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Abstract. In this paper we introduce the concept of fuzzy upper and fuzzy lower («, 3, 6, d, ¢)-continuous multi-
functions. Also, we investigate some properties of them and their decomposition. Later, in order to unify several
characterizations of some kind of fuzzy continuity, we introduced and studied generalized form of fuzzy contin-
uous multifunctions namely fuzzy upper and fuzzy lower kx’-continuous multifunctions. These multifunctions

enable us to reduce many generalized forms of continuity to a single theoretical unified framework.
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1. INTRODUCTION AND PRELIMINARIES

The theory of fuzzy sets provides a framework for mathematical modeling of those real world
situations, which involve an element of uncertainty, imprecision, or vagueness in their descrip-
tion. Since its inception thirty years ago by Zadeh [21], this theory has found wide applications
in information sciences, engineering, medicine, economics, etc.; for details the reader is re-
ferred to [11, 22]. A fuzzy multifunction is a fuzzy set valued function [4, 12, 18, 19]. Fuzzy
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multifunctions arise in many applications, for instance, the budget multifunction occurs in arti-
ficial intelligence, economic theory and decision theory. The biggest difference between fuzzy
multifunctions and fuzzy functions has to do with the definition of an inverse image. For a
fuzzy multifunction there are two types of inverses. These two definitions of the inverse then
leads to two definitions of continuity, for more details the reader is referred to [1-3, 7-8, 15-
17]. In this paper, we introduce the concept of fuzzy upper (lower) (e, 3, 0,d,¢)-continuous
multifunctions and prove that if &, B are fuzzy operators on the fuzzy topological space (X, 1)
in Sostak sense [14] and 0,6*,9 are fuzzy operators on the fuzzy topological space (Y,n) in
Sostak sense and ¢ is a proper fuzzy ideal on X [13], then a fuzzy multifunction F : X —o ¥
is fuzzy upper (resp. lower) (a,f,0 0%, d,¢)-continuous multifunction iff it is both fuzzy
upper (resp. lower) (o, f3,6,0d,¢)-continuous and fuzzy upper (resp. lower) (a,,0%,9,¢)-
continuous multifunctions. Also, we introduce new generalized notions that cover many of the
generalized forms of fuzzy upper (resp. lower) semi-continuous multifunctions.

Throughout this paper, X refers to an initial universe. The family of all fuzzy sets in X is
denoted by IX and for A € IX, A¢(x) = 1 — A(x) for all x € X (where I = [0, 1] and I, = (0, 1]).
Fort € 1, t(x) =t for all x € X. All other notations are standard notations of fuzzy set theory.
Also, let us define the fuzzy difference between two fuzzy sets A, u € IX as follows:

AT = 0, if A<u,
A AUC, otherwise.
An applications o, 8, idx X x I, — IX are fuzzy operators on X and 0, 9, idy L Ay
are fuzzy operators on Y. Recall that a fuzzy idea £ on X [13], is a map £ : IX — I that satisfies
the following conditions:

OVA,ueXand A <pu=L(u) <L)

)V A, u el = 0AVu)>LA)AL(u).

Also, / is called proper if £(1) = 0 and there exists y € IX such that /(i) > 0. The simplest

fuzzy ideal ¢y on X defined as follows:

0, otherwise.
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Let (X, 1) be a fuzzy topological space in Sostak sense [14]. The closure and the interior of
any fuzzy set A € IXdenoted by C;(A,r) and I:(A,r). Any fuzzy set A € IX is called r-fuzzy
preclosed [10] iff C¢(Iz(A,r),r) < A, where

PCr(A,r) = /\{,u e X : A <, wis r-fuzzy preclosed} [10].

