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Abstract. In this paper, we introduce the concept of almost bi-hyperideals of semihypergroups which is a gener-
alization of bi-hyperideals, and we give some properties of them. Moreover, we consider the connections between

almost bi-hyperideals and their fuzzification of semihypergroups.
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1. INTRODUCTION

The concepts of left, right, two-sided almost ideals of semigroups were introduced by Grosek
and Satko [7] in 1980. They studied the characterization of these ideals when a semigroup
contains no proper left, right, two-sided ideals. Later in 1981, Bogdanovic [1] introduced the
notion of almost bi-ideals in semigroups as a generalization of bi-ideals. The concept of fuzzy
subsets was first introduced by Zadeh [18] as a function from a nonempty set X to the unit
interval [0, 1]. The fuzzy subset theory is a generalization of traditional mathematics set theory.

In 2018, Wattanatripop, Chinram and Changphas [17] introduced the notion of fuzzy almost
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bi-ideals in semigroups and discussed some relationships between almost bi-ideals and fuzzy
almost bi-ideals of semigroups. Then, Simuen, et al. [14] investigated some properties of fuzzy
almost bi-I'-ideals of I'-semigroups.

Algebraic hyperstructure was introduced in 1934, by Marty [10], as the 8" Congress of
Scandinavian Mathematicians. In a classical algebraic structure, composition of two elements is
an element, while in an algebraic hyperstructure, the composition of two elements is a nonempty
set. There are many authors expanded the concept of hyperstructuree, see, e.g., [3], [4], [6], [11],
[12], [16]. In this work, the authors focus on semihypergroups. Semihypergroups are studied
by many authors, for instance, [2], [5], [8], [9], [13]. In 2020, Suebsung, Kaewnoi and Chinram
[15] studied the concept of almost hyperideals in semihypergroups and gave some interesting
properties.

In this paper, we introduce the concept of almost bi-hyperideals of semihypergroups as a
generalization of bi-hyperideals and investigate some properties of them. Then, we discuss
the connections between almost bi-hyperideals and fuzzy almost bi-hyperideals of semihyper-

groups.

2. PRELIMINARIES

Let H be a nonempty set. A hyperoperation on H is a mapping o : H x H — &7*(H), where
Z7*(H) denotes the set of all nonempty subsets of H. Then, the structure (H,o) is called a
hypergroupoid. If A,B € &*(H) and x € H, then we denote

AoB= |J aob, Aox=Ao{x}andxoB={x}oB.
acA,beB
A hypergroupoid (H, o) is called a semihypergroup if for every x,y,z € H, (xoy)oz=xo(yo

z), which means that

U uozg = U XOoW.

UEX0y vEYyoz
A nonempty subset A of a semihypergroup (S,0) is called a subsemihypergroup of S if Ao
A C A. A subsemihypergroup B of a semihypergroup (S,0) is called a bi-hyperideal of S if
BoSoB C B. For more convenient, we write S instead of a semihypergroup (S,0) and AB

instead of A o B, for any nonempty subsets A and B of S.
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A fuzzy subset [18] of a nonempty set X is a mapping f : X — [0, 1]. Let f and g be any two
fuzzy subsets of a nonempty set X. Then, f C g if and only if f(x) < g(x) for all x € X. The
intersection and the union of two fuzzy subsets f and g of a nonempty set X, denoted by f Mg

and f U g, respectively, are defined by letting x € X,

(fNg)(x) =min{f(x),g(x)},
(fUg)(x) = max{f(x),g(x)}.

Let X be a nonempty set. For a fuzzy subset f of X, the support of f is defined by supp(f) :=
{x € X | f(x) #0}. Let A be a nonempty subset of X. The characteristic mapping x4 of A is a
fuzzy subset of X defined by

1 ifxeA,
Xa(x) =
0 otherwise,

forall x € X.
For any element s of X and ¢ € (0, 1], a fuzzy point s, of X defined by
t ifx=s,

s¢(x) =
0 otherwise,

forall x € X.

