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Abstract. In this work, we introduce and examine (m;M; @) h-convex, (m;M; @) Jensen h-convex and (m; M; @, )-
Schur h-convex stochastic processes. Also some characterizations of (m; M; ¢)-Wright h-convex stochastic process
are given, where % : (0,1) — R is a positive function with A(¢) <t for any ¢ € (0, 1).
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1. INTRODUCTION

Recently much attention has been given to the theory of convexity due to its great importance
in other fields of pure and applied sciences.
In this paper we present some results concerning (m;M; @) h-convex, (m; M; ¢)Jensen h-convex,

(m; M, @,)-Schur h-convex and (m;M; ¢)-Wright h-convex stochastic processes.

2. PRELIMINARIES

Let (Q, <7, P) be a probability space and I C R is an interval.
A function X : Q — R is a random variable if is .&/-measurable.
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A stochastic processes is defined as function X : I x Q — R if for every ¢ € I, the function
X (t,.) is a random variable.

Recall that the stochastic process X : [ x € — R is called:

(1) Continuous in probability in interval /, if forall 7y € I :
P— tlgg X(t;.) = X (to;.). Where P —lim denotes the limit in probability.
(2) Mean square continuous in the interval /, if for all ¢y € I:
lim E | (X (3-) = X (t0; N2 =o0.
Where E[X (¢;.)] denote the expectation value of the random variable X (¢, .).
Recall also that a stochastic process X : I x Q — R is called:
- convex if for all a,b € I and t € [0, 1], the following inequality holds:
X(ta+ (1—1)b,-) <tX(a,")+(1—1)X(b,")
If the above inequality is assumed only for t = %, then the process X is Jensen-convex.
- h-convex if for all A € [0,1] and a,b € I the inequality:
X(Aa+(1—=A)b,.) <h(A)X(a,.)+h(1—A)X(b,.) is satisfied. Where i : (0,1) — R be a pos-
itive function , i # 0.
- Wright-convex if for all ¢,b € I and ¢ € [0, 1], the following condition holds:
X(ta+(1—1)b,-)+X((1—t)a+1b,-) <X(a,-)+X(b,-)
-Additive if for all a,b € I, the following condition holds: X (a+b,-) = X (a,-) +X(b,-)
Let x = (x1,...,%,),y = (V1,-..,yn) € I",( the integer n > 2 ). We say that x is majorized by y
and write x <y, if there exists a doubly stochastic n X nmatrix P such that x =y - P.
Note that the stochastic process X : I x Q — R is called Schur-convex if for all x,y € I'":
x2Xy = X(x,) <X()
The notion of (m;¥)-lower convex , (M;¥)-upper convex and (m,M,¥)-convex function was
introduced by Dragomir [1].

For more informations we refer to [2, 3, 5, 6, 10, 12, 13, 14].

3. MAIN RESULTS

For the next results we consider m,M € R and I C R.
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Definition 3.1. Let z2: (0,1) — R be a positive function , s # 0.
Let ¢ : I x Q — R is h-convex stochastic process.

We say that a stochastic process X : I x Q — R is (m;M; @) h-convex if:

X —m@ isconvex (1)
and
Mo —X isconvex (2)

If only condition (1) is satisfied, we say that X is (m; @) -lower h — convex, but if only

condition (2) is satisfied, we say that X is (M;@) -upper h-convex.

Proposition 3.2. Let h: (0,1) — R be a positive function ,h # 0 with h(t) <t for anyt € (0,1)
Let ¢ : I x Q — R is non negative, h-convex stochastic process .

Then the stochastic process @, : I" x Q — R defined by:

On (X1, %0, @) = @ (x1,@) + -+ @ (x,®), (X1,...,%,,®) € I" X Q is schur convex for all

integrn>72.
Proof. Letx = (x1,...,%,);y= (¥1,-..,yn) € I" such that x < y,then:
n n
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Definition 3.3. Let 22: (0,1) — R be a positive function , s # 0.

Let ¢ : I x Q — R is h-convex stochastic process.

