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Abstract. In this paper, Firstly we have defined the involute curves of the dual spacelike curve M, with a dual

spacelike binormal in dual Lorentzian space IDf. We have seen that the dual involute curve M, must be a

dual timelike vector. Secondly, the relationship between the Frenet frames of couple of the timelike —spacelike
involute — evolute dual curve has been found and finally some new characterizations related to the couple of the
dual curve has been given.

Keywords: dual lorentzian space, dual involute — evolute curve couple, dual frenet frames.

Mathematics Subject Classification (2000): 53A04, 53

1. Introduction

The consept of the involute of a given curve is a well-known in 3-dimensional
Euclidean space IR® [7,8,9,12,13]. Some basic notions of Lorentzian space are
given ,[3,10,14,15]. M, is a timelike curve then the involute curve M, is a spacelike curve
with a spacelike or timelike binormal. On the other hand, it has been investigated that the
involute and evolute curves of the spacelike curve M, with a spacelike binormal in

Minkowski 3-space and it has been seen that the involute curve M, is timelike, [4,5]. The

involute curves of the spacelike curve M, with a timelike binormal is defined in MinkowskKi
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3-space IR}, [2]. Lorentzian angle defined in,[11]. W.K. Clifford, introduced dual numbers as

the set |D={i=z+g,1* LA elR, &=0 for g¢0},[6].

Addition, product, division and absolute value operations are defined on ID like below,

respectively:
(A+ed")+(B+8B")=(A+B)+e(A + ),
(A+e2")(B+eB")=2AB+e(AB +2°B),

A+ed A (/1* /w*j
="t =2,
p+ef B\ B B

[A+e47| =4

|D3:{7x:a+ga

a3 e IR3}. The elements of ID%are called dual vectors . On this set

addition and scalar product operations are respectively

®:1D*xID* — ID®
(AB) »A®B-a+b+s(a +b |

0 :1IDxID* — ID®
(A) >4 A=(+ar’) (a+ea |=2a+e(2a +2a),

The set (1D*, @) is a module over the ring (1D, +,-). (1D—Modul).

The Lorentzian inner product of dual vectors A, B e ID® is defined by

(AB)=(ab)+e((ab )+(a b))
with the Lorentzian inner product a=(a,,a,,a,) and b=(b,,b,,b,) € IR’
<§, 5> =—ab, +ab, +ah,.

Therefore, ID® with the Lorentzian inner product <K,§> is called 3-dimensional dual

Lorentzian space and denoted by of 1D} = {K= a+ea ‘5, ac IRf} :
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A dual vector A=a+ea e ID} is called

A dual space-like vector if a is spacelike vector ,

A dual time-like vector if a is timelike vector,

A dual null(light-like) vector ifa is lightlike vector .
For A=0, the norm HKH of A=a+ea e ID? is defined by
6E)

fio.

4= (AR = e+ B

The dual Lorentzian cross-product of A, B e ID? is defined as
AnB=anb+s(anb +a nb)

with the Lorentzian cross-product a , b € IR?
anb=(ab, ~ab; ab,~ab,ab, ~ah) [17]

Dual Frenet trihedron of the differentiable curve M in dual space ID; and instantaneous dual

rotation vector have given in ,[1,16].

The dual angle between A and B is ® =¢+&¢", such that

sinh® =sinh(p+&¢") =sinh g+ £p” cosh g,

cosh® = cosh(¢p+&p”) = cosh p+ £¢”sinh .

The dual Lorentzian sphere and the dual hyperbolic sphere of 1 radius in IR} are defined by

S? :{A:a+gao‘ |A|=(1,0);a,a, € IR}, and a is spacelike},

HZ :{A:a+ga0‘ |A|=(10);a,a, € IR, and a is timelike}

respectively ,[15].
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2. Preliminaries

Lemma 2.1 Let X and Y be nonzero Lorentz orthogonal vektors in ID}. If X is timelike,

then Y is spacelike, [11].

Lemma 2.2 Let X,Y be pozitive (negative) timelike vectors in ID}. Then (X,Y)<|X|||Y]|

with equality if and only if X and Y are linearly dependent, [11].

