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1. INTRODUCTION

JS metric space introduced by Jleli and Samet in 2015 [1], is a generalized metric space in
which the major modification was changing triangular inequality by this one :

(D3) there exists C > 0 such that if (x,y) € X x X and {x,,} C X convergesto x (i.e., lim D(x,,x) =

n—r+oo

0), then D(x,y) < ClimsupD(x,,y).

n—y oo
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They showed that this new concept recovers standard metric spaces, b-metric spaces, dislo-
cated metric spaces and modular spaces with Fatou property. The authors obtained some re-
markable results concerning Banach’s contraction principle, fixed point theorem of Ciric quasi-
contraction and a version of Ran-Reurings theorem in these spaces. Since then JS metric con-
cept has inspired many authors, for instance RS metric space initiated by A.F.Roldan, L.de
Hierro and N.Shahzad [2], subordinate semimetric space introduced by José Villa-Morales [3]
and JS partial metric space introduced by M.Asim and M.Imdad [4].

On the other hand the notion of extended b-metric space has been introduced by Kamran et al.
[5] where b-metric space has been extended by replacing the constant in the relaxed triangular
inequality by two variables function or by three variables function as seen recently in the work
of H. Aydi et al. [6].

Following this line of investigation we introduce a new generalization of metric space that
recovers both JS metric space and many variants of extended b-metric space. We begin by

recalling definition of JS generalized metric space. For every x € X, let us define the set

C(D,X,x) = {{xn}CX: lim D(xn,x):O}.

n—r+oo

Definition 1.1. We say that D : X x X — [0,+c0| is a JS metric on X if it satisfies the following
conditions:

(Dy) for every (x,y) € X x X, we have D(x,y) =0 = x =Y,

(D») for every (x,y) € X x X, we have D(x,y) = D(y,x),

(D3) there exists C > 0 such that if (x,y) € X x X, {x,} € C(D,X,x), then D(x,y) < ClimsupD(x,y).

n—y oo
Also we say the pair (X,D) is a JS metric space.

The extended b-metric space is defined as follows.

Definition 1.2. Let X be a nonempty set and 0 : X x X — [1,+o0[ a real valued mapping. A
functiond : X x X — [0,00) is said to be an extended b-metric if and only if for all x,y,z € X the

following conditions are satisfied:
(do1) d(x,y) =0 if and only if x =y,
(dg2) d(x,y) =d(y,x),
(de3) d(x,z) < 0 (x,2)[d(x,y) +d(y,2)]-

<= =
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FIGURE 1. Connection between different GMS

The pair (X,dg) is called an extended b-metric space.

Remark 1.3. e [fwe take 6 (x,z) = s (s > 1 a positive real ) we obtain the definition of a
b-metric space.
e If we replace the condition (dg3) by d(x,z) < 0 (x,y)d(x,y) + 0 (y,2)d(y,z) we get the
definition of controlled metric type space 7).
o [f we replace (dg3) by d(x,z) < 0 (x,y,z) [d(x,y) +d(y,2)] for all x,y,z € X, where 0 :
X X X XX — [1,+400[ is a three variables function we get the definition of extended

b-metric space introduced by H. Aydi et al. [6].

2. PRELIMINARIES

In the following we introduce the notion of extended JS metric space which is a generalization

of both JS metric space and many variants of extended b-metric spaces.
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Definition 2.1. Let X be a non empty set and 0 : X x X — [1,4oo[ a real valued mapping. A
function Dg : X x X — [0, +o9| is called an extended JS metric if for all x,y € X it satisfies:
(Dg1)Dg(x,y) =0=x=y,

(Do2)Dg(x,y) = Dg(y,x),

(Dg3)Dg(x,y) < O0(x,y)limsup,_,., Dg(xn,y), with {x,} € C(D,X,x).

The pair (X,Dy) is called an extended JS metric space.

Remark 2.2. If we take 0 (x,y) = C for all x,y € X(C > 1 a positive real), we obtain the

definition of a JS metric space.

We mention that convergent sequences and Cauchy sequences can be introduced in a similar

manner as in metric space.

Definition 2.3. Ler (X,Dy) be an extended JS metric space. Let {x,} be a sequence in X and
xeX.

e We say that {x,} converges to x if {x,} € C(Dg,X,x) (i.e., lim,_ e Dg(x,,x) =0).

e We say that {x,} is Cauchy sequence if mlrierWDg(xn,anrm) =0.

e (X,Dy) is said to be complete if every 7Cauchy sequence in X is convergent to some

element in X.

