

(3) (X,t,I) is locally t™-indiscrete if and only if each t*-closed subset of X is open in X.
4) (X,7,1) is locally Aj-indiscrete if and only if each Aj-closed subset of X is open in X.
(5) (X,7,1) is Aj-space if and only if each Aj-closed subset of X is closed in X.
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Theorem 4.7. Let f: (X,t,I) = (Y,0) be a contra Aj-continuous function. The following

statements hold.:

(1) If (X,7,1) is locally Aj-indiscrete, then f is continuous.

(2) If (X,7,1) is a Aj-space, then f is contra-continuous.

Proof. (1) Let B be a closed subset of Y. Since f is contra Aj-continuous, f~!(B) is a Aj-open
subset of X and, as (X, 7,1) is locally Aj-indiscrete, we obtain that f~1(B) is a closed subset of

X. Therefore, f is a continuous function.

The proof of (2) is similar to that of (1). 0

The following result shows that, the direct image of a Aj-space under a closed surjective con-
tra Aj-irresolute (resp. contra quasi-Aj-continuous, contra Aj-continuous) function is a locally

Aj-indiscrete (resp. locally 6*-indiscrete, locally indiscrete) space.

Theorem 4.8. Let f: (X, t,I) — (Y,0,J) be a closed surjective function. The following state-

ments hold:

(1) If f is contra Aj-irresolute and (X, ©,1) is a Aj-space, then (Y,0,J) is locally Aj-indiscrete.

(2) If f is contra quasi-Aj-continuous and (X, 7,I) is a Aj-space, then (Y,o,J) is locally 6*-
indiscrete.

(3) If f is contra Aj-continuous and (X,t,I) is a Aj-space, then (Y,0) is locally indiscrete

space.

Proof. Let V be a Aj-open subset of Y. Since f is contra Aj-irresolute, f “L(V)isa Aj-closed
subset of X and, as (X, 7,I) is a Aj-space, f~!(V) is a closed subset of X. Now, because f
is closed surjective, V = f(f~!(V)) is a closed subset of ¥ and hence, (¥, c,J) is a locally

Aj-indiscrete space.
The proofs of (2) and (3) are similar to that of (1). [
Recall that a topological space (X, ) is said to be strongly S-closed [1], if each closed cover

of X has a finite subcover. Now we introduce a modification of a strongly S-closed space using

Aj-closed sets.
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Definition 4.4. An ideal space (X, 7,I) is said to be strongly S-Aj-closed, if each cover of X by

Aj-closed sets has a finite subcover.
Remark 4.3. If (X, 7,1) is a strongly S-Aj-closed space, then (X, 7) is a strongly S-closed space.

According to [7], we say that an ideal space (X, 7,I) is Aj-compact (resp. T*-compact), if
each cover of X by Aj-open (resp. T*-open) sets has a finite subcover. The following result
shows that, the direct image of a strongly S-Aj -closed space under a surjective contra Aj-
irresolute (resp. contra quasi-Aj-continuous, contra Aj-continuous) function, is a Aj-compact

(resp. o*-compact, compact) space.

Theorem 4.9. Let f: (X,7,I) — (Y,0,I) be a surjective function. The following statements

hold:

(1) If f is contra Aj-irresolute and (X, ©,1) is strongly S-Aj-closed, then (Y, o,J) is A}j-compact.

(2) If f is contra quasi-Aj-continuous and (X,t,I) is strongly S-Aj-closed, then (Y,0,J) is
o*-compact.

(3) If f is contra Aj-continuous and (X, t,1) is strongly S-Aj-closed, then (Y, o) is compact.

Proof. (1) Let {Wy : o € A} be a cover of Y by A} J-open sets. Since f is contra Aj-irresolute,
{f~'(Wq) : @ € A} is a cover of X by AS-closed sets and, as (X, 7,I) is strongly S-AS-closed,
there exists a finite subfamily {f~1(Wy,) :i=1,...,n} of { f "Wy) : a0 € A} such that X =

U f . Therefore Y = f(X) = f (U f (W, ) U f(f Wa, = UWai and so,
i=1
(Y 0,J) is Aj-compact.

The proofs of (2) and (3) are similar to that of (1). [
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