A mapping F : X —o Y is called a fuzzy multifunction [5] iff F(x) € I' for each x € X. The
degree of membership of y in F(x) is denoted by F(x)(y) = Gp(x,y) for any (x,y) € X x Y.
Also, F is a Crisp iff Gg(x,y) = 1 foreach x € X, y € Y and F is Normalized iff for each x € X,
there exists yg € Y such that Gr(x,yo) = 1. The image F(A) of A € IX, the lower inverse F'(u)
and the upper inverse F“ (i) of u € IY are defined as follows: F(A)(y) = V,ex[GrF (x,y) AA(x)],
FH()(x) = Vyey [Gr(x,9) A (3] and F¥(1) (¥) = Ayey [G (x,%) V u(3)]. All definitions and

properties of image, upper and lower are found in [1].

2. ONFuzzy UPPER AND LOWER (@, f3,0,0,/)-CONTINUOUS MULTIFUNCTIONS

Definition 2.1. Let F : (X,7) — (Y,n) be a fuzzy multifunction (resp. normalized fuzzy
multifunction). Then F is said to be fuzzy lower (o, 3, 0,d,{)-continuous (resp. fuzzy upper
(a,B,0,0,¢)-continuous) iff for every u € I and r € I, £[o(F (9 (u,r)),r) A B(F (8(u,7)),r)]
> N (u) (resp. Lla(F(d(u,r)),r) ABF“(O(u,r)),r)] = n(u).)

We can see that the above definition generalizes the concept of fuzzy upper (resp. lower)
semi-continuous multifunction [1], when we choose, & = identity operator, 3 = interior operator,

0 = identity operator, d = identity operator and ¢ = /.

Let us give a historical justification of the above definition:
1. In 2015, Abbas [2] defined the concept of fuzzy lower almost continuous (resp. fuzzy up-
per almost continuous) multifunction: V' € I¥ with () > r, F!(1) < I(F!(Iy(Cy (1, 7),7)),7)
(resp. F"(u) < Iz (F"(Iy(Cy(u,r),r)),r)). Here o = identity operator, 3 = interior operator, 6
= interior closure operator, d = identity operator and ¢ = /.
2. In 2015, Abbas [2] defined the concept of fuzzy lower weakly continuous (resp. fuzzy

upper weakly continuous) multifunction: V. p € I¥ with n(u) > r, F!(u) < I.(F'(Cy (1, 7)),7)
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(resp. F“(u) < It(F"(Cy(u,r)),r)). Here o = identity operator, 8 = interior operator, 6 =
closure operator, d = identity operator and £ = /.

3. In 2015, Abbas [2] defined the concept of fuzzy lower almost weakly continuous (resp.
fuzzy upper almost weakly continuous) multifunction: V u € I¥ with n(u) > r, Fl(u) <
I(Co(F'(Cq(u,7)),7),7) (resp. F*(u) < It(Ct(F"(Cn(u,r)),r),r)). Here a = identity opera-
tor, B = interior closure operator, 6 = closure operator, d = identity operator and £ = £.

4. In 2014, Hebeshi [6] defined the concept of fuzzy lower precontinuous (resp. fuzzy upper
precontinuous) multifunction: ¥ € IV with n(u) > r, F/(1) < I(C(F'(u),r),r) (resp.
F'(u) < I;(Cc(F*(u),r),r)). Here o = identity operator, 8 = interior closure operator, 6 =
identity operator, d = identity operator and £ = £.

5. In 2014, Hebeshi [6] defined the concept of fuzzy lower strongly precontinuous (resp.
fuzzy upper strongly precontinuous) multifunction: F!(u) < I;(PC(F'(u),r),r) (resp. F*(u) <
I:(PCL(F*(u),r),r)) ¥V wel¥ withn(u)>r. Here o = identity operator, 3 = interior pre-
closure operator, 6 = identity operator, d = identity operator and ¢ = .

6. In 2015, Hebeshi [7] defined the concept of fuzzy lower strongly semi-continuous (resp.
fuzzy upper strongly semi-continuous) multifunction: ¥ u € I¥ with n(u) > r, Fl(u) <
L(Cr(I(F' (), r),r),r) (resp. F*(u) < I(Cr(I:(F*(u),r),r),r)). Here & = identity operator,
B = interior closure interior operator, 6 = identity operator, d = identity operator and ¢ = /.