Proposition 2.4. Let (X,Dy) be an extended JS metric space. Let {x,} and x,y € X. If

limy,_yee D (X, x) = 0 and limy,_,ee Dg (xp,,y) = 0 then x = y.

Proof. Let {x,} be a sequence that converges to both x and y in X.

We have lim,,_,.. Dg (x,,,x) = 0 and by axiom (Dgy3)

Dg(x,y) < 6(x,y)limsupDg(x,,y).

n—so0
Since lim,,—,co Dg (x,,y) = 0, we get Dg(x,y) = 0.

Hence by (Dg) we have x = y which guarantees the uniqueness of the limit. 0J

Remark 2.5. Convergent sequences in extended JS metric space are not necessarily Cauchy
sequences, the lack of this property is inherited from JS metric space as shown by T.Senapati et

al. (see Example 2.3 in [11]).
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Now we present some examples of Extended JS metric space.

Example 1. Let X = [a,b] with a < b, ¢ a real number such that a < ¢ < b and a., 3 two positive
real numbers such that o < 3, let Dy : X x X — R be defined by
alx—y| ,Ifx#candy#c

Dg(x,y) =
Blx—y| ,Ifx=cory=c

We claim that Dy is an Extended JS metric over X with an adequate function 0. It is clear

that the conditions Dg and Dy, are satisfied, therefore we shall only check Dg3 condition.

We have the following inequalities

afx—y| < Do (x,y) < Blx—yl,
from which we get the equivalence

lim Dy (x,,x) =0 < lim |x, —x| =0.
n—oo n—oo

e Case 1: x# candy +# c.
We have Dg(x,y) = a|x —y| and for every sequence {x,} that converges to x, there is
an integer N large enough such that x,, # c¢,¥n > N.

Then we have

Dg(xy,y) = a|x, —y|,¥n > N.

And hence we obtain

Dg(x,y) =limsup Do (xn,y).

n—oo

Consequently, in this case we take 0 (x,y) = 1.
o Case2: xc X andy=c.
We have DG(XJ) = B|‘x_y| andD@(xmy) = ﬁ|xn _y|7vn eN

Clearly we get

Dg(x,y) = limsup Dg (xy, y).

n—oo

And we take 0 (x,y) = 1.
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o Case3: x=candy #c.

First we have Dg(x,y) = B|x —y|, let {x,} be a sequence that converges to x, we have
the following three subcases :
— Subcase 1: If x, = c¢,Yn > N for some integer N.

We have

D9<xn»}’) :ﬁ|xn_y|7vn ZN7

then we get

Dg(x,y) = limsup Do (xp,y).

n—oo

— Subcase 2: If x,, # ¢,Yn > N
We have

Dg(xp,y) = alx, —y|,Yn >N,

then

D(x.y) = £ timsup Dy . 3).

n—>o0

— Subcase 3: If the sequence {x,} contains two subsequences {x,} and {x,} such
that X, = ¢ and x, # ¢ Vn € N,
In consequence, we obtain
ol —y| < Bl —y| < Timsup Do (x, ).
I
Hence, in these all three subcases we have

Do(x,y) < & timsup (3, )

n—oo

therefore we take 0 (x,y) = %.

To recapitulate we have

Dg(x,y) < 0(x,y)limsupDg(x,,y),Vx,y € X and (x,) € C(Dg,X,x) # 0,

n—soo

with the function 0 defined by:

RI™

JAfx=candy+#c
0(x,y) =

—

, otherwise.
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Example 2. Let (X;,D;), with i € {1,2,...,n}, be a family of JS metric spaces such that,
Vi,je{1,2,...,n} XiNX; = 0 and for each (X;,D;), let C; > 1 be the constant forementioned
in definition 1.1, set X = J!_, X; and Dg the mapping defined by:

Di(x7y) :IfxayEXi
DQ(X,y) =
aj,j JfxeXiandy € Xj withi # j

a;j are real numbers such that for all i, j € {1,2,...,n} with i # j, a;j = aj; and a;; > 0.

