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1. INTRODUCTION

Lattice ordered algebraic structures were discussed by Blyth [9] and Steinberg [8]. Based
on group action dealt by Gallian [3] and Michel, Zhilinskii [5], representation theory was de-
veloped by Curtis, Reiner[2] and Steinberg [1]. This concept was studied in lattice structure
which leads to the definition of lattice ordered G-modules by Ursala, Isaac [6] and Riesz 1G-
module by Sowmya, Magie and Ursala [4]. Disjoint elements in Riesz spaces were studied by
Luxemburg, Zaanen [10] and Gloden [7]. Solid space (Ideal) of a Riesz space which acts as a
black hole was also introduced in [7, 10]. In this paper, the concepts of disjoint elements and

semi solids are introduced in a Riesz [G— module.
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2. PRELIMINARIES

In this section, some basic definitions and results are reviewed.
Through out this paper, e denotes the identity element in the group G with binary operation

* and O denotes the identity element in the vector space E over the set of reals R.

Definition 2.1. [8] A partial order on a non empty set L is a binary relation on L that is
reflexive, anti-symmetric, and transitive. A partially ordered set or poset is a set in which a

partial order is defined.

Definition 2.2. [8] A Lattice L 1is aposet in which the infimum aAb and supremum

aV b exist for any two elements a and b in L.

Definition 2.3. [9] Let (G,*) be a group and < be a partial order on it.Then G is a lattice
ordered group or an [-group if (G, <) is a lattice and the binary operation in G is order

preserving.Thatis, g <h = xx*x gxy <xx hx y forall x,y,g,h €G.
Definition 2.4. [9] An [-subgroup of G is a subgroup of G which is a sublattice of G.

Definition 2.5. [9] Let G be a lattice-ordered group. The set G ={g € G:g >e} is
the positive cone of G, whose elements are termed as positive elements of G and the set

G~ ={g € G:g <e}isthe negative cone of G which contains all negative elements of G.

Definition 2.6. [9] Let G be a lattice-ordered group. Then for every g € G the positive part
of gis gt =g V e €G",and the negative partis g~ =g N e € G~. The absolute value

of gis|g|l=gVeg =g +(g7)"" and [g]| €G*.

Definition 2.7. [7] A real vector space V which is a poset is called an ordered vector space
if for x, v,z €Vand 0 < a €R,

x <y = x+4+zZ<y+z and ax < ay.

Definition 2.8. [7] An ordered vector space which is a lattice is a vector lattice or Riesz

space.

Definition 2.9. [7] Let E be a Riesz space. Two elements x and y in E are said to be disjoint

(denoted as x L y) if |x|A|y|=0.
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Theorem 2.10. [7] Let E be a Riesz space. For x,y € E,

(i): If x Ly, then rx Ly forevery real number r.

(ii): If xy,xp Ly, then x;+xp L y.

(iii): If xo =sup{x;:i€l} andif x; Ly forall i, then xo L y.
(iv): If x Ly, then |x+y|=]|x|+y|

Definition 2.11. [7] Let E be a Riesz space. An ideal A is a linear subspace of E such that

for x€A and |y|<|x| = y€A.

Definition 2.12. [4] Let G be an [-group. A Riesz space E iscalled a Riesz |G— module
if the group action G on E denotedby gox € E forall g € G and x € E and has the
following properties
(i): eox=x
(ii): (gxh)ox=go(hox)
(iii): go (rx+sy) =r(gox)+s(goy)
(iv): |glo(xAy)=(glox)A(lg] o)
[glo(xvy)=(lglox)V(lgley)
(gAh)o|x|=(go|x[)A(ho]x])
V(

(gVh)olx|=(gofx])

ho|x|) for all g,h €G, x,y €E, r,s €R.

Remark 2.13. [4] g c0=0 forall g€ G.

Example 2.14. [4] R? isa Riesz IG— module under the action of R, the set of positive

real numbers, where the group action is defined by ro (x,y) = (rx,ry), for r € RT and

(x,y) € R%.