7. In 2015, Hebeshi [7] defined the concept of fuzzy lower almost strongly semi-continuous
(resp. fuzzy upper almost strongly semi-continuous) multifunction: V u € 1Y with yu =
In(Co (7)), FU(R) < Te(Colle(F (),r),),r) (resp. FU() < Ie(CelTe(F(1),r),r), ).
Here a = identity operator, B = interior closure interior operator, 6 = identity operator, d =
identity operator and ¢ = {.

8. In 2015, Hebeshi [7] defined the concept fuzzy lower weakly strongly semi-continuous
(resp. fuzzy upper weakly strongly semi-continuous) multifunction: ¥V u € IV with n(u) > r,
F'(W) < Ie(Ce(Ie(F'(Cn(t, 7)), 7),7),7) (resp. F*(u) < Ie(Ce(Le(F*(Cy(1,7)),7), 1), 7). Here
o = identity operator, 3 = interior closure interior operator, 6 = closure operator, d = identity

operator and ¢ = /.
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9. In 2015, Abbas [3] defined the concept of fuzzy lower semi-precontinuous (resp. fuzzy upper
semi-precontinuous) multifunction: V. u € I¥ with n(u) >r, F! (1) < C:(I:(CL(F' (1), r),7),7)
(resp. F*(u) < Ce(It(C(F"(u),r),r),r)). Here o = identity operator, 3 = closure interior clo-
sure operator, 6 = identity operator, d = identity operator and £ = /.
10. In 2016, Hebeshi [8] defined the concept of fuzzy lower almost semi-precontinuous (resp.
fuzzy upper almost semi-precontinuous): F'(u) < Cr(Iz(Co(F'(u),r),r),r) (resp. F“(u) <
Ce(I(Ce(F*(1),r),r),r) ¥V w eI’ with u = Iy(Cp(u,r),r). Here o = identity operator, § =
closure interior closure operator, 6 = identity operator, d = identity operator and ¢ = £.
11. In 2016, Hebeshi [8] defined the concept of fuzzy lower weakly semi-precontinuous (resp.
fuzzy upper weakly semi-precontinuous): F!(u) < C¢(It(C(F!(Cy(1,7)),7),7),r) (resp. F*(u)
< Co(I(Co(F“(Cq(1,7)),r),r),r)) Vuel’ with n(u)>r. Here o = identity operator, 8
= closure interior closure operator, 6 = closure operator, d = identity operator and £ = .
Definition 2.2. Let F : (X,7) —o (Y,n) be a fuzzy multifunction (resp. normalized fuzzy
multifunction). Then F is called fuzzy lower k-continuous (resp. fuzzy upper k-continuous) iff
T(F'(u)) > n(u) (resp. T(F*(u)) > n(u)) for each u € 1Y satisfies property k.

Let 6 : I' x I, — I' be an operator on (¥, 1) defined as follows:

, if satisfies property k with >,
6u(j1.r) = u u property n(u) and r € L.
1, otherwise

Theorem 2.3 (1) Let F : (X,7) — (Y,n) be a fuzzy multifunction. Then F is fuzzy lower
k-continuous iff it is fuzzy lower (id, I, 6y, id, {y)-continuous.

(2) Let F : (X,7) — (Y,7n) be a normalized fuzzy multifunction. Then F is fuzzy upper
k-continuous iff it is fuzzy upper (id, I, 6, id, {y)-continuous.
Proof. (1) (=) Suppose that F is fuzzy lower k-continuous and yu € 7.

Case 1. If u satisfies property k with n(u) > r, 6 (u,r) = p and ©(F!(u)) > r. Thus, we
obtain F' () < I:(F' (), r) = I (F'(6x(u,r)),r). Then F' (1) A I:(F' (8 (1)), r) = 0.