Dy is an extended JS metric over X with 6 : X x X — [1,+oo[ defined by

C,' ,Ifx,yEXi
0(x,y) =
1 JIfxeXiandyec X;withi# j

Clearly Dgy and Dy, are satisfied, so we have to check the condition (Dg3).
Suppose that x € X;, for some i € {1,2,...,n}.
First if there is a sequence {x,} such that lim,_. Dg(x,,x) = 0.
Then for € such that 0 < € < min,; ja;;.
There exists N € N such that Dg(x,,x) < € < min; ja;; for alln > N.
Which implies Dg(x,,x) = D;(x,,x) and x,, € X; for alln > N.
Now let y € X, we have to discuss two cases:
o Casel : IfyeX,.

We have Dg(x,y) = D;(x,y) and Dg(x,,y) = Dj(xp,y) for alln > N.

Hence we get

De(%)’) < CilimsuPDG(xna)’)-

n—o0
o Case2:IfycX;withi# j.
In this case, we have Dg(x,y) = Dg(x,,y) = a;j for alln > N.

Thus Dg(x,y) = limsup,_,., Dg(xy,Y).

Example 3. Consider I =)0,1], let (I;);cn be the partition of I defined by I; :]#, %], for each

i € N and c;j are real numbers such that for all i,j € {1,2,...,n} with i # j, ¢;j = cji and
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cij > 0. The mapping Dy defined by

( 3 3
|x—)’| ,Ifxa)’GIi,X%Wandy;éﬁ
Dg(x,y) = { 2 )i [ x— 3 3
’ ’X—y‘ Afx,y € z,x—ﬁory_ﬁ
(Ci.j Afxeliandy €l withi# j

is an extended JS metric over I. Let {x,} be a sequence that converges to x.

e Case I: If x,y € I.
We proceed as in example 1, we have similar result, take a = TL,b = %, a=1B=2
and c = %

Consequently, in this case we obtain

, 3 3
2 L Ifxyelx=5andy#
’ ’ 2 i+2

(1) 0(x,y) = 2 2

1 |, Otherwise.

o Case2: Ifxclyandy € I; withi # j.

We proceed as in example 2, we have this immediate implication

lim Dg(x,,x) =0=x, € [;,VYn > N.

n—oo
Hence we have Dg(x,y) = ¢; j and Dg(x,,y) = ¢;j, Vn > N.

In this case we obtain

2) Dy (x,y) = limsup Dg (xy, y).

n—soo
Therefore from (1) and (2), we get
2! Ifx,yelj,x= 3 and y #+ 3
, ) X = 573 iz
3) 0(x,y) = 2 2
1 |, Otherwise.

Proposition 2.6. Any extended b-metric on X is an extended JS metric on X.

Proof. Let dg be an extended metric on X, in order to show that dg is an extended JS metric,
we only need to check that dg satisfies (Dg3) axiom.

Let x,y € X and {x,} C X such that lim,,_,.. dg (x,,x) = 0.

We have dg(x,y) < 0(x,y)[dg(x,x,) + dg (xn,y)].
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It follows that dg(x,y) < 0(x,y)limsup,_,.. dg(x,,Y).

Consequently an extended b-metric on X is an extended JS metric on X. UJ

Proposition 2.7. Let dg be a controlled metric type on X with 0 : X x X — [1,+oo[ satisfying

the following conditions:

(1) O is continuous in the first variable,

(2) limsup 0 (x,x,) < oo, for every x € X and {x,} € C(D,X ,x).

n—-> o0

Then dg is an extended JS metric on X.

Proof. We only need to check that dg satisfies (Dg3) axiom.
Let x,y € X and {x,} C X such that lim,_,..dg (x,x) = 0.
We have dg(x,y) < 0(x,x,)dg(x,x,) + 6 (x4,y)dg (Xn,y).
Which yields dg(x,y) < 6(x,y)limsup,,_,., dg(xn,).

Consequently, the controlled metric type dg is an extended JS metric on X. 0

Remark 2.8. Ifthe function 0 is continuous in the second variable, assume that limsup 6 (x,,x) <
n—->+-o0

oo, for every x € X, then we have

do (y,x) < 0(y,%n)dg (y,%n) + 0 (xn,X)dg (X, x).

