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1. INTRODUCTION

Let G be a finite group and ZG be the integral group ring of G. Let A(G) be the augmentation
ideal of ZG. For n > 1, let D,(G) = GN {1 +A"(G)} be the nth dimension subgroup of G. It
is well known that D,(G) 2 %,(G), where 7%,(G) is the nth term of the lower central series of
G. The problem, of identifying groups G and n > 1 for which D, (G) = ¥,(G), is of interest
for so many years (see [4, 5, 6, 7, 8]). This famous problem is known as Dimension Subgroup
Conjecture. It has been proved that this conjecture holds for all groups and for n < 3 (see [4],
[7]). Rips [8] gave an example of 2-group G for which D4(G) # ¥4(G). Tahara [9] gave the
structure of Ds(G) and proved that in general D¢(G) C 5(G). Further, it has been proved in
[6] that if G is a metabelian group, then DZ(G) C ¥5(G). Thus, it follows that for metabelian
p-group G, p odd, Ds(G) = ¥5(G). N. Gupta [3] constructed a 2-group G, generated by four
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elements such that D5(G) # ¥5(G). Gupta et. al in [1, 2] have obtained certain conditions on
p-group G (metabelian as well as non-metabelian), p prime, under which Ds(G) = 5(G).

In continuation to these results, we will find some more conditions on group G under which

Ds5(G) = ¥5(G) (Theorems 3.1, 3.2 and 3.3).

2. PRELIMINARIES

Let G be a finite group of class 4 and G = 1(G) 2 1(G) 2 13(G) 2 1(G) 2 ¥5(G) = {e},
be the lower central series of group G. We write ¥, (G)/%(G) = Ci & Cy & - - & Cs, where C;
is cyclic group generated by xy;, 1 <i <s. Similarly, write %(G)/3(G) and 13(G)/74(G) as a

sum of ¢ and u cyclic groups generated by X, 1 < k <t and X3;, 1 <[ < u respectively. Write

(D x[lll-(i) = xg’i‘xgizz .. .xlz’;’xgifxgizz X540, vai € (G), 1 <i<s;
(2) xggck) = xgl’j‘xggz iy .xgl’;”ygk, Vi € 1(G), 1<k <t

3) o =il 1< <

@ [x‘]il.(i),xlj] = xgclfij)x;)%(ij) ...xgi‘i‘ij)xfi(mx%(ij) ...xfféij), 1<i<j<s.

Lemma 2.1. ([9, Lemma 2.3]). Let G be a group of class 4. Then for a non-negative integer d,

we have

d d

1= Dy, 3]~ e, 0y~ 6)

X,y

— [ ) x, v, 1~ @, y, 2,0 6)

d
2

[x,y,z]d = [Xd,y,z] [y,x,x,z]( )
= [x,yd7z] v, x,,7] (g)

d
= [y, 2)[yx,2,4 ()
We now recall the structure of fifth dimension subgroup given by Tahara in [9] as follows:

Theorem 2.2. ([9, Theorem 6.1]). Let G be a group of class 4. Then Ds(G) is equal to the

subgroup generated by the elements



/
where u;j, Vik, Vig, Wijk, W k and w//

(&)

(6)

(7

®)

®)

(10)

(1)

(12)

(13)

(14)

(15)
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IT @ a T T [earxau] %%

1<i<j<s 1<i<s1<k,I<t,
k<i

H [xlid(i),xljaxik]wijka

1<i<j<k<s
ijk are the integers satisfying following conditions:
wiii =0, 1 <i<s;

ﬂﬂ(ﬂﬂ

uijm ’ )—i—Wiijd()-f—WH d(j)=0,1<i<j<s;

iij

d(i
_uij( (2J)) +Wijjd( )+lejd( ) 0,1<i<j<s;

Wijkd( )_I_Wz]kd( >+Wz]kd(k) :07 1<i< .] < kS S5

Y winbp— Zuhz ;l b+ vird (i) + vige(k) = 0,1 <i <5, 1 <k <t;
i<h h<i

u@ (d(l)> + wiij <d(l>> =0(modd(i)),1 <i<j<s;
=0(modd(i)),1 <i< j<s;

=0(modd(i)),1 <i< j<s;

Wijk (d;i)) Wik (dgj)) Wik <d(2k)) =0(modd(i)),1<i<j<k<s;

Vik (dgl)> Whiibnk — Z Wuhbhk =0 (mOd (d<i)7 e(k>))7

h<i i<h

1<i<s, 1<k<r

Y Whijbi+ Y, Winibm+ Y, wiibm = 0 (mod (d (i), e(k))),

h<i i<h<j j<h

1<i<j<s 1<k<t
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;l () +Zuzhchl Zuhl ;L Chl — Zv,kdkl

i<h h<i

(16) - ¥ uni

h<i

— Y Wiy — Y w0y ¥ — Y w0 =0 (mod (d(i), £(1))),

g<i<h g<h<i i<g<h
1<i<s, 1 <1<y
17 ZvikbikEO(mode(k)), 1<k<r
(18) Y vikbi+ ) vibix =0 (mode(k)), 1 <k <I<t.
i i