Definition 2.15. [4] Let E be a Riesz [G— module. A vector sublattice (Riesz sub-
space) F of E is a Riesz |G— submodule or RIG—submodule of E if F itself is a

Riesz |G— module under the same action of G as that on E.

3. MAIN RESULTS

Theorem 3.1. Let E be a Riesz |G— module. Then Gt maps E* into E™.
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Proof. Let x,y €E and § € G".
By condition (iv) in the definition of a Riesz [G— module, x < y showsthat gox < goy.

Now, 0 < x = 0=2g00 < g o x.Hence,§ ox cE™. O

Theorem 3.2. G sends a Riesz subspace (vector sublattice) to a Riesz subspace (vector

sublattice).

Proof. Let E be a Riesz [G— module and K be a Riesz subspace (vector sublattice) of E.
Then for ¢ € G', we show that K = {80 x: x€ K} isaRiesz subspace (vector sublattice) of
E. First, note that K is non empty, for, 0=g o 0 € K . Let x,yEK, §€G" andr € R. Then
x+y, rx, xAy, xVyeK.Now g o x+g o y=8 o(x+y) €K . Also, r(§ox)=go(rx) €K .
gox A goy=go(x Ay)eK and gox V goy=go(x Vy) e K.Thus K is a Riesz

subspace (vector sublattice) of E. ]

Definition 3.3. A Riesz IG— module E is said to be distributive RIG— module, if go (xA

y) =goxAgoy and go(xVy)=goxVgoy holds forall geG.

Example 3.4. The real plane R?* is a distributive RIG— module under the action (as in

Example 2.14 ) of the group R™T.

Theorem 3.5. Let E be a distributive RIG— module and K be a Riesz subspace of E. For

g€G, let K = {go x: x € K} is a Riesz subspace of E.

Proof. Since E is a distributive RIG— module , from theorem 3.2 it follows that K isa

Riesz subspace of E. [
Theorem 3.6. For g €G, x €E, |g|o|x|=||g|ox | Hence, for g €G", go|x|=

| g o x|

Proof. | glo|x|=]|g|o(xV(=x))=(|g|ox)V (] g|o(—x)) (by condition (iv) in the definition
of a Riesz |G— module)

=(]glox) V —(|g|ox)=]|g]| o x|.The second result follows immediately. O

Theorem 3.7. Let x and y be two disjoint elements of E. Then gox and goy are disjoint

for all g € G,
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Proof. Letx, ye E and g € G". Since x, y are disjoint, | x| A |y| =0.
Now, 0 =go0=(go([x| A [y])) =(ge|x|)A(goly]) =|gox| A [goy| using the theorem

3.6. Hence gox and goy are disjoint. U

Definition 3.8. Two elements x and y ina Riesz [G— module E are saidtobe Rlg—disjoint
denoted by x LR& y if |go x| Algoy|=0 forsome ge GT. Thatis,if gox and goy
are disjoint for some g € G*. If xand y are Rlg—disjoint for all g € GT, then they are
called RIG —disjoint.

Remark 3.9. In a Riesz [G— module E, the identity element 0 is RIG— disjoint to all other

elements in E.
Remark 3.10. If x and y are disjoint (x L y), then they are RIG — disjoint.

Theorem 3.11. Let E be a Riesz |G— module. Let g € GT. If x andy are Rlg— disjoint,

then [go(x+y)|=[gox|+][goyl.

Proof. If x and y are Rlg—disjoint, then | go x| A | go y|=0 for g€ G*. That is,

gox and goy are disjoint. Therefore, [gox+ goy| =|gox|+ |goy|. Hence, |[go (x+y)| =

|gox|[+|goyl. O

Theorem 3.12. Let x, y€ E and fix g€ G, Let y1™ = {x:x LRIg y} denotes the set of

lg

all elements of E which are Rlg — disjoint to y. Then y LR85 a linear subspace of E.