Hence (o[F' (1) A I(F' (6 (p,7)),7)] = 1 (1)

Case 2. If u does not satisfies property k, 8y (1, 7) = 1. Thus, we obtain F!(u) <I(F'(1),r) =
I:(F'(6(u,r)),r). Then F'(u) A I;(F'(6(u,r)),r) = 0 and hence

Co[F (1) N L (F! (B (1t, 7)), )] = M (m).-
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Then F is fuzzy lower (id, I, 6, id, {y)-continuous.

(<) Suppose there exists p € I¥ such that T(F'(u)) # n(u). There exists r € I, such that
S(F! () < r < (). Since (o[F!(11) KL (F (64 (11, ),r)] > 1(1). Thus, F!(u) A L(F! (8.(11, 1)), r) =
0 and F'(u) < I;(F'(6(u,r)),r) for each u € I'. If u satisfies property k with n(u) > r,
O (u,r) = p and hence F'(u) < I;(F'(u),r). Thus ©(F!(u)) > r, it is a contradiction. Then
7(F'(u)) > n(u) and hence F is fuzzy lower k-continuous.

(2) Similar to the proof in (1).

Definition 2.4 If o and f are operators on (X, T), the intersection operator o 1 3 is defined
as follows: (aMB)(A,r) = a(A,r) AB(A,r), VA € IX. The operators & and 8 are said to be
mutually dual if a1 f is the identity operator.

Theorem 2.5 Let F : (X,7) — (Y,n) be a normalized fuzzy multifunction and ¢ be a fuzzy
ideal on X. Let , B be operators on (X, 7) and 6, 6* and d be operators on (Y, 7). Then F is
fuzzy upper (o, 3,0116%,9,¢)-continuous iff it is both fuzzy upper (a, 3, 0,3, ¢)-continuous
and fuzzy upper (o, 3,0, d,{)-continuous.

Proof. If F is both fuzzy upper (o, f3,6,0,¢)-continuous and fuzzy upper (a,,0%,9,¢)-
continuous then for each u € IV, {[a(F*(d(u,r)),r) A B(F“(0(u,r)),r)] > n(u) and

Lla(F*(d(u,r)),r) A BF(O"(1,r)), )] = n ().
Thus, we obtain
lo(F (I (1, r)),r) N BF (O(1, 7)), )]V [a(F*(d(1,r)),r) NB(F(0"(1,r)),r)]] = n(u).

But

a(F*(d(u,r)),r) NBF“((0T167)(u,r)),7)
= a(F(d(p,r)),r) ABF(O(p,r) N (7)), 1)
= a(F(d(u,r)),r) NB(FU(O(1,r)),r) ANB(F(67(1,7)),7)]

= [a(F (1, r)),r) AB(F(O (1, r)), )]V [(F (1, r)),r) A B(FH(6" (1, 7)), r)]-

Thus, ([a(F*(d(u,r)),r) AN B(F*((6M6*)(u,r)),r)] > n(w). Then F is fuzzy upper (a, B,

01M6*,9,¢)-continuous.
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Conversely; if F is fuzzy upper (&, 8,0116*,9,¢)-continuous and i € IV, then

Ua(F (1, r)),r) NBF((6M10%)(1,r)),r)] = 1 ().

Now, by the above equalities, we get that
llo(F (A (u,r)),r)AB(F*(0 (1, r)), )]V [e(F* (I (1, 7)), r)AB(F*(6% (1, r)),r)]] = n(k).