3. MAIN RESULTS

Tahara [9] proved that the exponent of Ds(G)/v5(G) is divisible by 6. Moreover, it has been
proved in [6] that D3(G) C ¥5(G)[12(G), %2(G)]. Thus it follows that for metabelian p-group G,
p odd prime, Ds(G) = 5(G). Now, the problem is to find the conditions on metabelian 2-group
G under which Ds(G) = 95(G). In continuation to the results proved by Gupta et. al in [2], the

following theorem has been proved:

Theorem 3.1. Let G be a finite metabelian 2-group and G/ (G) ZC, & Cy ® - - - ® Cy,, where
C; =< X1; >, is a cyclic group of order d(i),1 <i<n. Letd(1) =d(2)=---=d(n—-3) =
2,d(n—2)=2%d(n—2) <d(n—1) < d(n) and [x1,_1,%1n] = {€}. Then Ds(G) = y5(G).

Note: In Thoerem 3.1 notations w; j ¢, w ik and w/ ., have been used instead of w; ks w; ik

ljk

and w/., 1 <i< j<krespectively, as stated in Theorem 2.2.

ijk>

Proof: It is enough to prove the result for a group G of class 4. It follows from Theorem 2.2

that any element g of Ds(G) is of the form

(s
=

j
d(i .
KR ) TR T

&.

8= H [xtlii(i)vxlj] !

1<i<j<n 1<i<j<k<n
ai) il (i) ()
— l . ! t . Wi jk t . Wi, j
= [I bu7xl [T B xgxd™s TT B
1<i<j<n 1<i<j<k<n 1<i<j<n

(19) = A.B.C (say)
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where u;; and w; ; x are integers satisfying conditions given in Theorem 2.2.

d(j)

d(i Wij (i
A= H [xu(l)vxlj] v

1<i<j<n
J d(n—2)

d(i i d(i Uin—2 =g
- H [xu(l)»xlj] v H [xli(l)7x1n—2] 0

1<i<j<n—-3 i<n—2

d

I~

|

d(n—1)

IT 0 T xa)

i<n—1 i<n
d(n—2)

. . in_p 202
= I &Pl T B

1<i<j<n—-3 i<n—2

U
=

n)
0]

Uin

U

Ml‘j

d(n—1) d(n)

d(i Win—1=gy d(i Uin g0y
H [xli(l)ﬂfln—l]l © H[xli(l),xln] (i)

i<n—1 i<n

(20) = A] .A2.A3 .A4 (say)

Now, for 1 <i < j <n—3, condition (7) becomes u;; = w; j jd (i) + w§7j7jd(j), which implies

that,
d(i) uij
Ar= H by xa ]
1<i<j<n-3
_ d(i) wi,j,jd(i)+wi ; d(j)
- H by xa ]
1<i<j<n—3
d(i) d(j)(wij,j+wij ;)
- H by xa ]
1<i<j<n—3
‘ / d(j)
d(i) d(j)iiitWijj (i) —Owij i () ,
- H [y 1 X1 ] H Xy X, %] [Using Lemma2.1]
1<i<j<n-3 1<i<j<n—3
/
d(i) Wi jj d(i) “Wijj
- H [y, X ] H [xp; 7 xj,x1] )
1<i<j<n—3 1<i<j<n-3

asd(j)=2, forl <j<n-—3and [xill.(i),xfﬁ.j)] € [1(G),n(G)] ={e}.

Now, for I <i < j <n—3, condition (12) becomes, w; ; ; =0 (mod d(;)), thus

,~ .
@1 A= 1 KOxpag]

1<i<j<n—3

For j = n— 2, condition (6) becomes, uin_z% = —Wjjn—2d (i) — wgfi7n_2 (n—2)
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Thus
d(n—2) . i
d(i) Uin—2=g0) d(i) ~Wiin-2d(i)=wi;, »d(n—2)
Ay =[] K" x1n-2] =TT &7 xin-2]
i<n—2 i<n—2

For j =n—2, condition (10) becomes; w; ; ,—» = 0(modd(i)), i.e., w; ; n—2 = 2s for some integer

s,asd(i)=2fori<n-—2.

Thus
dli 722s7w;fi7n7 d(n—2) dli —d(n=2)(s+w/;,_5)
A= 1] [xll'(l)7x1n72] ’ =11 [xh‘(l);xlan] "
i<n—2 i<n—2
) d(n—2); W) - WD) (0] ) .
= H [xclli(’),x[llr(:i;)] e H [xclli(l),xln,z,xln,z]( 2wl [Using Lemma2.1]
i<n—2 i<n—2
3 (i) (15D (] )
= 1 5.7 xin—2,%10—2] ;
i<n—2
(i) d(n—2)

as [x};",%),_» | € [1(G),n(G)] = {e}.

