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Abstract. In this paper, we derive digamma and polygamma functions for the Loc – Tai extension of the Gamma

function. Some inequalities associated with the derived functions are also proved.
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1. INTRODUCTION

The Gamma function Γ(s) is defined for s ∈ R+ as (see [1, 2])

(1) Γ(s) =
∫

∞

0
e−tts−1dt.

It was introduced by Leonhard Euler, a renown mathematician. His aim was to generalize the

factorial function f (n) = n!, n = 1,2,3, ... to non integer values.
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The digamma function ψ(s) and the polygamma function ψm(s) are defined respectively for

s > 0 and m ∈ N as (see [3, 4])

(2) ψ(s) =−γ− 1
s
+

∞

∑
n=1

s
n(n+ s)

=−γ +
∫

∞

0

e−t− e−st

1− e−t dt.

(3) ψ
m(s) = (−1)m+1m!

∞

∑
n=0

1
(n+ s)m+1 = (−1)m+1

∫
∞

0

tme−st

1− e−t dt,

where

γ = lim
n→∞

(
n

∑
k=1

1
k
− logn

)
is the Euler-Mascheroni constant.

The Loc - Tai extension of the gamma function (see [5]) is defined for s > 0 and k ∈ N as

(4) Γtk(s) =
∫

∞

0
e−ttk(s−1)dt.

It also satisfies the following basic properties:

1. Γtk(1) = 1

2. Γt(s) = Γ(s)

3. Γtk(s) = Γ(k(s−1)+1) .

2. PRELIMINARIES

In [5], the authors established the following results:

Lemma 2.1. Let s > 0 and k ∈ N. Then

(5)
1

Γtk(s)
= (k(s−1)+1)eγ(k(s−1)+1)

∞

∏
i=1

(
1+

(k(s−1)+1)
i

)
e−

(k(s−1)+1)
i ,

where γ is the Euler-Mascheroni constant.

Lemma 2.2. Let s > 0 and k ∈ N. Then

(6) Γtk(s) = lim
n→∞

n!nk(s−1)+1

n

∏
i=0

(k(s−1)+ i+1)
.

The following results are also well known in the literature (see [7, 8]).
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Lemma 2.3 (Hölder’s inequality). Let p > 1 and q > 1 such that 1
p +

1
q = 1. Let f and g be

continuous functions on [a,b]. Then

(7)
∫

∞

0
f (t)g(t)dt ≤

(∫
∞

0
f (t)pdt

) 1
p
(∫

∞

0
g(t)qdt

) 1
q

.

Lemma 2.4 (Minkowski’s inequality). Let p > 1 and f and g be continuous functions on

[a,b]. Then

(8)

 ∞∫
0

| f (t)+g(t)|pdt

 1
p

≤

 ∞∫
0

| f (t)|pdt

 1
p

+

 ∞∫
0

|g(t)|pdt

 1
p

.

Lemma 2.5. Let p,q≥ 0 and k ≥ 1. Then the inequality

(9) pk +qk ≤ (p+q)k

holds.

Definition 2.6. A function f : I→ (0,∞) is said to be log convex if ln f is convex on I. That is

(10) ln f (αx+βy)≤ α ln f (x)+β ln f (y),

or equivalently,

(11) f (αx+βy)≤ ( f (x))α ( f (y))β ,

for each x,y ∈ I and α,β ∈ (0,1) such that α +β = 1.

The main aim of this paper is to derive digamma and polygamma functions for the Loc – Tai

extension of the Gamma function, and prove some associated inequalities.

3. MAIN RESULTS

Proposition 3.1. Let t,s > 0 and k ∈ N. Then the digamma function ψtk(s) has the following

series representation:

(12) ψtk(s) =−k
(

1
k(s−1)+1

+ γ

)
− k

∞

∑
i=1

(
1
i
− 1

k(s−1)+ i+1

)
.
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Proof. By relation (5), we have

1
Γtk(s)

= (k(s−1)+1)eγ(k(s−1)+1)
∞

∏
i=1

(
1+

k(s−1)+1
i

)
e−

k(s−1)+1
i

where γ is the Euler-Mascheroni constant.

By taking log on both sides, we have

lnΓtk(s) =− ln(k(s−1)+1)− γk(s−1)+1−
∞

∑
i=1

ln
(

1+
k(s−1)+1

i

)
+

∞

∑
i=1

k(s−1)+1
i

.

