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Abstract. In this paper, we derive digamma and polygamma functions for the Loc — Tai extension of the Gamma

function. Some inequalities associated with the derived functions are also proved.
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1. INTRODUCTION

The Gamma function I'(s) is defined for s € R as (see [1, 2])

(1) I'(s) = /O Tt .

It was introduced by Leonhard Euler, a renown mathematician. His aim was to generalize the

factorial function f(n) =n!, n =1,2,3,... to non integer values.
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The digamma function y/(s) and the polygamma function y™(s) are defined respectively for

s> 0and m € N as (see [3, 4])

) (s)=— _14_{" S __ +/wﬂdt
Vs ==7=3 “on(n+s) Y o l—et 7
(3) l[/m(s):(—l)m+lm'i;:(—l)m—i_l/m Me—st s
.n:O <n+s)m+l 0o 1—e? ’
where

. 51
Y:,}%(Zz‘l"g”>

k=1

is the Euler-Mascheroni constant.

The Loc - Tai extension of the gamma function (see [5]) is defined for s > 0 and k € N as

) Tu(s) = / " etk gy,
0

It also satisfies the following basic properties:
L. Tu(1)=1
2. Ti(s) =T(s)
3. Tu(s) =T (k(s—1)+1).
2. PRELIMINARIES

In [5], the authors established the following results:

Lemma 2.1. Let s > 0 and k € N. Then

) L (k(s—1)+ l)ey(k(s_1)+1)ﬁ (1 N (k(s— .1) + 1)) e

Ftk (S) 1 1

1

where Y is the Euler-Mascheroni constant.

Lemma 2.2. Lets > 0 and k£ € N. Then

n\pk(s=1)+1

(6) [i(s) = lim

n—soo M

H(k(s—1)+i+1)‘

i=0

The following results are also well known in the literature (see [7, 8]).
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Lemma 2.3 (Holder’s inequality). Let p > 1 and ¢ > 1 such that % + é = 1. Let f and g be

continuous functions on |a,b]. Then

@ [ rwstar< ([ sorar) % (f storar) %

Lemma 2.4 (Minkowski’s inequality). Let p > 1 and f and g be continuous functions on

[a,D]. Then

P o
®) / 7(6)+ g0 / s | + | [ lgra
0
Lemma 2.5. Let p,q > 0 and k > 1. Then the inequality
©) P +d < (p+a)
holds.

Definition 2.6. A function f : I — (0,0) is said to be log convex if In f is convex on /. That is
(10) In f(ax+By) < aln f(x)+BInf(y),
or equivalently,

(11) flax+By) < (fF)* (fF0))P,

foreach x,y € I and o, € (0,1) such that ¢ +f3 = 1.

The main aim of this paper is to derive digamma and polygamma functions for the Loc — Tai
extension of the Gamma function, and prove some associated inequalities.
3. MAIN RESULTS

Proposition 3.1. Let ¢,s > 0 and k € N. Then the digamma function y(s) has the following

series representation:

(12) "’f"“):"‘(m”>"‘§ G_k(s—l)l+i+1)‘
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Proof. By relation (5), we have

1

s—l)—l—l) _ks=D)+1
—Y———— | é

1 §— e (s—1)+1) =
T (s) = (k(s—1)+ 1) g(

where 7 is the Euler-Mascheroni constant.

By taking log on both sides, we have

InTy(s) = —ln(k(s—1)+1)—yk(s—1)+1—iln (1+M) +iw

i=1

Now

Alternatively, we have

Proof. By relation (6), we have

1,,k(s—1)+1
(s) = lim ———

! n—oo

n

H(k(s—1)+i+1).

i=0

By taking log on both sides, we have

InTi(s) = lim <lnn!—|—(k(s— 1)+1)lnn—zn:1n(k(s— 1)+i+1)> .

n—oo !
i=0
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Differentiating with respect to s yields

. " k
Yiu(s) = lim (kln"—;o (k(s—1)+i+ 1)

= k
— J lim Inn — .
PR lg(’)k(s—l)+i+1
k = k
— J lim Inn — . .
e T G D) 1 ;k(s—1)+i+1

oo

1
Replacing h_r}n Inn with Z — — 7) in the above expression gives
e i=1 I

"’rk“):"‘(ﬁ ) Y )
i=1

O

Proposition 3.2. Let 7,5 > 0 and k € N. Then the digamma function Y, (s) has the integral

representation

1 (k(s—1)+1)x
(13) wtk(s):—k(k(s_l ) k/( . >dx

Proof. From (12), we have

Yils) = —k (mﬂ') _k; (%_k(s—1)1+i+1)

k o [ : :
_ Y —ix _ —(k(s—1)+i+1)x
=—woni ™ k;/o (e e )dx

— _ s o X —(k(s—1)+i+1)x
Ko— 1)+ 1 1) vk = k/ ¢ )d

S lx (k(s71)+1)x
k(s—l) Y- k/ Ze ) dx
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— (s—l —'yk k/ k(s=1)+1)x )ie_ixdx

i=1

. | » sl)—l—l) "
() -+ ()