- H [xliyxlnfz,xm—z]d(i)(d(ngz))(s+wﬁft,n—z)
i<n—2

_ (40 (dn2) .
IT xin—2,x1,x10,x10-2] (S ) twlin2) [Using Lemma?2.1]
i<n—2

d(nfz) (d(n_z)_ 1 )(S+W§,,i,n—2
i<n—2

)

A2 dn-2)~ 1) (54w, )

I1 12, X105 X102, K12
i<n—2

_(d(n=2) "
IT Frin2.x1ix10,%10-2] (T2 4wiin)

i<n—2

(22) ={e},  as (d(”z_ 2)) =0 (modd(i))

d(n—1
Uin—1 din)

d(i i
Az = H [xu(l)’xlnfl] v
i<n—1
. bir Uin—1 % Ci Uin—1 %
= [T II Fokximi] IT IT BSFxin-i] [from (1)]
i<n—11<k<t i<n—11<I<u
_ Uin—1 %bik Uin—1 %Cﬂ :
=TT T Feoxoxin-i] O T TT Fesesxin-i] ® [Using Lemma2.1]
i<n—11<k<t i<n—11<I<u
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n—1) n—1)

_ Yicn—1tin—1 d(dTbik Yicn—1%in—1 d(dTCi[
=TT Boxoxin1] IT Bearsxini]
1<k<t 1<I<u

For i = n— 1, condition (9) becomes, Y, ,_1 Uin— l%bik = Uy 1nbpr + vp_1ud(n —1) +

vi_qelk)

- H X2k, X1n—1]"" bt vuopd (n=1) 40y k)

1<k<i
d(n—1
H [—x3l,x1n_1]2i<n71 uin—l%cil
1<i<u
Vn— d(n—1
= H s X1n—1]"" 1nbnk H Dok Xin1] 1 (n—1)
1<k<t AL
d(n—1)
v elk Z ity 2
H [xzk’xl”l—]] nilk() H [x3l7x1ﬂ—1] i<n in d(i) "
1<k<t AL

d(n—1);Vn=1k
=TT b xiaa]™ bk I1 [x2kax1r(;n—1 )] '

1<k<t AL
_ d(n—1) . V,f
H [x2k;x1n—lax1n_1] Vn—lk( 5 ) H [xggc)?xm_l] .
. 1<k<t
H [x3l,XIn71]Zi<n—1 Uin—1 %CU
1<i<u
- d(n-1)
- H [XZk7xln 1] i "k H [x2k7x1n—1,xln—l] vnflk( 2 )
1<k<t AL
- H [x:;l’xln*l]zwflMi"_l%cihikviﬂkdk’, [from (2)]
1<I<u

For i =n—1, condition (14) and (16) becomes,

din—1
ank( ( )) = Y Win-ta1bic W11 pbuc+d(n—1)a+e(k)b,

2 i<n—1
and
d(n—1) din—1) (in-1)
n— d = - n— o n—1ln
l<;1ul : d() Cll+2vi’l e l<;1ul : d(l) ! i inCn

(n—1n) (in) (in—1)
“Win—1n—1,n0 Z Win—1,n0 -2 Z Win—1n—10¢
i<n—1 i<n—1

Z W’J” 1Ocl( ) Wh— lnn l(nn)+d<n_1)c+f(l)d

i<j<n—1
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for some integers a, b, c and d. Using these equations in (23), we get the following:

As= [T axxiaa] "% T Boaksxint,x1a—1] " Zisn1 Win-ta-tbi

1<k<t 1<k<t
H [x2kaxlnfl7x1nfl]_ngl’”fl’”b"k—i_d(n_l)a+e(k)b
1<k<t
d(n=1) _(in—1 L
H [x3l X1 1]_Zi<n71 Uin—1 (;t(i))al(n )+un,1ncn1—wn,1,n,1$nal(” )
yAn—
1<i<u
‘ in—1
H [_X:3l xl}’l 1]_Zi<”_lWisnflanal(ln>_2zi<n—lWi,nfl,nfl(xl(m )
, _
1<i<u
H [X3],X1n_1]_):i<j<"*1Wivja"*lal(w_W:z—l,nﬁna;nn)-i-d(n—1)c+f(l)d
1<i<u
buk Un—1n d(i) e
= H [xzzaxln—l] H [xll 7x1n—1;x1n—1] in—1,n—1
1<k<t i<n—1
i d(n—1)
d(n) W d(i) s :
i<n—1
Cnl Up_1np d(n—1) w1
H [-xsl; ,xln—l] " "[xln_l 7x1n7x1n—1] n—1,n—1,n
1<i<u
H [xli axlnvxln—l] in—1,n H [_xh. ,X1n71,x1n71] in—1,n—1
i<n—1 i<n—1
d(i) s rd(n) W
H [xli 7x1j7x1n—1] L l[xln 7x1nax1n—1] n—1,n
i<j<n—l1
d(n) Up— d(i) w4
= [)Cln ’xlnfl] n—1In H [xli 7-x1n*17-x1n71] in—1,n—1
i<n—1
1 d(n—1)
4tw) - () gy )
[xln 7x1n—lax1n—l] n=ln—ln H [xll. 7'x1n—17x1n—1] mn d(i)
i<n—1
d(i) —Wip— d(i) o
H [xli 7x1n;x1n—1] Ln=ln H [X” ’xln—laxln—l] in—1n—1
i<n—1 i<n—1
d(i) —w; i g1.d(n—1) e
(24) I_I [Xll 7.x1],_X1n_1] LJn l[‘xln_l 7xll’l7xll’l—l] n—1,n—1,n
i<j<n—1