Proof. Note that y LR s nonempty as 0 €y L Let X,z €y L% and g € G". Then
|gox|Algoy|=0 and |goz|A|goy|=0. Thatis, gox and goz are disjointto goy. Then,
(gox+goz) L goy. Therefore, go(x+z) L goy Hence x+z€y L%

Let r€ R. Now x Ly implies rx Ly. Since, x and y are Rlg — disjoint, gox is
disjoint to goy which in turn shows that r(gox) L (goy). But, r(gox) =go(rx). Hence,

ey, O

Theorem 3.13. Let E be a Riesz |G— module and y € E. For g € GT, the set of distinct

nonzero elements which are pairwise RIlg—disjoint is linearly independent.
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Proof. Let {x;:i=1,2,...,n} be a set of nonzero elements that are pairwise RIlg — disjoint.
Let xi =rmxo+rmx3+...4+rx, forr; e R, i=2,3,...,n From theorem 3.12, it follows
that x; LR ryxp +r3x3+ ...+ rux,. Then x; LR x;. Thatis, |goxi|A|goxi|=0.Hence,

|goxi| =0. Thatis, gox; =0 = x; =0 which contradicts the choice of elements. L]

The positive cone Gt maps E* onto ET (3.1) . This made us to define the following.

Definition 3.14. ;€ ET = goz € E™ forall g € G, then G is said to be RIG — strict on z.

The I-group G is said to be RIG —strict on E,if G is RIG —strict on x forevery x € E™.

Theorem 3.15. Let E be a Riesz |G— module and x,y € E. Then G is RIG — strict on E

ifandonly if x<y<=gox<goy forall gecG.

Theorem 3.16. Let E be a Riesz |G— module and I is an ideal of E. Let g € G". Suppose
that G is RIG — strict on E. Then I ={gox:x¢&l} isan ideal of E.

Proof. Theorem 3.2 shows that [ is a Riesz subspace of E.Now, let x€l and gec G'.
Then gox €1.Choose y € E such that |goy| < |gox|, then, go|y| < gol|x|. Since G is
RIG —strict onE, |y| <|x]|. Since, I is anideal,y €I andthus goy € I Thus, I is an ideal
of E. 0

Definition 3.17. Let E be a Riesz |G— module and S be a vector subspace of E. Then S is
called a RIG— semi solid in E if forany g€ G, x€S,y€E, |goy|<|gox|] = y€eS.

Theorem 3.18. Let E be a Riesz |G— module and D be a nonempty subset of E*. Let
D = {x:x 1R y forall ye D}. Then DX isa RIG—semi solid in E. The set D"

denotes the setof all elements of E that are Rlg— disjoint to every y € D.

Proof. Since 0 € D™ itis nonempty. Theorem 3.12 shows that D™ is a vector subspace
of E.

Let x€ DX yeD,z€ E and g€ G'. To prove D™ is RIG—semi solid, we prove that
if x LRIg y |goz| < |gox| = z LR/ y. For that, let |goz| < |gox|. Then [goz|A|goy| <

|gox| A|goy| =0. Therefore, |[goz| Algoy| = 0. Thus, z L Rig y. O

Theorem 3.19. Intersection of any two RIG—semi solids is again an RIG— semi solid.
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Proof. Let E be Riesz |G— module and I;, I, be two RIG—semi solids in E. Then I) N1
is a vector subspace of E. Let z € E. Suppose x € Ij N, and |[goz| < |gox|. Since,
x€l:|goz] < |gox| = z€I. Since,x€l,:|goz] < |gox|] = z € L. Therefore,

zelinkh. 0J

Definition 3.20. Let D be a nonempty subset of E. The intersection of RIG—semi solids in
E containing D is an RIG—semi solid in E and contains D. It is called an RIG—semi solid

generated by D. If D contains only one element, then it is called a principal RIG—semi solid.
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