Then Lla(F*(d(u,r)),r) AB(F“(6(u,r)),r)] = n(u) and La(F“(d(u,r)),r) A
B(F*(6*(u,r)),r)] >n(u). Hence F is both fuzzy upper («,f3,6,0,¢)-continuous and
fuzzy upper (o, 3,6*,d,¢)-continuous.
Theorem 2.6 Let F : (X,7) — (Y, n) be a fuzzy multifunction and ¢ be a fuzzy ideal on X. Let
o, B be operators on (X,7) and 6, 6* and d be operators on (Y,n). Then F is fuzzy lower
(a,B,0 1 6% d,¢)-continuous if it is both fuzzy lower (o, f3,6,d,¢)-continuous and fuzzy
lower (e, B,0%,d,{)-continuous.
Definition 2.7 Let o« and 8 be operators on (X, 7). Then a C B iff a(4,r) < B(A,r), VA € IX.
Theorem 2.8 (1) Let F: (X, 7) — (Y,n) be a fuzzy multifunction and ¢ be a fuzzy ideal on X.
Let a, B be operators on (X,7) and 6, 6* and d be operators on (Y,n) with 6 C 8*. If F is
fuzzy lower (a, 3,0, d,{)-continuous then it is fuzzy lower (o, ,0*,d,¢)-continuous.

(2) Let F : (X,7) — (Y,n) be a normalized fuzzy multifunction and ¢ be a fuzzy ideal on X.
Let a, B be operators on (X,7) and 6, 6" and d be operators on (Y,n) with 6 C 6*. If F is
fuzzy upper (o, 3,6, d,¢)-continuous then it is fuzzy upper (a, B, 0%, d, £)-continuous.

Proof. (1) If F is fuzzy lower (o, 3,6, d,¢)-continuous. Thus,

Uo(F (9, r)r) A B(F'(O(k,r)),r)] = 1 (k).

Now we know that 8 C 6%, then for every u € I, B(F'(8(u,r)),r) < B(F/(6*(u,r)),r).

Therefore
a(F'(d(u,r)),r) A B(F' (0% (u,r)),r) < a(F'(d(u,r),r) N B(F(6(u,r)),r).

Thus, ([a(F'((,r)), r)AB(F (6% (1,7)), r)] > Lla(F (9, 7)), r)AB(F! (6 (1, 7)), r)] > M (1)
Then F is fuzzy lower (a, 3,60*,9,¢)-continuous.

(2) Similar to the proof in (1).
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Definition 2.9 An operator 8 on (X, 7) induces another operator I;(f8) defined as follows:
L(B)(A,r) =I:(B(A,r),r), VA € IX. Observe that I(B,r) C B.

Theorem 2.10 Let o and 3 be operators on (X, 7), 8 and d be operators on (Y, 1) and ¢ a proper
ideal on X. If F : (X, 7) —o (Y, n) is fuzzy upper (resp. lower) (a, 3, 0,3, {)-continuous multi-
function and B[F*(u),r] < B[F*(Iy(u,7)),r] (resp. BIF'(w),r] < BIF'(Iy(u,r)), DV erl”
and r € I,. Then F is fuzzy upper (resp. lower) («, 8,1, (0),d,¢)-continuous multifunction.

Proof. If F is fuzzy upper (., 8,6, 9, {)-continuous. Thus,
a(F*((u,r)),r) AB(F*(6(u,r)),r)] = n(u).
Since BIF*(6(u,r)),r] < BIF"(In(6(u,r),r)), ],
a(F*(d(p,r)),r)AB(F“(In (8 (1, r),r)),r) < a(F*(d(u,r))r)AB(F“(6(u,r)),r).

Hence, ([o(F*“(d(u,r)),r) ABF“(Iy(0(u,r),r)),r)] = Lla(F*(9(u,r)),r) A
B(F“(6(u,r)),r)] > n(u). Then F is fuzzy upper (a, 3,1;(6),d,)-continuous.
Definition 2.11 Let (X, 7) be a fts, A € IX and r € I,. Then A is called r-fuzzy 6-compact iff
for every family {u; € IX | T(W;) > r}ier such that A < \/;cr- L, there exists a finite subset I,
of I" such that A < \/;cr, 0(1i, 7).
Definition 2.12 ([1]) Let F : X — Y be a fuzzy multifunction between two fts's (X, 1), (¥Y,n)
and r € I,. Then F is called compact-valued iff F(x;) is r-fuzzy compact for each x; € dom(F).
Theorem 2.13 Let F : X — Y be a crisp fuzzy upper (a, I, 0,3, {y)-continuous and compact-
valued between two fts's (X, 1), (Y,n) and A < a(A,r), u < d(u,r) YA €I, uw € I'. Then
F(A) is r-fuzzy 6-compact if A is r-fuzzy compact.
Proof. Let {y; € I"| n(1;) > r}ier with F(A) < jer i Since A =/, ¢, x;, we have