Now we will separately solve the terms of (24), firstly consider,

d(n) —w!! —w' d(n
[X]n 7x1n—1,x1n—1] n=ln=ln — [xlnaxln—laxln—l] n=ln—ln (n)

w - (d(n)) .
[X 115X 10, X170, X1p—1] =1\ 2 [Using Lemma2.1]
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Since d(n—1) <d(n) = Z\d(dn(f)l). Letd(n) =2"d(n—1), m > 1. Hence

d(n) — d(n—1)y—2my/”
[xln 7xln—l7x1n—l] n=ln=ln — [xlnvxln—bxln_] ] n=ln=ln

m d(n—1)
[Xln_l,xln,xln_l7x1n_1]*2 WZfl,nfl.,n( 2 )
d(n)
[xln—l7xln,Xln,xln_l]wz—l,n—l,n< 2 )
) ~{e},
because 2™ (d(nzfl)) =0(modd(n—1)) and (d(zn)) =0(modd(n—1)).
dli g d(nfl) dli . M
H [—xll(l),xlnflbxln*l] u 1 d(i) — [xll(l),xlnfl,xlnfl] u 1 a0
i<n-l i<n—1,i#n—2

d(n—1)
d(n-2) “Un—2n—14(,2)
Xinen s Xln—1,X1p—1] " 1402

In a similar way, as in (25), we get the following

26 d(i) —uyp G
(26) IT X7 xin1,x10-1] = {e}

i<n—1

d(i o - )
I [xll'(l)axlmxln—l] Winctn =TT BetisXins X1in-1] Win—1nd(7)
i<n—1 i<n—1

d(i))

i X1 %10, X101 )" 2(5) [Using Lemma2.1]

For j =n—1, k= n condition (8) becomes, w; ,_1 ,d (i) = _Wg,nfl,nd(n —-1)— w;:nfl,ndo/l) and

condition (13) becomes w; 1 » (déi)) = 0 (modd(i)). This implies

d(i) —Win— wh d(n—1)+w/ d(n
T & xtmxtna] ™t = T Beris i i ] im0 o)
i<n—1 i<n—1

Again in a similar way, as in (25), we get

27) H [xi'(i)7x1n7x1n—1]_wi’"71’” ={e}

i<n—1



4506 S. GUPTA, J. KAUR

For i = n — 1, condition (14) becomes, Y, 1 Win—11-1bik = Vn—1k (d("z_])) +w bk

+Z-linear combination d(n — 1) and e(k). Thus

d(i —2Wipn—1n— -y 2Wi ye1 n—1bi
I [xh(),xmfl,xlnq Winctnt =TT ok X1n-1,%10-1] Yicn1 2Win-1a-1bik [from (1)]
i<n—1 1<k<t

d(n—1)
=11 [xzk,X1n—1,xm_l]*zvnﬂk( )

1<k<t
_2WZ71 n—1 nb”k
IT xoroxin1,x10-1] L,
1<k<t
d(n _ow
(28) = T & i1 72t [from (1)]
1<k<t
Similarly, it can be seen that
d(i -2 in—ln—1 —
(29) I1 W X1t xip ] Pi el = fe)

i<n—1

Using condition (14) for i =n— 1, j = n, we get the following

(30) [Xcll,g’i_l),xln,x1n71]_W"*lv"*l-f” ={e}

Using equations (25), (26),(27),(29), (30), (24) and given assumption, we get the following

d(i —w: d(i W

€Y Az= ] WS X1ty X1 g] i I1 WD x1j i) i

i<n—1 i<j<n—1
Now

() iy
A4:H[xll 7xli’l]
i<n
oy A A oy d)
— H [xzk’xln]21<numd(i)bzk H [xglll’xln]21<num 6) [from(l)]
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For i =n, 1 <k <t, condition (9) gives, ¥, uin%bik = vpd(n) + v/, e(k), which implies that

A4 — H [XZk,Xln]vnkd(n)JrV;'ke(k) H [X3Z,XIn]Zl<numd(i>Cll

1<k<t 1<i<u
d(n),Vnk o (40) elk Vi
=11 [sz,xl,(l 4 IT Focsxinsxia) () I1 [ngc);xln] !
1<k<t 1<k<t 1<k<t
dn)
H [x3laxln]2i<n Uin gy Cil
1<i<u
_ d(n) d v/k
= 1 Foxsxinxin] () IT IT bsfoxul™
1<k<t 1<k<t 1<I<u
dn)
H [—x3laxln]):i<n Uin a0 Cil
1<i<u
—y (4
= 1 Foxsxinx1] () IT Bsisxin ]ZK”M’” et L
1<k<t 1<I<u
, .- d d ]
For i = n, condition (16) becomes } ;_, Min%Cﬂ +Yvidi = —Yicn uin%al(m)—

2% i Winn0 ™ = i ienwi jn0) P — Yoy wiin0)™ + Z-linear combination of d(n) and f(1).