Now

ψtk(s) =
d
ds

(lnΓtk(s))

=− k
k(s−1)+1

− γk−
∞

∑
i=1

(
k

k(s−1)+ i+1

)
+

∞

∑
i=1

k
i

=− k
k(s−1)+1

− γk− k
∞

∑
i=1

(
1
i
− 1

k(s−1)+ i+1

)
=−k

(
1+ γ

k(s−1)+1

)
− k

∞

∑
i=1

(
1
i
− 1

k(s−1)+ i+1

)
.

�

Alternatively, we have

Proof. By relation (6), we have

Γtk(s) = lim
n→∞

n!nk(s−1)+1

n

∏
i=0

(k(s−1)+ i+1)
.

By taking log on both sides, we have

lnΓtk(s) = lim
n→∞

(
lnn!+(k(s−1)+1) lnn−

n

∑
i=0

ln(k(s−1)+ i+1)

)
.
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Differentiating with respect to s yields

ψtk(s) = lim
n→∞

(
k lnn−

n

∑
i=0

k
(k(s−1)+ i+1

)

= k lim
n→∞

lnn−
∞

∑
i=0

k
k(s−1)+ i+1

.

= k lim
n→∞

lnn− k
k(s−1)+1

−
∞

∑
i=1

k
k(s−1)+ i+1

.

Replacing lim
n→∞

lnn with
∞

∑
i=1

(
1
i
− γ) in the above expression gives

ψtk(s) =−k
(

1
k(s−1)+1

+ γ

)
− k

(
∞

∑
i=1

1
i
− 1

k(s−1)+ i+1

)
.

�

Proposition 3.2. Let t,s > 0 and k ∈ N. Then the digamma function ψtk(s) has the integral

representation

(13) ψtk(s) =−k
(

1
k(s−1)+1

+ γ

)
− k

∫
∞

0

(
1− e−(k(s−1)+1)x

1− e−ix

)
dx

Proof. From (12), we have

ψtk(s) =−k
(

1
k(s−1)+1

+ γ

)
− k

∞

∑
i=1

(
1
i
− 1

k(s−1)+ i+1

)

=− k
k(s−1)+1

− γk− k
∞

∑
i=1

∫
∞

0

(
e−ix− e−(k(s−1)+i+1)x

)
dx

=− k
k(s−1)+1

− γk− k
∫

∞

0

∞

∑
i=1

(
e−ix− e−(k(s−1)+i+1)x

)
dx

=− k
k(s−1)+1

− γk− k
∫

∞

0

∞

∑
i=1

e−ix
(

1− e−(k(s−1)+1)x
)

dx
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=− k
k(s−1)+1

− γk− k
∫

∞

0

(
1− e−(k(s−1)+1)x

) ∞

∑
i=1

e−ixdx

=−k
(

1
k(s−1)+1

+ γ

)
− k

∫
∞

0

(
1− e−(k(s−1)+1)x

1− e−ix

)
dx.

�

Proposition 3.3. Let s > 0 and k,m∈ N. Then the polygamma function ψm
tk (s) has the series

representation

(14) ψ
m
tk (s) = (−1)m+1m!

∞

∑
i=0

km+1

(k(s−1)+ i+1)m+1 .

Proof. From (12), we have

(15) ψtk(s) =−
k

k(s−1)+1
− γk− k

∞

∑
i=1

(
1
i
− 1

k(s−1)+ i+1

)
.

By differentiating (15) termwisely with respect to s, we have

ψ
(1)
tk (s) =

d
ds

(ψtk(s)) =
k2

(k(s−1)+1)2 +
∞

∑
i=1

k2

(k(s−1)+ i+1)2

ψ
(2)
tk (s) =

d2

ds2 (ψtk(s)) =−
2k3

(k(s−1)+1)3 −
∞

∑
i=1

2k3

(k(s−1)+ i+1)3

ψ
(3)
tk (s) =

d3

ds3 (ψtk(s)) =
6k4

(k(s−1)+1)4 +
∞

∑
i=1

6k4

(k(s−1)+ i+1)4

ψ
(4)
tk (s) =

d4

ds4 (ψtk(s)) =−
24k5

(k(s−1)+1)5 −
∞

∑
i=1

24k5

(k(s−1)+ i+1)5

...
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ψ
m
tk (s) = (−1)m+1m!km+1 1

(k(s−1)+1)m+1 +
∞

∑
i=1

1

(k(s−1)+ i+1)m+1

Thus

ψ
m
tk (s) = (−1)m+1m!

∞

∑
i=0

km+1

(k(s−1)+ i+1)m+1 .