Lemma 2.3.

i) Let X and Y be pozitive (negative) timelike vectors in ID;. Then we have (X,Y)<|X]|V[.

there is a unique non negative dual number CD(X,Y) such that

(X¥) = X[V feoshao(x.Y)
where <D(X,Y) is theLorentzian timelike dual angle between X and Y .
ii ) Let X and Y be spacelike vectors in ID] that span a spacelike vector subspace. Then we
have \(XY)\ <|X|I¥ |- Hence, there is a unique dual number ®(X,Y) between 0 and 7 such
that
(X Y)=[x][Y[cos(X.Y)
where <D(X,Y) is the Lorentzian spacelike dual angle between X and Y .
iii ) Let X and Y be spacelike vectors in ID}that span a timelike vector subspace. Then

wehave |(X,Y)|>|X]|Y|. Hence, there is a unique positive dual number ®(X,Y )such that

(X.Y) =[X[[lY[[cosh & (X.Y)
where @ (X,Y) is the Lorentzian timelike dual angle between X and Y .
iv) Let X be a spacelike vector and Y a positive timelike vector in ID;. Then there is a unique

non negative dual number ®(X,Y) is the Lorentzian timelike dual angle between X and

Y,such that
(XY )=|X||V]sinh &> (X,Y),[11].
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Let {T, N, B} be the dual Frenet trihedron of the differentiable curve M in the dual space ID;

and T =t+st” ,N=n+en” and B=b+sb" be the tangent, the principal normal and the
binormal vector of M, respectively. Depending on the causal character of the curve M , we
have an instantaneous dual rotation vector:

Let M be a unit speed timelike dual space curve with dual curvature x =k, + &k,

and dual torsion =k, +¢k;.The Frenet vectors T, N and B of M are timelike vector,

spacelike vectors, spacelike vector, respectively, such that

TAN=-B , NAB=T , BAT=-N. (2.1)
From here

T’ 0 ~ O|T
N'|=lx 0 —||N| ,[18]. (2.2)
B’ 0 r 0|B

(2.2) leaves the real and dual components

t’ 0 k 0 |t
n"|=|k —k, || n
b’ 0 k, O ||b

The Frenet instantaneous rotation vector W of the timelike curve is given by

W =T —«B, [14]. (2.3)

(2.3) leaves the real and dual components

w=k,t—kb

W =Kt +kt —kb—kp’
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Let ®=¢p+ep be a Lorentzian timelike dual angle between the spacelike binormal unit
vector B and the Frenet instantaneous dual rotation vector W.Then C =c+&c” is a unit dual
vector in direction of W :

a) If x| >|z|, W is a spacelike vector. In this station, we can write

Kk =|W|cosh®
W =(ww) =« —7F (2.4)
r=|W|sinh®
and
C =sinh®T —cosh ®B. (2.5)

b) If || <|z|, W is a timelike vector. In this station, we can write

Kk =|W|sinh @
W = ww) = —(x* - 2%) (2.6)
r=|W||cosh®
and
C =cosh®T —sinh ®B . (2.7

Let M be a unit speed dual spacelike space curve with spacelike binormal. The Frenet

vectors T, N B of M are spacelike vector, timelike vector, spacelike vector, respectively,

such that
TAN=-B , NAB=-T , BAT =N. (2.8)
From here,
T’ 0 ~ Ol T
N'|=lx 0 z| NJ,[18]. (2.9)
B’ 0 r 0| B

(2.9) leaves the real and dual components
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0 k ot} [o k o7t
n"|=lk; 0 Ky|In|+|k, 0 k,|n
5| |0 K ofbl o k, ob

and the Frenet instantaneous rotation vector for the spacelike curve is given by

W =—7T +xB,[14]. (2.10)

(2.10) leaves the real and dual components

‘w=—k,t+kpb,

W =—kt—k,t"+kb+kb"
Let ®=¢+sgp be a dual angle between the Band the W . IfB and W spacelike vectors that

span a spacelike vector subspace, we can write

Kk =|W|cos®
W= (W) =k 477 (2.12)
7 =|W||sin®
and
C=-sin®T +cosPB . (2.12)

Let M be a unit speed dual spacelike space curve. The Frenet vectors T ,N andB of M are

spacelike vector, timelike vector and spacelike vector, respectively, such that

TAN=B , NAB=-T , BAT =—N. (2.13)
From here

T’ 0 ~ OfT
N'|=|-« 0 || N|,[18]. (2.14)
B’ 0 r 0|l B

(2.14) leaves the real and dual components
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[t 0 k O]t

n|={-k, 0 Kk,|In

| [0 k O0]b

"1 To k olft][o k o]t
n"|=|-k; 0 kj|n|+|-k 0 Kk, |[n
bl 10 K ofb] [0 Kk ofb

and the Frenet instantaneous dual rotation vectorW of the spacelike curve is given by

W =7T —xB, [14].
(2.15) leaves the real and dual components

W=kt —kjb,

w =Kt+kt —kb—kp"
Let ®=p+cp be a Lorentzian timelike dual angle between the B and W :
a) If |«|<|z|, W is a spacelike vector. In this case, we can write
b)
Kk =|W/|sinh @
W = W) =2

3

7 =|W/|cosh®

and
C =cosh®dT —sinh®B .

c) If |«|>|z|, W is a timelike vector. In this case, we can write

Kk =|W|cosh @

W= (W)= (" &%)

r=|W/|sinh®

and
C =sinh®T —cosh ®B .