Thus, we have

_d(n) (in) ) (in)
A4: H [‘x2k7x1n7x1n]_vnk(d(2n>) H [X3l,x1n]_2i<numﬁ7)alm _22i<nwl,n,na1m
I<k<t 1<I<u
I_I [X31,X1 ] Zl<j<nwljnal( Z,<nwlln06[(>
1<i<u
_ d(n) dli ) dli o
= H [x2k7x1n7x1n] Vnk( 2 )H[xh-(l),.x1n,X1n] Mmd(’) H[xli(l)axlnaxln] 2Wz,11,n
I<k<t i<n i<n
d(i —wi d(i i
H [xlfl)’xlj;xln] WI’J’”H[xli(l)>x1i;xln] Wi
i<j<n i<n
_ d(n) b: ., 4
=TT Poxinxil (5 )H TT Peooxin, x40
1<k<t i<n1<k<t
b; oW dli '
H H [xz;fvxlnaxln] P H [xli(l)vxljaxln Wi H xlz s X1n— 1,x1n] Win—1n
i<nl<k<r i<j<n—1 -
(4 _y. oy 4
=TT Feaxsxinsx1a] el 2) TT ook X, xap] 2o P
1<k<t 1<k<t
oy . ) dli o dli .
(32) H [‘x2k7-xln7-xln] 221<nwz,n,nblk H [Xli(l),xlpxln] Wi jn H [‘xll() xln—l;xl] Win—1n
I<ks<t i<j<n-—1 i<n—1

Now we will separately solve the terms of equation (32).
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Fori=n, 1 <k <t, condition (14) implies that

o (40 d(i s
(33) H [x2k7x1n7'xln] Vnk( 2 ) :H[-xll'(l)7xln7x1n] Wi
1<k<t i<n
For i = n, condition (9) gives, };, uin%bik = vuid(n) + V) e(k), which implies that
—Yi<nUin %bik
(34) IT Foesxin x4 D7 = {e}
1<k<t
For i =n, 1 <k <t, condition (14) becomes, ¥;, Wi n.nbix = Vuk (d(zn)) + Z-linear combination

of d(n) and e(k), which implies that
(35) H [x2k7xln,xln]*22i<nwi,n.nbik — {e}
1<k<t
From (33), (34)and (35), equation (32) reduces to
d(i o d(i o d(i s
(36) As= H[xli( ),Xm,xln] | [X1,~( )>x1n—1;x1n] Vit T [Xll-( )7x1j7xln] Wijn
i<n i<n—1 i<j<n—1

Substitute the values Aj, Az, A3 and A4 from (21), (22), (31) and (36) in (20), we get the

following
d(i —Wijj d(i .
A= ] i ] I1 1 X1 X g] it
1<i<j<n—3 i<n—1
d(i — W s d(i —w;
[T 0 wminm] e TG ]
i<j<n—l1 i<n
d(i W d(i W
(37 IT G i) e T o) 7
i<n—1 i<j<n—1
Now, consider
d(i -
R TR
1<i<j<k<n
— d(i) . Wi, jk d(i) . Wi jn—1
- H [-x]l' 7~x1j7-xlk] b H [xli 7x1j,x]n—]] b
1<i<j<k<n-—2 i<j<n—1
d(i . d(i .
(38) H [-x]l'( )7x1j7x1n]ww’n H [xli( )7x1n—17x1n]Wl’n71’n
i<j<n—1 i<n—1

For i < j<n—2,d(i) =d(j) = 2, therefore, condition (13) becomes, w; jx = 0 (mod (d(}))),

which implies that

I1 [Xf,(i)axljvxlk]wi*f‘k ={e}

1<i<j<k<n-2
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Thus equation (38) reduces to

39 B= J1 iV xxaer T Bl TT B xirxa)ot

i<j<n—1 i<j<n—1 i<n—1

Finally, consider

dli o
c= ]I [xll-(l),xu,xu]w””

1<i<j<n
d(i . d(i .
- H [xu( )7X1j7x1j]w"-”-’ H [xli( ),xln,z,xln,z]wunfz,nfz
1si<jsn—3 i<n—2
d(i : di ‘
“40) H [xu( )7x1n—1;x1n—1]wl’"7l’"71 H[x”( ),xln,xln]wl-mn
i<n—1 i<n