Let ¢, : I" x Q — R the stochastic process given by:

On (X150, X0, @) = @ (x1,0)+ -+ @ (X, ®)

We say that a stochastic process X : I" x Q — R is (m;M; ¢,) -Schur
h — convex if for all x,y € I":

X=Xy = X(x5.) < X(v:2) = m(9a(y:.) — Pu(x:.)) (3)

and
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X2y = X)) = X(y5) =M (@alys) — @ulx;.)) (4)

Remark 3.4. -If only condition (3) is satisfied, we say that X is (m; ¢,) -lower Schur hA—convex.
— Ifonly condition (4) is satisfied, wesay that X is (M ¢,) -upper Schur A-convex.
Theorem 3.5.
Let h: (0,1) — R be a positive function ,h # 0 with h(t) <t for anyt € (0,1)
Let ¢ : I X Q — R is non negative, h-convex stochastic process .
Let @, : I" x Q — R the stochastic process given by:
On (X153 %0, @) = @ (x1,0)+ -+ @ (X, @), (X1,...,%, @) €EI" X Q.
Let X : I x Q — R be a stochastic process,and S, : I'' X Q — R be a stochastic process such
that: Sy (x1,..., Xy, @) =X (x1;0) + -+ X (xn; ®)
(i) If Xis(m, @) -lower h-convex, then the stochastic process S, is (m,@,) -lower Schur h-
convex
(ii) If X is (M, @) upper h-convex, then the stochastic process Sy is (M, ®,) -upper Schur
h-convex
(iii) If X is (m,M , @)-h-convex, then the stochastic process S, is (m,M, ®,) Schur h-convex.
Proof.
(1) Let x;y € I"" with x <y There exists a doubly stochastic matrix P = [t,- j} such thatx =y - P
then: Xis (m, @) -lower hconvex,so the stochastic process Y = X — m@ is hconvex, by using the
previous propostion,we have Y (x1;.) +---+Y (xp;.) isschur convex.T hen,
Sn(x:) Y (i) - +Y i) +m(@ (x13.) 4+ + @ (3.))
=X (yi )+ +X () =m(@(yis )+ + 0 (vn32))
Fm(@(ais) +o+ 0 (:)
(ii).The proof isanalogous.
(iii).From(i) and(ii) we obtain the desired result. [
In the following result we use the above theorem, to give a counterpart of the classical

Hardy-Littlewood—P6lya majorization theorem (See[4,7,8]).

Corollary 3.6. Let h: (0,1) — R be a positive function ,h # 0 with h(t) <t for anyt € (0,1)

Let ¢ : I x Q — R is non negative, h-convex stochastic process.
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Q, : I" x Q — Rthe stochastic process given by:
O (X1, %0, @) = @ (x1,0)+ -+ @ (xp,®), (x1,...,%,,®) E "X Q.
Let X : I x Q — R be a stochastic process.
Assume that x = (x1,...,X); Y= (V1,...,yn) € I" (n > 2) satisfy:
(@)x; < - <xXp,y1 <= <y
b)yr+-+w<xi+-+x,, k=1,....n—1
() yr1+-Fyn=x1++x,
(i) If X is (m, @) -lower h-convex, then:
X (x4 + X (s) SX (i) 4+ X (vns) =m (@n(y3.) = @alxs.))
(ii) If X is(M, @) -upper h-convex then:
X))+ o+ X (o) 2 X (ns) + -+ X (ns-) =M (@a(y52) — @n(xs))
(iii) If X is (m,M, @) h-convex then:
X(yis) 44X (ns) =M (@n(y;.) — ou(x:.))
<X (xp5.) 4+ X (x50
SX (s )+ X (ns) —m(@a(y:-) — @ulxs))
Proof. Recall that assumptions (a)-(c) imply x <y (see [7]) and apply theorem 3.5.
Corollary 3.7.
Let h: (0,1) — R be a positive function ,h # 0 with h(t) <t foranyt € (0,1)
Let ¢ : I x Q — R is non negative, h-convex stochastic process.
Let X : I x Q — R be a stochastic process.

(i) If X is(m, Q) -lower h-convex, then:

(X — mo) (x_ﬁxﬁ'“xa.) _ I (X —me) (i)

n o n
(ii) If X is (M, @)-upper h-convex, then:

i (X —Mo) (x;,.)

(X —Mo) (X1 +XQ+"-X,,7.>

>

Proof. Letx = % (x1+ -+ +x,). Then (X,...,X) < (x1,...,X,)

By using theorem 3.5,we obtain the desired result.
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Definition 3.8. Let /2: (0,1) — R be a positive function , s # 0.
Let ¢ : I x Q — R is h-convex stochastic process.
We say that a stochastic process X :1x Q — R is (m, @) -lower Jensen h-convex if the sto-
chastic process X —m@ is Jensen — convex.
Alsothe stochastic process X: IxQ — R is called (M, @)— upper Jensen h-convex if the sto-
chastic process M ¢ — X is Jensen-convex.
We say that X : 1 x Q — Ris (m,M, ¢)— Jensen h-convex if it is (m, @) -lower Jensen h-convex

and (M, @) -upper Jensen h-convex.