Proposition 3.3. Let s > 0 and k,me N. Then the polygamma function lllt’}f(s) has the series

]

representation

km—H
(k(s—1)+i+1)

(14) yi(s) = (=1)"""'m i

m+1"-

Proof. From (12), we have

k = /1 1
as) %k(s):_m_yk_ki;<7_k(s—1)+i+l)'

By differentiating (15) termwisely with respect to s, we have

PR AN S - K

Vie' () = g (Vi (s)) (k(s—1)+1)2+,-;(k(s—1) i+1)
2, .  d Ay 2k3 R 2k3
Vi () = gz (Yiels)) (k(s—1)+1)° Z_Zi(k(s—l)+l+1)3
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1 > 1
yi(s) = (=1)" it P ——
t* (k(s— 1)+ D)™ S k(s — 1) +i+1)™!
Thus
00 km+1

n(s) = (—1)" m! )
Wﬂc( ) ( 1) 'i_z()(k(s_l)+i+1)m+l

O

Proposition 3.4. Let s > 0 and k,me N. Then the polygamma function l//ﬁ}(s) has the integral
representation
oo g ,—(k(s—1)+1)1

(16) Vi (s) = (—1)m+1(k)m+l/o vdﬂ

Proof. From (14), we have

km+1

m(g) = (—1)" m! 3
Vftk( ) ( 1) 'i;)(k(s—l)-l-i-i-l)erl

By applying the inverse Laplace transform on the summand, we have

yi(s) = (1)t Y / " = (kls—D)+i+ 1) g,
i=0”0

— (_1)m+1km+l /wit e_(k(s_1)+i+1)tdt
0 i=0

[ee]

= (—1)mHlpmtl /mtme—k(s—l)t Y e (thig
0 i=0

oo tme—(k(s—l)+l)t

— (_1>m+l(k)m+1/ dt.

0 1—e?
O

Theorem 3.5. Letr >0, s >0and a,f € (0,1) such that &« + 8 = 1 and am+ Bn € N. Then

the inequality
m+Bn (m) (n)
(17) WP (a4 Bs) 1<) v (1) 1] v (s 1P

holds.
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Proof. From relation (16), we have

oo ¢(om+Bn) 1. (am+PBn+1) ,—(kor+Bs—1)+1)t
(am+PBn) . t k €
Ly P (4 Bs) |_/0 e dt

lom+PBn) p(am~+Bn+o+pB) ,—(k(ar+Bs—a+p)+a+p)t

- / dr
(1—e1)*"P

—(ak(r—1)+1)t—(Bk(s1)+1)]t jom g ot(m-+1); B fp (n+1)

_/ T dt

/ e—alk (r—=1)+1) Jtpampo(m+1), ﬁ(k(s—l)-i—l)ttﬁnkﬁ(n—i-l)
= dt

<1—e—f>°‘<1 —e )P

(r—1)+1) ttmk(m—l—l) e_(k(s—l)—!—l)ttnk(n—l-l) B
—/ (1—e1) (1—e1) dt

By applying Holder’s inequality, we have

o g (K(r—1)+ 1)t g (1) ] C [ ooy (K(s— 1)+t g (n+1) ] P
(am+-Bn) < / e t / e t
| Wt (Ocr—i—ﬁs) < [ 0 (1—e ) 0 (1—et)

() )
=y (0w (1P

0

Remark 3.6. A similar results was proved for the (p,k)-gamma function, see Theorem 2.5 of

[6].

Theorem 3.7. Let r > 0, s > 0 and b > 1. Then the inequality

1

1
(m) (n) b (m) 1 (), | 1
(18) (v O 1+ 1wl 1) <l )1+ v ()17
holds.

Proof. From (16), we obtain

1
1 oo ,—(k(r—1)4+1)tmp(m+1) oo ,—(k(s—1)+1)tng(n+1) b

(m) (n) e "k e "k
Iz <r>|+|w,k<s>r]b=[/0 ar+ | di|

(1—e™) (1—e™)



By applying Lemma 2.5 followed by Minkowski’s inequality, we have

1
(m) (n) b
[RZSCIEAR7SONE

IN
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,lk,IImL-Hb ,lkfllﬂ(”“’l)b
oo [ o= pk(r=1)+1)1 5 1 "5 o [ o= pk(s=1)+1)145 1"
/ 1 + 1
0 (1—e)i 0 (1—e)i
b b
1
ml 0o o b (k(s)+ 1)1 3 1 50
+/ dt
0

<

), L 0
=W (1) [P + [y (s) |
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