�

Proposition 3.4. Let s > 0 and k,m∈ N. Then the polygamma function ψm
tk (s) has the integral

representation

(16) ψ
m
tk (s) = (−1)m+1(k)m+1

∫
∞

0

tme−(k(s−1)+1)t

1− e−t dt.

Proof. From (14), we have

ψ
m
tk (s) = (−1)m+1m!

∞

∑
i=0

km+1

(k(s−1)+ i+1)m+1

By applying the inverse Laplace transform on the summand, we have

ψ
m
tk (s) = (−1)m+1km+1

∞

∑
i=0

∫
∞

0
tme−(k(s−1)+i+1)tdt

= (−1)m+1km+1
∫

∞

0

∞

∑
i=0

tme−(k(s−1)+i+1)tdt

= (−1)m+1km+1
∫

∞

0
tme−k(s−1)t

∞

∑
i=0

e−(i+1)tdt

= (−1)m+1(k)m+1
∫

∞

0

tme−(k(s−1)+1)t

1− e−t dt.

�

Theorem 3.5. Let r > 0, s > 0 and α,β ∈ (0,1) such that α +β = 1 and αm+βn ∈ N. Then

the inequality

(17) | ψ(αm+βn)
tk (αr+β s) |≤| ψ

(m)

tk (r) |α | ψ
(n)

tk (s |β

holds.
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Proof. From relation (16), we have

| ψ(αm+βn)
tk (αr+β s) |=

∫
∞

0

t(αm+βn)k(αm+βn+1)e−(kαr+β s−1)+1)t

(1− e−t)
dt

=
∫

∞

0

t(αm+βn)k(αm+βn+α+β )e−(k(αr+β s−α+β )+α+β )t

(1− e−t)α+β
dt

=
∫

∞

0

e−(αk(r−1)+1)t−(βk(s1)+1)]ttαmkα(m+1)tβnkβ (n+1)

(1− e−t)α+β
dt

=
∫

∞

0

e−α(k(r−1)+1)ttαmkα(m+1)e−β (k(s−1)+1)ttβnkβ (n+1)

(1− e−t)α (1− e−t)β
dt

=
∫

∞

0

(
e−(k(r−1)+1)ttmk(m+1)

(1− e−t)

)α(
e−(k(s−1)+1)ttnk(n+1)

(1− e−t)

)β

dt

By applying Hölder’s inequality, we have

| ψ(αm+βn)
tk (αr+β s) |≤

[∫
∞

0

e−(k(r−1)+1)ttmk(m+1)

(1− e−t)

]α [∫
∞

0

e−(k(s−1)+1)ttnk(n+1)

(1− e−t)

]β

= | ψ
(m)

tk (r) |α | ψ
(n)

tk (s) |β .

�

Remark 3.6. A similar results was proved for the (p,k)-gamma function, see Theorem 2.5 of

[6].

Theorem 3.7. Let r > 0, s > 0 and b≥ 1. Then the inequality

(18)
(
| ψ

(m)

tk (r) |+ | ψ
(n)

tk (s) |
) 1

b ≤| ψ
(m)

tk (r) |
1
b + | ψ

(n)

tk (s) |
1
b

holds.

Proof. From (16), we obtain

[
| ψ

(m)

tk (r) |+ | ψ
(n)

tk (s) |
] 1

b
=

[∫
∞

0

e−(k(r−1)+1)ttmk(m+1)

(1− e−t)
dt +

∫
∞

0

e−(k(s−1)+1)ttnk(n+1)

(1− e−t)
dt

] 1
b

.
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By applying Lemma 2.5 followed by Minkowski’s inequality, we have

[
| ψ

(m)

tk (r) |+ | ψ
(n)

tk (s) |
] 1

b
=

∫ ∞

0

(
e−

1
b (k(r−1)+1)tt

m
b k

m+1
b

(1− e−t)
1
b

)b

+
∫

∞

0

(
e−

1
b (k(s−1)+1)tt

n
b k

(n+1)
b

(1− e−t)
1
b

)b

dt


1
b

≤

(∫ ∞

0

e−
1
b (k(r−1)+1)tt

m
b k

m+1
b

(1− e−t)
1
b

+
∫

∞

0

e−
1
b (k(s)+1)tt

n
b k

(n+1)
b

(1− e−t)
1
b

)b

dt


1
b

≤

(∫
∞

0

e−(k(r−1)+1)ttmk(m+1)

(1− e−t)
dt

) 1
b

+

(∫
∞

0

e−(k(s−1)+1)ttnk(n+1)

(1− e−t)
dt

) 1
b

=| ψ
(m)

tk (r) |
1
b + | ψ

(n)

tk (s) |
1
b .

�
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