FA)=F(\/ x)=\ F(x) <\

X EA X EA iell

It follows that for each x; € A, F(x;) < Vier Mi. Since F is compact-valued, then there exists
finite subset I'y, of I" such that F'(x;) < Ve, tn = Hy,- Thus, we have x; < F*(F (x;)) < F*(Lx,)

and A =V, ca % < Vy,en F*(Wy, ). Since F is fuzzy upper (a,1Ir, 0,0, {y)-continuous,

F'(p) < o(F*((u,r)),r) < I (FY(6(u,r)),r) < F*(6(u,r)).
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Then A <V, e Ie(F*(0(Uy,,7)),7). Since A is r-fuzzy compact (see [9]), there exists finite
index set N of I'y, such that A <V, ey Ie(F*(6 (K, )5 7)), 1) < Vipen F*(0 (), 7))-

It follows that, F (A) < F(V,yen F*(8(+x,,, 7)) = View F(FU(O (b, 7)) < Ve O (b, 7)-
Then F(A) is r-fuzzy 6-compact.

Corollary 2.14 (1) Let F : X — Y be a crisp fuzzy upper semi-continuous and compact-valued
between two fts's (X, 7), (Y,n). Then F(A) is r-fuzzy compact if A € IX is r-fuzzy compact.

(2) Let F : X — Y be a crisp fuzzy upper almost continuous and compact-valued between
two fts's (X, 1), (¥,n). Then F(A) is r-fuzzy nearly compact if A € IX is r-fuzzy compact.

(3) Let F : X — Y be a crisp fuzzy upper weakly continuous and compact-valued between
two fts's (X, 1), (¥,n). Then F(A) is r-fuzzy almost compact if A € IX is r-fuzzy compact.
Proof. (1) Let o = identity operator, = interior operator, 6 = identity operator, d = identity
operator, £ = {y. Then the result follows from Theorem 2.13.

(2) Let a = identity operator, = interior operator, 6 = interior closure operator, d = identity
operator and ¢ = ¢¢. Then the result follows from Theorem 2.13.

(3) Let o = identity operator, 3 = interior operator, 6 = closure operator, d = identity operator

and ¢ = /. Then the result follows from Theorem 2.13.

3. A UNIFIED THEORY OF GENERALIZED FORMS OF Fuzzy CONTINUOUS MULTI-

FUNCTIONS

In order to unify several characterizations of some kind of forms of fuzzy continuity, we in-
troduced and study generalized form of fuzzy continuous multifunctions namely fuzzy upper
(lower) xk’-continuous multifunctions. These multifunctions enable us to reduce many gener-
alized forms of continuity to a single theoretical unified framework. Let X, Y be nonempty sets
and k : IX — I, ¥’ : I' — I be any maps on X and Y, respectively.

Definition 3.1 Let F : X — Y be a fuzzy multifunction (resp. normalized fuzzy multifunc-
tion). Then F is said to be fuzzy lower kk’-continuous (resp. fuzzy upper Kk’-continuous) iff
kK(F'(u)) > «'(u) (resp. k(F*(u)) > x'(u)) foreach u € IV .