Lemma 2.1. Let A and B be nonempty subsets of a nonempty set X and let f and g be fuzzy
subsets of X. Then the following statements hold:

(i) XanB = XaNXB;

(ii) A C Bifand only if xa C xp;

(iii) supp(xa) = A;

(iv) if f C & then supp(f) € supp(g).

Proof. The proof is straightforward. 0

Let f and g be fuzzy subsets of a semihypergroup S. A product f o g is defined by

sup {min{f(y),g(z)}} if 3 y,z € S such that x € yz,
(Fog)x) = { =

0 otherwise,
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forall x € S.
Lemma 2.2. [f A and B are subsets of a semihypergroup S, then Y4 o Xp = XAB-

Proof. Let x € S. If xap(x) =0, then x € AB. This means that x ¢ ab for all a € A and b € B.
Thus, (xaoxg)(x) =0. Thatis, xap(x) = (xa o xp)(x). If xap(x) =1, then x € AB. This implies
that x € ab for some a € A and b € B. Hence, (x4 o xp)(x) = sup{min{xa(a), xz(b)}} = 1. So,

x€ab

24B(x) = (Xa o x)(x). Therefore, ¥4 o xp = XaB. O
3. ALMOST BI-HYPERIDEALS

In this section, we introduce the concept of almost bi-hyperideals of semihypergroups and

give some of its properties.

Definition 3.1. A nonempty subset B of a semihypergroup S is called an almost bi-hyperideal
of Sif BxBNB # 0 for all x € S.

Example 3.2. Let S = {a,b,c}. Define a hyperoperation - on S by the following table:
a b c

a| {a} A{bc} {byc}

b |{b,c} {b,c} {b,c}

cf {e Aep A}

Then, (S,-) is a semihypergroup. Let B = {b,c}. Hence,

BaBNB = {b,c} #0,
BbBNB = {b,c} #0,
BcBNB={b,c} #0.

Therefore, B is an almost bi-hyperideal of S.
Proposition 3.3. Every bi-hyperideal of a semihypergroup S is an almost bi-hyperideal.

Proof. Let B be a bi-hyperideal of a semihypergroup S. Then, BSB C B. It follows that for
any x € S, BxB C BSB C B. That is, BxBN B = BxB # 0 for all x € S. Hence, B is an almost
bi-hyperideal of S. UJ
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In general, an almost bi-hyperideal of a semihypergroup need not to be a bi-hyperideal as the

following example.

Example 3.4. Consider S = {a, b, c} together with the hyperoperation - on S defined in Example
3.2. Let B = {a,b}. By routine computations, B is an almost bi-hyperideal of S, but B is not a
bi-hyperideal of S because BSB =S ¢ B.

Next, we discuss some properties of almost bi-hyperideals of semihypergroups.

Theorem 3.5. Let B be an almost bi-hyperideal of a semihypergroup S. If A is any subset of S

containing B, then A is also an almost bi-hyperideal of S.

Proof. Assume that A is a subset of S containing B. Since B is an almost bi-hyperideal of §
and B C A, we have that BxBNB # 0 and BxBNB C AxANA for all x € S. It turns out that
AxANA # 0 for all x € S. Hence, A is an almost bi-hyperideal of S. 0

Corollary 3.6. The union of any two almost bi-hyperideals of a semihypergroup S is also an

almost bi-hyperideal of S.

Proof. Let A and B be any two almost bi-hyperideals of a semihypergroup S. Since A CAUB
and by Theorem 3.5, we get that A U B is an almost bi-hyperideal of S. 0

Example 3.7. Let S = {a,b,c}. Then the hyperoperation - on S defined by the following:
a b c

a| fa} A{byc} {c}

b |{b,c} {b,c} {c}

c|{b,c} {b,c} {c}

Hence, (S,-) is a semihypergroup. Let By = {a,b} and B, = {a,c}. By routine calculations,

B and B, are almost bi-hyperideals of S. However, B = B; N B, = {a} is not an almost bi-

hyperideal of S because BbBN B = 0.