Now,We will proves that stochastic processes generating (m,M, ¢,) -Schur h-convex sums

must be (m, M, @) -Jensen h-convex.

Theorem 3.9. Let h: (0,1) — R be a positive function ,h # 0 with h(t) <t for anyt € (0,1)
Let ¢ : I x Q — R is non negative, h-convex stochastic process.

Q, : I" x Q — Rthe stochastic process given by:

O (X1, %0, @) = @ (x1,0)+ -+ @ (xp,®), (x1,...,%,,®) E " X Q.

Let X : 1 x Q — R be a stochastic process,and S, : I'' X Q — R be a stochastic process such
that: Sy (x1,..., X%, @) =X (x1;0) + -+ X (xn; ®)

For some n > 2 we have:

(i) If the stochastic process S, is (m, Q,) -lower Schur h-convex, then X is (m, @) -lower Jensen
h-convex.

(ii) If the stochastic process Sy is (M, ®,) -upper Schur h-convex, then X is (M,®) -upper
Jensen h-convex.

(iii) If the stochastic process Sy is (m,M, @) -Schur h-convex, then X is (m,M, @) - Jensen h-

convex.

Proof. (i) Take y;,y, € [ and put x; = x = % (y1 +y2).

Lety = (y1,¥2,¥2,---,¥2), X = (X1,X2,)2,...,¥2) (if n =2, we take y = (y1,y2) ,x = (x1,X2)) .
then x <y, we get: S,(x;.) < Su(y;.) —m(@,(y;.) — @u(x;.)) . Then

2X (yl%) SX(yl;-)+X(yz;-)—m(fp(yl;-)+<P(yz;-)—2<P (y“;yz;.»
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So, for Y =X —m@ we have

oy y1+y2;‘ _ox y1+y2;. —me y1+y2;.
2 2 2

<X (i) +X () =m (@ (i) + ¢ (v234))
=Y (yi;.)+Y (v23.)

Then X is (m, @) -lower Jensen h-convex.

(i1) The proof is analogous.

(ii1) From (i) and (ii) we obtain the desired result.

Definition 3.10. Let 2: (0,1) — R be a positive function ,i # 0.

Let ¢ : I x Q — R is h-convex stochastic process.

We saythat astochastic process X : I xR — R is (m, @) -lower Wright h-convex ((M, ¢) upper
Wright-h-convex ) if the stochastic process X —m (the stochastic process M@ — X ) is Wright
convex.

Wesaythat X: IXR — R is (m,M, ¢)— Wright-h-convex if it is (m, ¢) -lower Wright-h-convex
and (M, @) -upper Wright h-convex.

The next theorem is a counterpart of the result of Ng [9] on functions generating Schur-

Cconvex sums.

Theorem 3.11. Let h: (0,1) — R be a positive function ,h # 0 with h(t) <t for anyt € (0,1)
Let ¢ : I x Q — R is non negative, h-convex stochastic process .

@O, : I" x Q — R the stochastic process given by:

O (X153 X0, @) = @ (X1, @)+ -+ @ (X, ®) , (X1,...,%,,®) ET" X Q.

Let X : 1 x Q — R be a stochastic process,and S, : I'' X Q — R be a stochastic process such
that: Sy (x1,..., %, @) =X (x1;0) + -+ X (x,; ©):

(i) If X is (m,@) -lower Wright h-convex,then for every n > 2, S, is (m, @) -lower Schur-h-
convex.

Conversely if for some n > 2, S, is (m,@,) -lower Schur h-convex then X is (m,@) -lower

Wright h-convex.
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(ii) If X is (M, @) -upper Wright h-convex,then for every n > 2, S, is (M, @,) -upper Schur h-
convex.

Conversely if for some n > 2, S, is (M, @,) -upper Schurh-convex then X is (M, @) -upper
Wright h-convex.

(ii))If X is (m,M, @) - Wright h-convex,then for every n > 2, Sy, is (m,M, @,) - Schur h-convex.
Conversely if for some n > 2, Sy is (m,M, @,) - Schur h-convex then X is (m,M, @) - Wright h-
convex.

Proof.

=)

Suppose X is (m, @) -lower Wright h-convex .

Then the stochastic process Y = X —m¢@ is Wright convex, it is of the form ¥ =Y; + A, where
Y} is convex and A is additive (See[11]).