Remark 3.2 1. Observe that if in Definition 3.1, k and K’ are fuzzy topology on X and Y,
respectively, we just obtain the notion of fuzzy lower semi-continuous (resp. fuzzy upper semi-

continuous) multifunction introduced in [1].
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2. The concept of fuzzy r-minimal structure was introduced by Yoo et al. [20] which is an
extension of fuzzy topology introduced by Sostak [14], as a fuzzy mapping M : IX — I on
X is said to be fuzzy r-minimal structure if the family M, = {4 € IX | M(A1) > r} contains 0
and 1. Now if in Definition 3.1, k = M, and k' = M; are fuzzy r-minimal structures on X and
Y, respectively, we just obtain the notion of fuzzy lower M,M|-continuous (resp. fuzzy upper
M,M-continuous) multifunction.

Let Oy : IX x I, — I be an operator on X defined as follows:

Oc(A,r) = A it KAz and r € L.
1, otherwise
In the case that k is a generalized fuzzy topology (or supra fuzzy topology), we obtain other

operators Iic(A,r) and C(A,r) of A, respectively, as follows:

LA, r)=\{perX: p<a,x(u)>r}.

Ce(A,r)= N{ner*: 2 <p,x(u)>r}

Similarly, in the case of a fuzzy r-minimal structure M, on X (see[20]). The fuzzy r-minimal
interior and fuzzy r-minimal closure of A, denoted by 1,,(A,r) and C,,(A,r), respectively, are
defined as I,(A,r) =\V{u e IX :u <A, u e M,}; Co(A,r) = N € IX: A <, u¢ € M,}.
Remark 3.3 Observe that if M, has the Yoo property (see[20]), then the above operators,
respectively, agree. Also, each fuzzy r-minimal structure with the Yoo property is a generalized
fuzzy topology.

The following results give the relationship between fuzzy lower kx’-continuity (resp. fuzzy
upper kKk’-continuity) and fuzzy lower (¢, 8,6, d, £)-continuity (resp. fuzzy upper (¢, 3,6,0,¢)-
continuity). We obtain some interesting properties of fuzzy lower Kk’-continuous (resp. fuzzy
upper Kk’-continuous) multifunction.

Theorem 3.4 Let F : X —o Y be a fuzzy multifunction and x : IX — I, k' : I' — I be any maps
on X and Y, respectively. If k(1) = 1, then F is fuzzy lower kk’-continuous iff F is fuzzy lower
(O, id, Oy, id, lp)-continuous.

Proof. (=) Suppose that F is fuzzy lower kk’-continuous and u € IV .
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Case 1. If /() >r, 6 (u,r) = u and k(F'(u)) > r. Thus, we obtain F/ (6, (u,r)) =
FI(1) = 0(F! (1), ). Then 0(F! (1), 7) X F! (8 (1, 7)) = 0. Hence

Case 2. If k'(1) # r, O (1,r) = 1. Thus, we obtain F' (6 (u,r)) = F'(1) > 0 (F(),r).
Then 6, (F'(u),r) A F!(8,(1,r)) = 0 and hence £o[0(F' (1), r) A F! (8, (1, 7))] > &' (1).

Then F is fuzzy lower (O, id, 0,,id,{y)-continuous.

(<) Suppose there exist 4 € I' such that k(F/(u)) # k’(u). There exist r € I, such that
k(Fl(u)) < r < x'(u). Since £o[0c(F'(u),r) A F1(6,(u,r))] > x'(1). Thus, we obtain
Oc(F!(u),r) AF (0 (1,r)) =0and O(F'(u),r) < F' (0, (u,r)) foreach p € I'. If &' (u) > r,
0 (1,r) = p and O(F!(u),r) < F'(u). Thus, we obtain 8,(F'(u),r) = F'(u) and hence
k(F'(u)) > r, it is a contradiction. Then x(F'(u)) > «’(u) and hence F is fuzzy lower xx’'-
continuous.

Theorem 3.5 Let F : X — Y be a normalized fuzzy multifunction and x : KoLk 1Y =1
be any maps on X and Y, respectively. If k(1) = 1, then F is fuzzy upper k«’-continuous iff F

is fuzzy upper (O, id, 0,,id, {y)-continuous.