1815

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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3. Main Results

Definition 3.1. Let M, :1 —ID} M, =M, (s) be the unit speed dual spacelike curve with
spacelike binormal and M, : 1 — 1D} M, =M, (s) be the unit speed dual timelike curve. If
tangent vector of curve M, is ortogonal to tangent vector of M,, M, is called evolute of
curve M, and M, is called involute of M,. Thus the dual involute — evolute curve couple is
denoted by (M, J#1,) . Since the tangent vector of M, is spacelike, the tangent vector of M,
must be timelike vector. So the tangent vector of M, must be timelike vector (M, ,}#,) is

called “the timelike — spacelike involute — evolute dual curve couple” .

M, i v ()

Fig. 2. Involute — evolute curve couple.

Theorem 3.1. Let (M,,/i§1,) be the timelike — spacelike involute — evolute dual curve couple.
Let {T,N,B}and {V,,V,,V,} be the dual Frenet frames of M, and M, respectively. The dual
distance between M, and M, at the corresponding points is

d(M,(s),M,(s))=|c,—s|+e&c, i, c, =constant.
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Proof. If M, is the dual involute of M, , we can write from the fig. 2
M, (s)=M,(s)+AT(s) ¥  hk=14+54 eID (3.1)
Differentiating (3.1) with respect to s we have

V, ?ji =(1+2")T+AxN
S

where s and s”are arc parameter of M, and M,, respectively. Since the direction of T is
orthogonal to the direction of V,, we obtain

A =-1.
From here, it can be easily seen

A=(c,—s)+ec, (3.2)

Furthermore, the dual distance between the points M, (s) and M, (s)

d(Ml(s),’Mz(s)):\jKﬂT(s) AT (s))
=4 +en
Since 4=(¢,—s), 4 =c,, we have

d(M,(s),M,(s))=|c, - +ec,. (3.3)

Theorem 3.2. Let (M,,i§1,) be the timelike — spacelike involute — evolute dual curve couple.
Let {T,N,B} and {V,,V,,V,} be the dual Frenet frames of M, and M, respectively, Since the

dual curvature of M, is P=p+&p , we have

oo KAk 2k, (ks ik, ) 26, (K7 +K3)

(c,—s) k? (c,—s)’k? (c,—s) Kk

where the dual curvature of M, is x =k, +&k;.

Proof. Differentiating (3.1), with respect to s, we get

dediO:%+d—/1T+/1d—T
ds ds° ds ds ds

Vldi:/llfN.
ds
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From here , we can write

V,=N (3.4)
and

di = Ak .

ds
By differentiating the last equation and using (2.9), we obtain

d—V*ldi,) = anN =xT +7B,

ds ds® ds

PV, :i(KT+TB)

From here,we have

K +1°
P2 _ ( — ) (3.5)
Fromthe factthat P=p+ep’, =4 +¢&k , kx =k +&k and r=k, +&k;, we get
(K 2skk K] +25Kk,K; )
(A7 +2e1,27 ) (K. + 22k k)
_ Kk +kZ iy 2k, (klk; _kl*kz) B 2/11*(k12 +k22)
Ak 28 Z
From here, by using 4,=(c,—s), 4, =c,, we obtain
o Kk 2k2(k1k;—k1*k2)_2c2(k12+k22) 9
(c,—s) k? (c,—s)’k? (c,—s)k? | '

Theorem 3.3. Let (M,,}#¥,) be the timelike — spacelike involute — evolute dual curve couple.
Let {T,N,B} and {V,,V,,V,} be the dual Frenet frames of M, and M, respectively. The dual

torsion = =k, +&k; of M, and the dual torsion Q=q+&q" of M, is the following equation

k' kK K, (kl’ K — kK. ) Tk, (klkl*’ KK ) (2K +2k,K; )(klkz’ kK, )

Qz(k12+k22)k1|cl_s|+g (k12+k22)k12|cl_3| ’ (k12+k22)2 k1|C1_S|
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Proof. By differentiating (3.1) three time with respect to s,we get
M, = AxN
M," = Ax’T +(Ax'— k)N + AxrB
M," = (3Anr’ = 2% T +(Ax° + At = 26"+ Ak")N +(=2x7 + 2AK'r + Axt') B

The vectorel product of M,” and M," are
M, AM," ==2%*T + A*°B = 2’k (—T +xB) (3.7)
From here, we obtain

[ ana =g (2 + 2) (3.8)

and

det(MZ', M, MZ”') = 2 (KT — k). (3.9)

det(Mzr’Mzn’Mzm)