By Example 3.7, we have that the intersection of any two almost bi-hyperideals of a semihy-

pergroup S need not to be an almost bi-hyperideal of S.
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Theorem 3.8. Let S be a semihypergroup. Then S contains a proper almost bi-hyperideal if

and only if there exists an element x of S such that S\ {x} is an almost bi-hyperideal of S.

Proof. Assume that S contains a proper almost bi-hyperideal. Let A be a proper almost bi-
hyperideal of S. Then, there exists x € S such that x  A. So, A C S\ {x}. By Theorem 3.5,
S\ {x} is an almost bi-hyperideal of S. Conversely, consider S\ {x} for some x € S. Then,
S\ {x} is a proper subset of S. By assumption, we have that S\ {x} is an almost bi-hyperideal

of S. Therefore, S contains a proper almost bi-hyperideal. 0

Theorem 3.9. Let S be a semihypergroup and |S| > 1. Then S has no proper almost bi-
hyperideals if and only if for every x € S there exists a € S such that (S\ {x})a(S\ {x}) = {x}.

Proof. Assume that S has no proper almost bi-hyperideals. Let x € S. Then, S\ {x} is not an

almost bi-hyperideal of S. Thus, there exists a € S such that

[(S\{xDa(S\{x})]N(S\{x}) =0.
‘We obtain that
(S\{x}a(S\{x}) S S\ (S\{x}) = {x}.

This implies that (S\ {x})a(S\ {x}) = {x}.
Conversely, suppose that S contains a proper almost bi-hyperideal B. Let x € S\ B. By
assumption, there exists a € S such that (S\ {x})a(S\ {x}) = {x}. Since B C S\ {x} and by

Theorem 3.5, we get that S\ {x} is an almost bi-hyperideal of S. It follows that

0= {x} N (S\ {x}) = [(S\ {xPa(S\ DN (S\ {x}) # 0.

This is a contradiction. Therefore, S has no proper almost bi-hyperideals. 0

4. Fuzzy ALMOST BI-HYPERIDEALS

In this section, we introduce the concept of fuzzy almost bi-hyperideals of semihypergroups,
and we study the connections between almost bi-hyperideals and their fuzzification of semihy-

pergroups.
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Definition 4.1. Let f be a fuzzy subset of a semihypergroup S such that f # 0. Then f is called
a fuzzy almost bi-hyperideal of S if for every fuzzy point s, of S, (fos;o f)Nf #0.

Theorem 4.2. Let f be a fuzzy almost bi-hyperideal of a semihypergroup S. If g is a fuzzy subset
of S such that f C g, then g is a fuzzy almost bi-hyperideal of S.

Proof. Assume that g is a fuzzy subset of S such that f C g. By assumption, (fos; o f)Nf C
(gos;og)Ngand (fos;of)Nf #0 forall fuzzy points s, of S. It follows that (gos;0g)Ng#0

for all fuzzy points s; of S. Hence, g is a fuzzy almost bi-hyperideal of S. UJ

Corollary 4.3. Let f and g be fuzzy almost bi-hyperideals of a semihypergroup S. Then fUg

is also a fuzzy almost bi-hyperideal of S.
Proof. 1t follows from Theorem 4.2. 0]

Example 4.4. Consider S = {a, b, c} together with the hyperoperation - on S defined in Example
3.7. Let f and g be fuzzy subsets of S defined by

fla) =0, f(b) =0, f(c)=0.3
and
g(a) =0, g(b) =0.7, g(c) = 0.
It not difficult to show that
[(fosiof)Nfl(c) #0 and  [(gosiog)Ngl(b) #0
for all fuzzy points s; of S. Then, f and g are fuzzy almost bi-hyperideals of S. Moreover, for

a fuzzy point a; of S, f N g is not a fuzzy almost bi-hyperideal of S because [((fNg)oa;o(fN
g)N(fNg)(x)=0forallxeS.

Theorem 4.5. Let B be a nonempty subset of a semihypergroup S. Then B is an almost bi-

hyperideal of S if and only if xp is a fuzzy almost bi-hyperideal of S.