Hence by symmetry of dg, we get dg(x,y) < 0(x,y)limsup,_,..dg(x,,y)
such that 8(x,y) = 0(y,x), so we conclude that (X,dg) is an extended JS metric space with

related function 0.
In a similar way we have the following result.

Proposition 2.9. Let dg be a extended b-metric on X in the sense of by H. Aydi et al., for which
the mapping 0 : X x X x X — [1,4o0[ is continuous in the second variable, then dg is an

extended JS metric on X.

Proposition 2.10. Let (X,Dg) be an extended JS metric space and x € X, if there exists a

sequence {x,} C X such that lim,,_.. Dg(x,,x) = 0, then Dg(x,x) = 0.



4238 YOUNESS EL KOUCH, ELMILOUDI MARHRANI, JAMAL MOULINE

Proof. Letx € X and {x, } be a sequence such that lim,,_,. Dg (x,x) = 0.
By (Dg3) we have Dg(x,x) < 6(x,x)limsup,,_,., Dg(xp,x).
We get Dg(x,x) = 0. O

Remark 2.11. This proposition show that the condition (Dg3) should be verified only for ele-

ments x € X such that Dg(x,x) = 0.

3. MAIN RESULTS

In the following we state our first result, concerning a version of Banach contraction principle

in this new setting.

Definition 3.1. Let (X,Dg) be an extended JS metric space. The mapping T : X — X is called

a k-contraction mapping if there exists k € [0,1) such that
(4) De(Tvay) SkDe(xuy)a
forall x,y € X.

Proposition 3.2. Let (X,Dy) be an extended JS generalized metric space and T : X — X a

k-contraction for some k € [0,1). Then any fixed point @ € X of T satisfies:
Dg(®,0) < o= Dg(®,w)=0.
Proof. The proof is obvious. U

Theorem 3.3. Let (X,Dg) be a complete extended JS metric space and T : X — X a k-
contraction mapping.

If there exists xo € X such that & = sup,cyDg(x0,T"x0) < oo, then the sequence {T"xp}
converges to @ € X a fixed point of T. Moreover if o €Xisa fixed point of T such that

Dg(0,0') < oo, then = .

Proof. Let {x,} C X be the sequence defined by xg € X and x,, = T"x ( for every n € N).
Then for n,m € N such that n > m, we have Dg (xy,xp) < kDo (Xy—1,Xm—1)-

By induction we get

5) Do (xnyxm) < kmDO (xn—mva) < km50
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We have k € [0, 1) then limy, ;0 Do (X, Xm) = 0.
Since (X,Dyg) is complete, it follows that the sequence {x, } converges to some @ € X.
Now we shall prove that @ is a fixed point of T'.

From (4) we have

Dg(Xn_H,T(D) < kDe(xm (D)

As n — 4o we obtain

lim Dg (xn+1,T0)) =0.
n—oo

By uniqueness of the limit we get ® = T @, so we deduce that o is a fixed point of 7.
To prove the uniqueness of fixed point, suppose that ' is another fixed point of 7 such that

Dg(0,0') < oo, then from (4) we get
Dy(0,0) =Dg(Tw, T ) < kDy(0,® ).

Since k € [0,1) we have Dg(®, ®') = O this implies that ® = .

0

From Theorem 2.3 we obtain an improved version of Banach contraction principle in the
context of extended b-metric space (see[5]), here the condition limy, ;e 6 (X, Xp) < %, with

xp = T"x9, n € N is removed.

Corollary 3.4. Let (X,dg) be a complete extended b-metric space. Suppose that T : X — X

satisfy

d@(T)C, Ty) < kdg (X,y), forallx,y € X,
for some k € [0,1). If there exists xo € X such that 8y = sup,y Do (x0,T"xp) < oo. Then T has
precisely one fixed point u. Moreover, T"xo — u.

In order to prove Theorem 3.7 and Theorem 3.14 we need the following Lemma (see [9]).

Lemma 3.5. If {b,} is a sequence of positive numbers such that lim, b, =0 and A € [0, 1),
then for any sequence of positive numbers {d,} satisfying d,+1 < Ad, + by, for all n € N, we

have lim,,_,..d,, = 0.