For x = (x1,...,%,) <y = (y1,---,Yn), We have

Y(xi3.) 4+ +Y (x05.) <Y (yi5.)+-+Y (V3 -)

So,

X))+ +X () —m(Q(xp5.)+-+ @ (x45.))
<Xz )+ A X ns) —m (@15 ) -+ @ (as-))

Then:
Sn(x;.) < Su(ys.) —m(@u(ys-) — @u(x;.))

Then: S, is (m, ¢,) -lower Schur h-convex.

<)

Suppose S, is (m, ¢,) -lower Schur h-convex. Take y;,y, € and r € (0,1)

Putx; =ty;+(1—1t)ys, xp=(l—t)yi+tyyandx;=y;=z€lfori=3,...,n. (forn>2)
Then: x = (x1,...,%,) 2y = (V1,---,Vn)-

Using (3), we get S, (x;.) < Su(ys.) —m(@a(y:.) — @n(x;.))
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Then:
X (tyr+(L=1)y2;.) + X ((L—=1)y1 +1y23.)
<X () +X (2) —m(@(yi3.) @ (v2s) — @ (x13.) — @ (x23.))

Then, for Y = X —m¢@ we obtain:

Y (tyr+ (1 —=1)y2;.) +Y (1 —1)y1 +1y2;.)
=X (ty1 + (1 =1)y2;.) + X (1 —t)y1 +1ty25.) —m@ (tyr + (1 —1)y2;.)

—m@ ((1—1)y1+1y23.)
<X (yi3.) +X (v23.) =m@ (y1:.) =m@ (y23.) =Y (y1:.) +Y (323.)
This shows that X is (m, @) -lower Wright h-convex.
(i1).The proof is analogous of (i).

(ii1) from (i) and (ii) we obtain the desired result. O]

Now,we establish a representation for (m, M, @) -Wright h-convex sthocastic process.

Theorem 3.12. Let h: (0,1) — R be a positive function ,h # 0 with h(t) <t for anyt € (0,1)
Let @ : I x Q — R is non negative, h-convex stochastic process .
Let X : I x Q — R be a stochastic process :
(i) X is (m,Q) -lower Wright h-convex if and only if X =Y| + H].
Where Yy is (m,@)-lower h-convex and Hy : I x Q — Ris additive
(ii)) X is (M, @) -upper Wright h-convex if and only if X =Y, + H;.
Where Y, is (M, ®)-upper h-convex and H, : I x Q — R is additive.
(iii) X is (m,M, @) - Wright h-convex if and only if X = Y3 + H3.
Where Y3 is (m,M,@)-h-convex and H3 : I x Q — R is additive.

Proof. 1)=)

Suppose X is (m, @) -lower Wright h-convex, then Z = X — m¢ is Wright convex. Then, there
exist a convex stochastic process Z; : I x  — R and an additive stochastic process Hy : [ X Q —
Rsuchthat Z=Z7;+ H; .

Then Y; = Z; +me is (m, ¢)-lower h-convex and X =Z+m¢p =Z; +H| +mo =Y + H,

Then we obtain the desired result.



ON (m;M;@,) SCHUR h-CONVEX STOCHASTIC PROCESS 3611
<)
If X =Y, + H) where Y] is (m, @)-lower h-convex and H; additive, then X —m¢@ =Y, —m@ + H)
is Wright-convex as a sum of a convex stochastic process and an additive stochastic process.
Then X is (m, @) -lower Wright h-convex.
i1) The proof is similar.
iii):=)
If X is (m,M, @) Wright-h-convex, then X —m¢ and M ¢ — X are Wright-convex. Then
X—mp=Z72+Gyand Me—X = Z;+ G, with some convex stochastic processes Z1,Z; and
additive stochastic process G1,G,. Hence G|+ Gy, = (M —m)Q — (Z, + Z»).
We have: G = G| + G, is additive. Let H3 = G and Y3 = X — H3. Then:
Ys—mop=X—-—H3—mp =12,
Since Z; is convex,then Y3 is (m, @)-lower convex .
Also: Mo —Y3s=M@—X+H3s=27Z,+Gy+H3=2Z,+G 1isconvex, then Y3 is (M, ¢)-upper h-
convex.
Consequently, Y3 is (m,M, @)- h-convex and X = Y3 + Hj.
<)
If X = Y3+ Hs, where Y3 is (m,M, @)-h-convex and Hi : I x Q — R is additive, then, by (i)
and(ii) X is (m, ) -lower Wright h-convex and (M, y) -upper Wright h-convex. Then X is
(m,M, @) -Wright h-convex.
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