By using condition (11) for j = n —2, we get the following

1) I1 [xclli(i)7x1n—25xln—2]wi’n_2’n_2 ={e}

i<n—2

Thus (40) reduces to

d(i . ” |
C= H [xll-(l)vxlj’xlj]Wl’j’j H [xll-(l)yxlnfl7x1n71]wl’"_1’"_1

1<i<j<n—-3 i<n—1

42) T, 1, 1) i

i<n
By putting values of A, B and C from (37), (39) and (42) in (19), we get g = {e}. Thus
Ds5(G) = ¥%5(G) = {e}. 0

Several conditions have been obtained on metabelian 2-group G under which the exponent
of Ds(G)/¥(G) is 1, i.e., Ds(G) = ¥5(G). Let us now drop the condition that G is metabelian
group. It is well known that the exponent of Ds5(G)/v5(G) is divisible by 6. Thus, if G is finite
p-group, p # 2,3, then Ds(G) = ¥5(G). We will now discuss some conditions on finite 2-group
and finite 3-group G for which Ds(G) = 5(G).

Theorem 3.2. Let G be a finite 3-group. Let G/ (G) = C| @ C, & C3 where C; is cyclic group
of order d(i), i =1,2,3. Let d(i) =d(i—1)? i =2,3 and %(G)/y3(G) be cyclic. Then the
exponent of Ds(G)/v5(G) is 1, i.e., D5s(G) = ¥5(G).
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Proof: It is enough to prove the result for a 3-group G of class 4. Let g be an arbitrary

element of D5(G), then by using Theorem 2.2, g is of the form

diy  qui 5l (i) y
g= [I K,7xl™@  TT B, xu)™
1<i<j<3 1<i<j<k<3
d(1) “12@ d(1) u13L d(2) uBM d(1)
= [x7y x0T xR [ X, x0] 12

d(1 (2 d(1
(43) [x”( ),xla,x13]wl33[x1§ ),x137x13]W233[x1§ ),xlz,xm]wm

Since G is of class 4 and ab = ba[a,b] V a,b € G, we have

2 d(1 2u d(z)dl 2u@d2 2u@d1 2
g = [x1§ )7)512] 124(1) [xlg ),X13] 134() [X1§ )=X13] 234(2) [xli ),X12,X12] w122
d(1 2 d(2 2 d(1 )
[xlg )7'x137x13] W133['x1§ ),X]3,X13] W233[x1§ ),x12,X13] Wi23
Let
d( Q)
A= [xéz)’x J123ae [ )3
d(2)
B = [xll ) X ] 124(1) [x (1) X 3] 1330
d2)
C= [xll ) X1 ]ulzd(l) [x (2) X ]u23d(2)
Clearly
1 2up, 42 1 2up346) 2 212 4B)
) A= ) PP )

Using (44), g turns out to be

(1 d( 2 (1
(45) 82 :ABC[-xlg )7-x127x12]2W]22[x]$ )7x137x13]2W133 [xlé )7x13;x13]2W233 [-xlg )7-x127x13 w123
Since 1»(G)/73(G) is cyclic, thus equation (1) reduces to

d(i b1 ci1 Ci i .
(46) XY = S e, v € m(G), 1<i <3
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Now

a03) a03)
d(2 U3 755 1. d(1 U13 775
A= [ ] 0 [} )20

M23%b21 M23%C21 u13%b11
= [x21,X13] IT Bsixas)] [xa1,%13]
1<i<u
4(3)
H [x37,x13) 2 am Y [Using (46) and Lemma 2.1]

1<i<u

43) 413 930 43) gy 230
= gy g3 PARPHTERAP T gy, ey 2@ 2RI
1<I<u

Now, condition (9) with i = 3 gives that u23dg §b21 +u13dE ;bll =v31d(3) + V5 e(1). Thus

/ d(3) d(3)
A= [le ,X]3]v31d(3)[x2] ,x]3]v3le(1) H [X31,X]3] U23 g3y €21 U13 gpy €l

12120

= Deap, 3] [X21,X13,X13]_V31(d(23)) W x5

H [X3l,x13] 23353;6214-1413%;611

12120

= [levxlzji']vﬂ[x217x137X13]7v31<d<23)) [1 [X31,X13]”23%62’+”‘3%Cll”'ﬂ"“
1<I<u

aG) 43) iy 40)
- Fu g cnu+vhdy
= [x21,x13,X13] v @) COM S

ey
SN—
pya
|
—
=
9
be
=
B
w
=
[3e)
(9]
&

It follows from conditions (14) and (16) for i = 3 that

V31 (d(23)) —W133b11 —W233b21 =0 (mod (d(3),e(1)))

and

d(3 d(3 d(3 d(3
_”13£O€1(13) - M23£(Xl(23) - M23£021 - u13%611 - vgldll - 2W133O£l(13)