4240 YOUNESS EL KOUCH, ELMILOUDI MARHRANI, JAMAL MOULINE

Definition 3.6. Let (X, Dg) be an extended JS metric space. The mapping T : X — X is said to
be Banach-Kannan-Ciric quasi-contraction (BKC quasi-contraction), if there exists k € [0,1)

such that :
(6) Dg(Tx,Ty) < kmax{Dg(x,y),Dg(Tx,x),Dg(Ty,y)}, Vx,y € X.
In what follows, we adopt the following notation, for every x € X, let
8(Dg,T,x) = sup {Do(T'x,T'x)li, j € N}.

Theorem 3.7. Let (X,Dg) be a complete extended JS metric space and T : X — X a BKC
quasi-contraction. If there exists xo € X such that 8(Dg,T,xo) < oo, then the sequence {T"xo}
converges to some @ € X. Moreover if 0(®,T®) < % and Dg(@,T®) < oo, then ® is a fixed

point of T.

Proof. Let {x,} C X be the sequence defined by xo € X and x,, = T"x ( for every n € N).

We consider the sequence {dy, ,} defined by dy, , = Dg (X, Xn+), for all n,p € N).

If X, = Xpy+1 = Txp, for some ny € N, then @ = x,, forms a fixed point for 7" and the proof is
completed.

Hence, we assume that d,, ;| > 0 for all n € N. From (6) we have
dni1,1 < kmax {dni1,1,dn1}
If max {dy1,1,dn,1 } = dy+1,1, then we get
dpy1) < kdyi11.

Since d,, 1 > 0 for all n € N, we deduce that k > 1 which is contradiction.

Consequently for all n € N we have
max {dy1,1,dn1 } =dp1 and dyy1,1 < kdy 1.

By induction we obtain

dn1 <K'dy .

We have k € [0, 1), hence by taking the limit n — +o0, we get

(N lim d,,; =0.

n—oo 7
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Now we shall prove that {x, } is a Cauchy sequence.
From (6) we have

dpy1p < kmax{d,,7p,dn71,dn+p71}
Hence, we obtain
() du1p < kdyp+k[dyi +duipi] .-
Using (7) we have
,}E‘;dﬁpﬂ = ,}E&d"-,l =0and k €]0,1].

Therefore from Lemma (3.5), we have

lim d, = 0.

Thus {x,} is a Cauchy sequence. As (X,Dg) is complete, it follows that there exists @ € X

such that
9 lim Dg(x,, ) = 0.
n—»oo
We have from (6)
(10) De ()Cn+1 , TO)) < kmax {DQ (xn, (D),D@ (Xn+1 ,X,,),De (T(D, 0))} .

Taking into account (7) and (9) let n — +o0 in above inequality, we obtain that

(11) limsup Dg (x,+1,T®) < kDg(T 0, ).

n— oo

By (Dg3) we have

(12) Dg(0,Tw) < 9((0,Ta))lirgiung(an,Ta)).
H—3 oo

From (11) and (12) we get

(13) Dg(0,Tw) <0(w,Tw)kDy(T 0, )

We have 0(@,Tw)k < 1 and Dg(®,T ®) < oo, hence we get Dy (T @, ®) = 0. It follows that @

is a fixed point of T'. O

Proposition 3.8. Ler (X,Dy) be an extended JS metric space and T : X — X a BKC quasi-

contraction.
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(1) If o € X is a fixed point of T such that Dg(®,®) < o then Dg(®,®) = 0.
(2) If o, © €X are two fixed points of T such that

max {Dg(a), (o/),Dg(a), w),Dg(a)/, a)/)} <ocothen®= .

Proof. (1) Let o € X be a fixed point of T satisfying Dg(®, ®) < oo.
We have from (6)

Dg(®,0) =Dg(Tw, Tw) < kmax{Dg(®,®),Dg(Tw,w),Dy(Tw,m)}.

That is Dg (@, ®) < kDg(®, ®).
Since Dg(w, ) < and 0 < k < 1 we get Dg(®,®) = 0.