Proof. Assume that B is an almost bi-hyperideal of S. Then, BsBNB # () for all s € S. So, there

exists x € S such that x € BsB and x € B. Thus, x € bsb, for some b{,b, € B. It follows that

(xposioxp)(x) = sup {min{yg(b1),s:(s),xp(b2)}} # 0 and xp(x) = 1.

x€bysby
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This implies that (g os; 0 xg) N xp # O for all fuzzy points s, of S. Hence, xp is a fuzzy almost
bi-hyperideal of S.

Conversely, assume that yp is a fuzzy almost bi-hyperideal of S. Let s € S. Then, ()pos; o
xB) N xp # 0. Thus, there exists x € S such that (ygos; o xg)(x) # 0 and yp(x) # 0. Then, there
exist by,by € B such that x € bysb, and x € B. This means that x € BsB and x € B. That is,
BsBN B # 0. Therefore, B is an almost bi-hyperideal of S. 0

Theorem 4.6. Let f be a fuzzy subset of a semihypergroup S. Then f is a fuzzy almost bi-
hyperideal of S if and only if supp(f) is an almost bi-hyperideal of S.

Proof. Assume that f is a fuzzy almost bi-hyperideal of S. Let s € A and s; be a fuzzy point of
S. Then, (fos;o f)N f # 0. Thus, there exists x € S such that [(fos; o f) N f](x) # 0. That is,
(fosiof)(x)#0and f(x) # 0. We obtain that there exist y;,y, € S such that x € y;sy,,

07 (fosiof)(x) = sup {min{f(y1),s:(s),f(y2)}}-

XEY1SY2

So, f(y1) # 0 and f(y2) # 0. Hence, x,y1,y2 € supp(f). It follows that
(Xsupp(f) 051 © Xsupp(r)) (*) 7 0 and g 1) (X) 7 0. AlSO, (Xsupp(£) © 5t © Xsupp(£)) N Xsupp(f) 7 O-
This means that ¥,,,(r) is a fuzzy almost bi-hyperideal of S. By Theorem 4.5, supp(f) is an
almost bi-hyperideal of S.

Conversely, assume that supp(f) is an almost bi-hyperideal of S. By Theorem 4.5, Xsupp(F)
is a fuzzy almost bi-hyperideal of S. Let s; be any fuzzy point of S. Then, (xsupp( ) O 8t ©
Xsupp(f)) N Xsupp(r) 7 0- Thus, there exists x € S such that [(Xy.pp(r) © 5t © Xsupp(s))](*) # 0 and
Xsupp(f)(*) # 0. That is, there exist y1,y, € S such that x € y;sy2,

0 7£ (XSupp(f) OS¢ O%supp(f))(x) = Sup {min{%supp(f) (y1)7sl(s)7%supp(f) (yZ)}}7

X€y18y2
which implies that, X, () (V1) # 0 and Xgpp(r)(v2) # 0. It turns out that f(y;) # 0, f(y2) # 0
and f(x) # 0. Hence, (fos;of)N f # 0. Consequently, f is a fuzzy almost bi-hyperideal of
S. 0

An almost bi-hyperideal M of a semihypergroup S is minimal if for any almost bi-hyperideal
A of § such that A C M implies that A = M.
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Definition 4.7. Let S be a semihypergroup. A fuzzy almost bi-hyperideal f of S is called
minimal if for any fuzzy almost bi-hyperideal g of S such that g C f, we get supp(f) = supp(g).

Next, we investigate the minimality of fuzzy almost bi-hyperideals of semihypergroups.

Theorem 4.8. Let B be a nonempty subset of a semihypergroup S. Then B is a minimal almost

bi-hyperideal of S if and only if xp is a minimal fuzzy almost bi-hyperideal of S.