—2W233061(23) — W123061(12) =0(mod (d(3), f(1)))
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Using these conditions, we get the following:

a03)
d(1 _ d(2) _ d(1 (O]
A= [x1§ ) x13,x13) 15 [xlé ,X13,Xx13] " [x1§ ) x13,xq3) 30

d3)
d2 —up3 55y r.d(1 ) d2 -2 d(1 _
s xiz,s) a0 [ ] 2B ) s, a] 2 Y xgg,s]
d(1 3 Qe 3 d(1 _
= [x1§ ),X13,X13] Wl*”[xlé ),x13,x13] Wm[xli ),Xlz,xm] 23
4By d(3)
a1, 013, x3] R A
Using condition (9) for i = 3, we get
B dB),
[x21,X13,%13] U3 g2 M3 gm) P = {e}
Thus,
d(1 3 e _3 (1 _
47) A= [Xlg ),x13,x13] Wm[xlé ),X137X13] s [x1§ ),Xlz,xls] 23
Let
d(1 ulgﬁ d(1 u13@
B = [x{1", xpo] 1240 [ xp3]
(48) = B1B; (say)
Consider
d(2) d(1) d(2) rd(1)
a2 upp 92 upp 92
By = [x11,x12]""? ( Vi1, x12,x11] ean (2 )[xnyxlz,xn,xn] an ()
d(2 _ d(2) _ d(2)
= [X117X1§ )]"'Z[lexlz,xlz] uiz(% )[x117x127x12;x12] uiz(5”)
12 92 (40 112 93 (40 -
(49) [xn,xlz,xll] dn\ 2 [xll,xlz,xll,xll] i)\ 3 [Usmg(46)andLemma2.1]

Now we will solve separately the terms of the equation (49):

Since (“§)) = 0 (mod (d(1))) and 43 (*) = 0 (mod (d(1))), thus

(50) [Xll7X12,X12,x12]*”12(d22>) and [xu,xlz,xn,xn]m%(dg)) — {e}



DIMENSION SUBGROUP CONJECTURE FOR SOME p-GROUPS 4513

4@ () 2d(1)=1)
u a1l
[xX11,x12,X11] 2 (%) Pern, g, xpp ] 2470

d(1 J(1) @01
= [xé ),X12,X11]”” (%5

[x12,x11 ’xll’xll]ulzd(l)w(d(;))

d(1 d(1l (d(1)-1)
= [x1§ )7x127x1§ )]Mlz 2

(51 —{e}

Using (50) and (51), equation (49) reduces to

2 o d@)
B = [xn,xlé )]“12[)611,)61273612] u2(y’)

Similarly we get By = [x1,X}5 " ]“3[x11,X13,%13] . Thus
e
B = [xy,a0y)

d(3 —uir (42 o (d(3)
]u12[x“,x1§ )]um[x“,xlz’xlz] u12( 2 )[XII,XIS,XB] u13( 5 )

Now condition (7) for i = 1, j = 2 yields that —ulz(d(zz)) +wi22d (1) +w/,,d(2) = 0 and for

i=1,j=3,weget —up3 (d(23)) +wiazd(1) +W’133d(3) = 0. Thus

d(3 B »
B = [xyp a2 fry 2y 1 e v a) 720 [ g, ) 24 @)
[x“’x13’x13]_wl33d(1)[X11,X13,X13]_W/'33d(3)

d(2 d(3 d(1 _ i (4D
= Per, X0 ey xS Y i, 00] T e, 3 i) 2R

—wj d(1 - a4
[x11,X12,X12] Wm"(z)[x1§ ),x13,x13] Y133 [x 13, X11,X11,X13) wizs ()

—wod(3
Per1,x13,x13) W 1340G)

d(1
Since (d(zl)) = 0(modd(1)), thus terms [xlz,xn,xn,xlz]*wm( 2) and
d(1
[x13,X11,X11,x13]*W133( »') reduce to {e}. Hence

e a3 d(1 _ d(1 _
B= [Xn,xlé )]"12[X11,X1§ )]"13[361% ) x13,213] 3 [xli ) x12,x12] 712

—Wind(2 —W35d(3
e, X2, x12] 122 ( )[xll,x13,x13] Wi33d(3)

= [y, X212 ey, 2250145 D (say)

— u12b21+ui3b Uj1pCo+u3c
= [xll,le] 12021 TU1303] H [xllyx’jl] 12621+ U13¢31 )
1<I<u
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For i = 1 condition (9) becomes uj2by; + uj3b3; +vi1d(1) +vj e(1) = 0. Thus

B = [xy1,201]) "W [y 20 70D T [y, gy 22433 p

1<i<u
d(1)
= [xﬁl),xﬂ]_"“[xll,le,xn]"“( 2) H [xn,x3l]—V'11d11+u12621+u13€3zD
1<Ii<u
d(1) )
= [xgll',le]f‘/“[x11,x217x11]"11( 5)) H [x“,x3l]*V/11d11+1412€21+u13631D
1<i<u

= [xll,le,xn]vll(d(zl)) H [xw,xll]v/]1d11—M12€21—u13031D
1<i<u

Conditions (14) and (16) with i = 1 yield that

. ("“)) —Wisban —wysbat =0 (mod (d(1),e(1)))