(2) Let @, ® € X be two fixed point of T such that
max {Dg(w, w'),De(w, a)),DG(w', w/)} < oo,

Using (6) we have

Dy(o, a)') = DQ(Ta),Tco') < kmax {D@((D, a)'),Dg(Ta), w),De(Ta)/, a)')} ,
(14) ! ! !
< kmax {DG(CO,CO ),Dg(ﬁ),a)),De(a) , @ )} .
Taking into account the assertion (1), we get Dg(m,® ) < kDg(®, ®).
Since Dy (@, a)/) <oand 0 < k < 1 we get Dy (@, a)/) = 0, which implies that @ = .
0

Corollary 3.9. Let (X,D) be a complete JS metric space, and let T : X — X be a BKC contrac-

tion for some constant k € [0,inf{1, é ). If there exists an element xy € X such that (D, T,xp) <

oo, then the sequence {T"xo} converges to some @ € X. Moreover, if D(@,T @) < oo, then ® is

a fixed point of T. Moreover, for each fixed point o of T in X such that D(a)’, a)') < oo, we have

(1)/ = .

Proof. Immediate consequence by taking 0 (x,y) = C for all x,y € X. 0
Now, by considering the inequality

k

5 (D(Tx,x) +D(Ty,y)) < kmax{D(x,y), D(Tx,x),D(Ty,y)}, ¥x,y € X.

We obtain fixed point theorem for Kannan mapping in extended JS metric space.
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Corollary 3.10. Let (X,Dg) be a complete extended JS metric space and let T : X — X be a

Kannan contraction, that is a mapping satisfying:
k
(15) De(Tx,Ty) < 5 (Do(Tx,x) +Do(Ty,y)) , Vx,y € X,

for some constant k € [0, 1). If there exists xo € X such that §(Dg,T,xo) < oo then the sequence
{T"xy} converges to some @ € X. Moreover if 0(®,T®) < % and Dg(T @, ®) < oo then @ is a

fixed point of T.
Using a direct proof, this result can be improved as follows.

Corollary 3.11. Let (X,Dg) be a complete extended JS metric space and let T : X — X be a
Kannan contraction for some constant k € [0, 1). If there exists xo € X such that §(Dg,T,xg) <
oo then the sequence {T"xo} converges to some ® € X. Moreoverif 6(®,T®) < % and Dg(T 0, ®) <

oo, then @ is a fixed point of T.

Proof. By similar way as in the proof of Theorem 2.7 the sequence {dn,l } converges to 0.

On the other hand, we have

Dg(T"x0, T™x0) < = (Do (T"x0,T"'x0) + Dg(T"x0,T" 'x0)) ,
(16)

<

N N =

(dn—1,1+dm-11)-

Now, let n — oo we get lim,,_ .. Dg (T"x0, T"xo) = 0, which proves that {T"xy} is a Cauchy
sequence, hence it converges to some @ € X.

From (15) we have

(Do (T"x0, " x0) + Do (T 0, ®)) .

N =

Dg(T"x0, Tw) <
It follows that
) n k
17 limsupDg (T"xo, T®) < EDQ(Ta),(o).
n—soo

By the condition (Dg3), we have

Dy(0,Tw) < 0(w,Tw)limsupDg(T"xo, T ®),
n—yoo

(18)
<

N =

0(0, Tw)Dy(Tw,w).
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Since 6 (@, Tw) < % and Dg(T w, ®) < oo we obtain Dg(T @, ®) = 0, which ends the proof.
U

From the previous corollary we get the following result (Theorem 3.2) established by Y.
Elkouch and E. Marhrani in [10].

Corollary 3.12. Let (X,D) be a complete JS metric space and let T : X — X be a Kannan
contraction for some constant k € [O,inf{l,% ). If there exists an element xy € Xsuch that
0(D,T,xy) < oo, then the sequence {T"xo} converges to some ® € X. Moreover, if D(0,T ®) <
oo, then  is a fixed point of T. Moreover, for each fixed point o of T in X such that D(a)/, a)') <

i
oo, we have @ = .

To emphasize the strength of our approach and to highlight the usefulness of this new concept,

we present an example based on a JS metric space given by E.Karapinar et al. (see [12]).

Example 4. Letr X = [0,1]U{2} let Dg : X X X — [0, 00| be the function

10 ifeither (x,y) = (0,2) or (x.y) = (2,0),
Dqg (X,y) =
|x—y| , otherwise.
According to E.Karapinar et al., (X,Dg) is a complete JS metric space with C = 5, while

in our approach (X,Dg) is seen as a complete extended JS metric space with the function
0 : X x X — [1,0) defined by:

5 ,Ifx=0andy=2,

6(x,y) =
1 |, otherwise.
We consider the mapping 7 : X — X defined by: Tx = 7.