In the case that x is a generalized fuzzy topology, the following result is obtained.
Theorem 3.6 Let F : X — Y be a fuzzy multifunction, x be a generalized fuzzy topology on
X and ' : IY — I be any map on Y. Then F is fuzzy lower kk’-continuous iff F is fuzzy lower
(id, I, 0, id, Ly)-continuous.
Proof. (=) Suppose that F is fuzzy lower kk’-continuous and u € I7.

Case 1. If K’ () > r, O (i, r) = pand k(F'(u)) > r. Thus, we obtain F!(u) < I (F'(u),r) =
Ie(FY (0, (u,r)),r). Then F!(u) AN I (F! (8, (u,r)),r) = 0. Hence

Co[F (W) N Lc(F (00 (1, 7)), 7)) > K/ ().

Case 2. If k’(1) # r, O (,r) = 1. Thus, we obtain F!(p) < I (F'(1),7) = Le(F! (8, (11, 7)), 7).
Then F'(u) A Ie(F (6, (1,7)),7) = 0. and hence £o[F' (1) A I (F! (8, (u,7)),7)] > &' (1).

Then F is fuzzy lower (id, I, 0, ,id, {y)-continuous.
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(<) Suppose there exist u € I' such that xk(F!(p)) # ’(1). There exist r € I, such that
k(Fl(n)) < r < '(u). Since £o[F'(u) N Ie(F'(8,/(1,r)),r)] > k’(u). Thus, we obtain
Fl(u) N (FY (0 (u,r)),r) =0and F'(u) < I (F (0 (u,r)),r) foreach u € IV If &’ (u) > r,
0, (t,r) = and hence F'(u) < Ie(F!(u),r). Thus k(F!(u)) > r, it is a contradiction. Then
k(F'(1)) > «’(u) and hence F is fuzzy lower kKk’-continuous.

Theorem 3.7 Let F: X — Y be a normalized fuzzy multifunction, x be a generalized fuzzy
topology on X and x’ : IY — I be any map on Y. Then F is fuzzy upper kk’-continuous iff F is
fuzzy upper (id, I, 0, id, {p)-continuous.

Corollary 3.8 Let F : X — Y be a fuzzy multifunction (resp. normalized fuzzy multifunction),
x be a generalized fuzzy topology on X and k’ : I — I be any map on Y. If F is fuzzy lower
kk’-continuous (resp. fuzzy upper kk’-continuous), then F is fuzzy lower (id, I, 0 ,id,0)-
continuous (resp. fuzzy upper (id, I, 0, ,id, {)-continuous).

Corollary 3.9 Let F : X — Y be a fuzzy multifunction (resp. normalized fuzzy multifunction),
K be a generalized fuzzy topology on X and k' : I' — I be any map on Y. If F is fuzzy lower
kk’-continuous (resp. fuzzy upper kk’-continuous), then F is fuzzy lower (id,id, 0y,id,?)-

continuous (resp. fuzzy upper (id, id, 6y, id, {)-continuous).
4. CONCLUSION

In our theoretical work, we introduce the concept of fuzzy upper (lower) (o, f3,0,d,¢)-
continuous multifunctions and prove that if a, 3 are fuzzy operators on the fuzzy topological
space (X, ) based on the sense of Sostak and 6,6*,0 are fuzzy operators on the fuzzy topo-
logical space (Y,n) based on the sense of Sostak and ¢ is a proper fuzzy ideal on X, then a
fuzzy multifunction F : X — Y is fuzzy upper (resp. lower) (@, 8,0 16*,d,{)-continuous mul-
tifunction iff it is both fuzzy upper (resp. lower) (a,f,0,d,¢)-continuous and fuzzy upper
(resp. lower) (a, f,0%,d,{)-continuous multifunctions. Also, we introduce new generalized
notions that cover many of the generalized forms of fuzzy upper (resp. lower) semi-continuous

multifunctions.
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