2
and
u2Coy + u13cs — vidy —wi 12061(12) — Wi 13061(13) — W/lzz%(zz)
1 (23) o (33)
Wil T — Wiz :O(mod(d(l),f(l)))
Thus
B = [xll,x217x11]w/1/12b21+W/1/13b31 H [x3l’x11]_Wl120‘1(12)—W11306,(13)—w’122a](22)
1<i<u
[1 b, ] e e p

1<I<u
d(2) w!! d(3) w5 1.d(1) —w d(1) —w
= [x11,x7, xn] 2,y xn ) B xR N xs, xR

d(2) —wo1.d(2) . r.d(3) o,
[xlz ,X12,X11] W122[x12 ,X13,X11] W123[x13 ,X13,X11) 133 D

By substituting the value of D we get,

d(2) w! d(3) wli5r.d(1) —w
B = [x11,X7, /s x11) 12 ey, x50 a8 g o, x0T

d(2)

d(1) _ e d(1) _
(X171 xnzsxnn]) B x, xasxn]TMIB X2, x00] 12

d(1 - W nd(2 W ad(3
(52) [xli ),X13,X13] w133 [y 1,12, X12] 129 [x 1 x5, x03) W13O)

It is easy to see that

(53) [xllvxcliEZ)axll]W,{lz and [xll,xtli?),xll]wlllw = {6}
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With the help of condition (6), it can be seen easily that
d(1 - d(1 - d(2 —w
(54) [x1§ )7x127x11] W“Z,[xli ),x13,X11] W13 and [x1§ ),x13,x11] Y123 = {e}
Now, consider

3)

—w-d(2 —wWaad d(2) —w
bern,xr2, x12) 71293 gy g, x03) 71390) = gy x5 ] Vi

) (4(2) 43 )
12,311,612, 512) ~22( )[x11,x1§ ) xi3) i

. (d(3)
[x137X11,x13,x13] W133( 2 )

= Pern,x1,x12) 71202 [y xap, 5] M1t
Using conditions (8) and (15), we obtain that
e, o, 202) 7122021 [y g 5] 1Pt = [Xﬁl),xlz,x13]_wl23
Thus we get the following:

3) ]—W123

(55) Per, 22, x12) 1293 [y g3, 0003) d0) = [.Xﬁl),xlz,)(w
Substituting the values from (53), (54) and (55) in (52), we get that

(56) B= [Xﬁl),xlz,xlz]_wm [Xﬁl),xl&xw]_wm [xﬁl),xlz,xl3]_wlz3
Similarly, it can be shown that

(57) C= [xﬁl),x12,x12]*3w‘22 [x‘lléz),xlg,xm]*WZ%

Substituting the values of A, B and C from (47), (56) and (57) in equation (45), we get that

2 _ 1,40 -2 d(1) Cowissd(2) L,
g =[xy xiz,xin] T RE a3, x03] T IB X, X3, 03]
—2winb —2wi33bi1 [, 4(2) -2
= [or,x12,x12) 712 [y, 13, x13] BV X w3, 093] TR



4516 S. GUPTA, J. KAUR
Using condition (14) for i = 2 and i = 3, we get that —2wixb;; = —v21d(2)(d(2) — 1) +
2W/2/23b31 and —2W133b11 = —V31d(3)(d(3) — 1) +2W233b21. Thus,

]7\;21d(2)(d(2)71) [x 2why3b31

2
g" = [x21,x12,x12 21,X12,X12)

—v31d(3)(d(3)—1 2wa33ba 1,4(2) -2
[eat,x13,203] THIOE D ey gy 3] 23020 (1) xp3,x05) 7202
d(2)1-v1(d(2)—1)[,d(3) 2wl
= [x21,X12,X)5 '] (X137 x12,X12) 722
d(3)1—v3,(d(3)—1),4(2) 2 d(2) -2
Pear, i3, x5 ) 7 AT TS s, x03)223 (x5 3, 2003] 2R

d(3) ! d(2)? ! d2) d(2)2u
= [xX13 X2, X127 = 37 X2, x10] 7 =[xz a0y x0T = {e}

Since G is 3-group, thus we get that g = {e}. Hence D5(G) = ¥5(G). O

Theorem 3.3. Let G be a finite 2-group. Let G/Y,(G) be cyclic group of order 2 and
1 (G)/(G) =ZCrBCr @ -+ Cy, where Cj, is a cyclic group of order e(i), with e(i) = 2,1 <
i <n—1. Then D5(G) = 5(G).

Proof: Let g be an arbitrary element of D5(G), then by using Theorem 2.2

g= I [roxa]"®

1<k,l<n,
k<l

It follows from conditions (5) and (14) that vy = 0 (mod (2,e(k))), | <k <n. Let vy =20+
e(k)B,a, B € Z.

g — I_I [le’sz] (2a+e(k)ﬁ)bll

1<k,i<n,
k<l

Since e(k) =2 for 1 <k <n—1. Thus

i k ‘
g= T [ @@PPr =TT [P = {e) 0
I<kl<n, 1<k,i<n,
k<l k<l
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