Proof. Assume that B is a minimal almost bi-hyperideal of S. By Theorem 4.5, xp is a fuzzy
almost bi-hyperideal of S. Let g be a fuzzy almost bi-hyperideal of S such that g C yp. By
Lemma 2.1, supp(g) C supp(xp) = B. By Theorem 4.6, supp(g) is an almost bi-hyperideal of
S. By the minimality of B, we have supp(g) = B = supp(xp). Therefore, xp is a minmal fuzzy
almost bi-hyperideal of S.

Conversely, assume that yp is a minmal fuzzy almost bi-hyperideal of S. Then, B is an
almost bi-hyperideal of S. Let A be any almost bi-hyperideal of S such that A C B. By Theorem
4.5, x4 is a fuzzy almost bi-hyperideal of S such that y4 C xp. Since xp is minimal, we get
that supp(xa) = supp(xg). We obtain that A = supp(xa) = supp(xp) = B by Lemma 2.1.

Consequently, B is a minimal almost bi-hyperideal of S. 0

Corollary 4.9. Let S be a semihypergroup. Then S has no proper almost bi-hyperideals if and
only if for every fuzzy almost bi-hyperideal f of S, supp(f) = S.

Proof. Assume that S has no proper almost bi-hyperideals. Let f be a fuzzy almost bi-hyperideal
of S. By Theorem 4.6, supp(f) is an almost bi-hyperideal of S. By assumption, we have that
supp(f) = S. Conversely, let B be any almost bi-hyperideal of S. Then, xp is a fuzzy almost
bi-hyperideal of S by Theorem 4.5. It follows that B = supp()g) = S. This shows that S has no
proper almost bi-hyperideals. UJ

Let S be a semihypergroup. An almost bi-hyperideal P of S is prime if for any almost bi-
hyperideals A and B of S such that AB C P implies that A C P or B C P. An almost bi-hyperideal
P of § is semiprime if for any almost bi-hyperideal A of S such that AA C P implies that A C P.
An almost bi-hyperideal P of S is strongly prime if for any almost bi-hyperideals A and B of §
such that ABNBA C P implies that A C P or B C P.
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Definition 4.10. A fuzzy almost bi-hyperideal & of a semihypergroup S is called a fuzzy prime
almost bi-hyperideal of § if for any two fuzzy almost bi-hyperideals f and g of S,

fog C himplies that f C hor g C h.

Definition 4.11. A fuzzy almost bi-hyperideal 4 of a semihypergroup S is called a fuzzy semiprime

almost bi-hyperideal of S if for any fuzzy almost bi-hyperideal f of S,

fof C himplies that f C h.

Definition 4.12. A fuzzy almost bi-hyperideal % of a semihypergroup S is called a fuzzy strongly
prime almost bi-hyperideal of S if for any two fuzzy almost bi-hyperideals f and g of S,

(fog)N(gof) C himplies that f Chor g C h.

We note that every fuzzy strongly prime almost bi-hyperideal of a semihypergroup is a fuzzy
prime almost bi-hyperideal, and every fuzzy prime almost bi-hyperideal of a semihypergroup is
a fuzzy semiprime almost bi-hyperideal, but the converse is not true in general.

Finally, we study the relationships between prime (resp., semiprime, strongly prime) almost

bi-hyperideals and their fuzzification of semihypergroups.

Theorem 4.13. Let P be a nonempty subset of a semihypergroup S. Then P is a prime almost

bi-hyperideal of S if and only if xp is a fuzzy prime almost bi-hyperideal of S.

Proof. Assume that P is a prime almost bi-hyperideal of S. By Theorem 4.5, xp is a fuzzy
almost hyperideal of S. Let f and g be fuzzy almost bi-hyperideals of S such that fog C xp.
Suppose that f & xp and g € xp. Then, there exist x,y € S such that f(x) # 0 and g(y) # 0,
but yp(x) = 0 and xp(y) = 0. It follows that x ¢ P and y ¢ P. Since f(x) # 0 and g(y) # 0,
we get that x € supp(f) and y € supp(g). Thus, supp(f) € P and supp(g) ¢ P. By Theo-
rem 4.6, we have that supp(f) and supp(g) are almost bi-hyperideals of S. Since P is prime,
supp(f)supp(g) € P. Then, there exists ¢ € ab for some a € supp(f) and b € supp(g) such
that r ¢ P. So, xp(t) =0, and then (f og)(¢) = 0 because fog C xp. Since a € supp(f) and
b € supp(g), we have that f(a) # 0 and g(b) # 0. Hence, min{ f(a),g(b)} # 0, which implies
that (fog)(t) = sup{min{f(a),g(b)}} # 0. This is a contradiction to the fact that (fog)(¢) =0.