It is easy to see that the mapping T satisfy (15) with k = % € [0,1). Since Dg is bounded, it
follows that all conditions of Corollary 2.12 are satisfied except that k > %, so the Corollary
2.12 is not applicable and fails to guarantees the existence of fixed point whereas all conditions
of Corollary 2.11 are satisfied, in lieu to check Ck < 2, we need to check that 6(0,70)k < 2

which is true and T has O as a unique fixed point.
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Definition 3.13. Let (X,Dg) be an extended JS metric space. The mapping T : X — X is

said to be Banach-Chatterjea-Ciric quasi-contraction (BCC quasi-contraction) if there exists

k €10,1) such that:
(19) Dg(Tx,Ty) < kmax{Dg(x,y),Dg(Tx,y),Dg(Ty,x)}, Vx,y € X.

Theorem 3.14. Let (X,Dg) be a complete extended JS metric space and T : X — X a BCC
quasi-contraction. If there exists xy € X such that 8(Dg,T,xo) < oo, then the sequence {T"xo}
converges to some @ € X. Moreover if D(xo, T ®) < o then ® is a fixed point of T.
Proof. Letn € N(n > 1), from (19) we have for all i, j € N,
Do (T ixo, T" xg) < kmax{Dg (T xo, T" 1 xp),

(20) . . . .

Dg (Tn_H)CO, Tn—H_IXO) 5 Dg (Tn+l_1X0, T”+]x0)}.
Hence, we have

8(Dg,T,T"xo) < k&(Dg, T, T" 'xp).
Which implies
5(D97 T, Tnx()) < kné(Dea T,X())~
Using the above inequality, for every n,m € N we have
Dg(T"xo, Tn+me) < S(Dg, T, T"xo) < kn5(D9,T,X0).

Since 6(Dg, T,x0) < o and k € |0, 1], we get

lim DQ (T"xo, T’H_me) = 0,

n,m—oo

which implies that {7"xo} is a Cauchy sequence. Since (X,Dg) is complete, there exists some
o € X such that {T"x(} is convergent to @ € X.

From (19) we have
21 Dg(xp41, T®) < kmax {Dg(x,,®),Dg(xy+1,®),Dg(x,, T®)},
which yields

22) Dg (xn+1,T(D) < k(Dg (xn, (1)) + Dg (an, a))) —|—kD9 (xn, T(D).
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We have D(xp, T ®) < oo and using (22) by induction, we get
Dg(x,, T®) < oo, for all n € N.

Since lim;, 0o Dg (x,, @) =0 and k € [0, 1).
Using Lemma (3.5) we get lim,,_.. Dg (x,, T @) = 0.
Hence, by uniqueness of the limit we have T®w = ®.

O

Proposition 3.15. Let (X,Dg) be an extended JS metric space and T : X — X a BCC quasi-
contraction.
(1) If o € X is a fixed point of T such that Dg(®,®) < o then Dg(®,®) = 0.

(2) If o, o €X are two fixed points of T such that Dy (@, a)') < oo, then ® = o.

Proof. (1) Let w € X be a fixed point of T satisfying Dy (@, ®) < co.
We have from (19)

Dg(0,0) =Dg(Tw,Tw) < kmax{Dy(®,®),Dg(Tw,®»),Dg(Tw,n)}.

That is Dg (@, ®) < kDg(®, ®).
Since Dg(w, ) < and 0 < k < 1, we get Dy (o, ®) = 0.
(2) Let @, € X be two fixed point of T such that Dg (o, a)') < oo,

Using (19), we have
(23)  Dp(w,0) = Dg(Tw,T®') < kmax {Dg(a), ©),Dg(Tw,w),De(T® w)} .

It follows that Dy (@, ® ) < kDg (o, ®').
We have Dg (0, ) < o0 and 0 < k < 1, which implies that Dg(®, @) = 0, then we get

/
O=0.

4. CONCLUSION

In this paper, a new Extended JS metric is introduced and some fixed point results for known

contractions in this new setting are proved, some examples are presented to support the obtained
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results. We also show that Extended JS metric space generalize and unify various generalized
metric spaces and one more reason to introduce such a space, is to improve fixed point results
that use conditions related to the constant C, which is defined and fixed for all x,y € X over
a JS metric space, while in this new approach we gain more flexibility via the 6 function as

illustrated by example 3.
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