Substituting by (3.8) and (3.9) values into Q = —, We get
H M 2! A M 2!!
(x'T—Kt")
= 3.10
Q |/1|K(K2+r2) ( )

and then substituting Q=q+¢&q, A=4+&l, , kx=k +ek and =k, +¢k, into the last

equation, we have

(kl' +g|<;*’)(|<2 vk )~ (k, +gk1*)(k2' +gk;’)
e o+ ek ) (k22 )+ (2K + 2K,k )

(kzkl' - kz'k1)+g(kl’k; kK Kk, — kl*kz’)

(JAlk +el4, |<f)((|<12 +kZ )+ e (2K + 2k2k;))

oKk kl(kl’k;—klk;')+k2(klkf'—kl'kl*)+(2klk1*+2k2k;)(k1k2'—kl'kz)
|4k, (KE ) |4k (kS +K2) Ak, (k2 K2 )
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By the fact that 4,=(c,—s), we get

kKK kl(kl'k; —klk;’)+ kz(klkl*’ —kl'k;)+(2k1k;+2k2k;)(klk2’ —kl'kz)
e, — 5[k, (k7 +k2) e, — 5|k (K7 +Kk3) &, —slk, (i€ +k22)2

(3.11)

Theorem 3.4. Let (M,,/¥1,) be the timelike —spacelike involute — evolute dual curve couple.
Let {T,N,B} and {V,,V,,V,} be the dual Frenet frames of M, and M, , respectively and

®=¢p+ep be the Lorentzian dual spacelike angle between binormal vector B and W . For

(M,,J%1,) dual curve couple, the following equations is obtained:

\'A 0 1 0 T
V, |=|—-cosh® 0 —sinh® || N
V, —sinh® 0 cosh® || B

leaves the real and dual components

v, 0 1 0 t]
V, |=|—-cose 0 —sing||n
| V3 -sinp 0 cosg || b]|

v 0 0 o0 Tt o 1 o0 ]t
V,|=¢| sinp 0 —cosg||n|+/—-cosp 0 -sing||/n
V', —cosp 0 -sing ||[b| |-sing 0 cosg ||b

Proof. From (2.11), (3.4) and (3.8), we have,

! 14
HM2 AM,

= 22 W) (3.12)

! "
M, AM,

we obtain
HMZAMJ

By using (3.7) and (3.12) and from the fact that V, =

V,=——

substituning (2.11) into the last equation, we obtain

V, =—sin®T +cosdB. (3.13)
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Since V, =-V, AV,, it can be easily seen that

V, =—cos®dT —sin®B . (3.14)

Considering (3.4), (3.13) and (3.14) according to dual components, the following equations
are obtained:

*

Vi =n+e¢n
V, =(—cosgt —sin (pb)+8[(—COS(pt* —sin gob*)+(p* (sin (pt—COS(pb)} (3.15)
V, =(-sin (pt+c05(pb)+g[(—sin ot +003q)b*)+(p*(—c05got—sin (pb)]

written (3.15) in matrix form, the proof is completed.

Theorem 3.5. Let (M,,f1,) be the timelike — spacelike involute — evolute dual curve couple,

W =w+ew and W =w-+ew be the dual Frenet instantaneous rotation vectors of M, and
M, respectively. Thus,

— 1
W=—-(-®'N+W

Proof. From (2.3), we can write
W =QV, - PV,
Using the (3.4), (3.5), (3.10) and (3.13) the equations, we have

W (K’T—KT') N \fl('2+’l'2

= - —sin®dT OB). 3.16
|/1|K(7c2+r2) |/1|K ( >IN eos ) ( )

Substituning (2.11) into the last equation, we obtain

V_V:L(KT’_K,TN—WJ
|ﬂ,|r< K° +7°
and then, we get
— 1
W=—(-®'N+W). 3.17
) .

Considering (3.17) according to dual components and substituting /11:(01—3) into (3.17), we

leaves the real and dual components
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_ —p'n+w
lc, — sk,

=3

(3.18)

-~ =o' n+w K (—pn+w)

lc, —s|k, |c, —s|k/

=

Theorem 3.6. Let (M,,/1,) be the timelike — spacelike involute — evolute dual curve couple,

C=c+sc” and C=c+&c be unit dual vector of W and W , respectively. Thus,

-’ N Nt +7°

C=- +
\/‘K‘Z +7°+ @ \/‘K‘Z +7% 4 CD’Z‘

=

Proof. From the fact that the unit dual vector of W is C = we obtain

w

E:J{?Njwz, (3.19)
K +7°+ @'
or
= -’ VK2 +1°
C=- N + (3.20)
\/‘K’Z +77+ D" \/‘K‘z +7 4 @’2‘
(3.20) leaves the real and dual components
c= - 12 - (—go’n+«/kf+kzzc).
‘kl +k, +¢'
(3.21)
¢ L —pn" -9 'n+ m ¢4 kit KKy o
ke +K; + | JZ+K2
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