t€ab
Therefore, f C xp or g C xp. Consequently, xp is a fuzzy prime almost bi-hyperideal of S.
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Conversely, assume that xp is a fuzzy prime almost bi-hyperideal of S. By Theorem 4.5, P

is an almost bi-hyperideal of S. Let A and B be any two almost bi-hyperideals of S such that
AB C P. By Lemma 2.1 and Lemma 2.2, we get that Y4 o xp = xap C xp. Again by Theorem
4.5, x4 and yxp are fuzzy almost bi-hyperideals of S. By hypothesis, y4 C xp or xp C xp. That
is, A C Por B C P. Hence, P is a prime almost bi-hyperideal of S. O

The proof of the following theorem is similar to Theorem 4.13.

Theorem 4.14. Let P be a nonempty subset of a semihypergroup S. Then P is a semiprime

almost bi-hyperideal of S if and only if xp is a fuzzy semiprime almost bi-hyperideal of S.

Theorem 4.15. Let P be a nonempty subset of a semihypergroup S. Then P is a strongly prime
almost bi-hyperideal of S if and only if xp is a fuzzy strongly prime almost bi-hyperideal of S.

Proof. Assume that P is a strongly prime almost bi-hyperideal of S. By Theorem 4.5, xp is a
fuzzy almost bi-hyperideal of S. Let f and g be any two fuzzy almost bi-hyperideals of S such
that (fog)N(go f) C xp. Suppose that f ¢ xp and g € xp. Then, there exist x,y € S such
that f(x) # 0 and g(y) # 0, but xp(x) =0 and xp(y) = 0. So, x € supp(f) and y € supp(g)
such that x ¢ P and y ¢ P. It follows that supp(f) € P and supp(g) € P. By Theorem 4.6
and the hypothesis, we have that [supp(f)supp(g)| N [supp(g)supp(f)] € P. Hence, there
exists ¢ € [supp(f)supp(g)] N [supp(g)supp(f)] such that t ¢ P. Also, xp(t) =0, and then
[(fog)N(gof)](t) =0 because (fog)N(gof) C xp. Since t € supp(f)supp(g) and t €

supp(g)supp(f), we have that r € a;by and t € bya, for some ayj,ay € supp(f) and by,by €

supp(g). It turns out that

(fog)(t) = sup {min{f(a1),g(b1)}} #0and (go f)(t) = sup {min{g(b2),f(a2)}} #O.

tea by tebray

This implies that min{(f o g)(¢),(go f)(t)} # 0, that is, [(fog)N(go f)](¢) #0. This is a
contradiction with the fact that [(fog)N(go f)](t) =0. Hence, f C xp or g C xp. Therefore,

xp 1s a fuzzy strongly prime almost bi-hyperideal of S.

Conversely, assume that yp is a fuzzy strongly prime almost bi-hyperideal of S. Then, P is
an almost bi-hyperideal of S by Theorem 4.5. Let A and B be any two almost bi-hyperideals of
S such that (AB) N (BA) C P. By Theorem 4.5, x4 and xp are fuzzy almost bi-hyperideals of S.
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By Lemma 2.2, yap = x4 o Xp and ¥pa = Xpo Xa- By Lemma 2.1, we have that ()40 xg) N (xpo
XA) = XAB N XBA = X(AB)N(BA) C xp. By assumption, we get that y4 C xp or xp C xp implies

that A C P or B C P. Consequently, P is a strongly prime almost bi-hyperideal of S. UJ
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