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1. INTRODUCTION

Fuzzy sets are initiated for the parameters to solve problems related to vague and uncertain in
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real life situations are demonstrated by Zadeh [15] in 1965. The limitations of traditional model
were overcome by the introduction of bipolar fuzzy concept in 1994 by Zhang [16, 17]. This was
further improved by Chen et al. [7] to m-polar fuzzy set theory.

Free body diagrams using set of nodes connected by lines representing pairs are good
problem solving tools in non-deterministic real life situations. Thus, Kaufmann [11] was first set
up the thought of fuzzy graph is extracted from Zadeh fuzzy relation. Rosenfeld [12] gave the
concept of fuzzy vertex, fuzzy edges and fuzzy cycle etc. Akram et al. [1-5] played a crucial
role in studying some major properties of bipolar fuzzy graphs, interval-valued fuzzy graphs and
m-polar fuzzy graphs which paved way for the decision making in resolving social problems
with fuzzy environment. Later Rashmanlou et al. [14] studied the categorical properties of
bipolar fuzzy graphs. Ghorai and Pal [8-10] studied the concept of m-polar fuzzy graphs and
studied some of its properties. Ramprasad et al. [13] gave the idea of product m-polar fuzzy line
and intersection graphs. Bera and pal [6] introduced the concept of m-polar interval-valued fuzzy
graph and studied some algebraic properties like density, regularity and irregularity etc. on
m-PIVFG.

This paper attempts to develop theory to analyze parameters combining concepts from
m-polar fuzzy graphs and bipolar fuzzy graphs as a unique effort. The resultant graph is turned

m-BPFG and studied properties on it.

2. PRELIMINARIES
Every vertex and edge of an m-polar fuzzy graph has m elements and those elements are fixed.
But these elements may be bipolar. By this arrangement, m-BPFG has been initiated.

Before defining m-bipolar fuzzy graph, we suppose the following:

For a supposed set V, classify an equivalence relation <> on V xV —{(u, u):u eV}
as follows: (U, ;) > (U,, v,) < either (U, v;)=(U,, V,) or U =V,, v, =U,. The quotient set

got in this way is represented by Ve,
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Throughout this research paper, we assume G* asacrisp graph G*=(V, E).
Definition 2.1. An m-bipolar fuzzy graph (m-BPFG) of G*is a pair G=(V,S,T) where
S:<[pjoz//§, pjoy/Q}T_l>,pjoy/§:V—>[0,1] and p,oys:V —>[-10] is an m-BPFS on V; and
:<[ijWTp’ P,-OW?JT_1>, p; owy AVEREN —[0,1] and pjo%":\?e[—l, 0] is an m-BPFS in
VZ such that p;opd (k. 1)<min{p, oy (k), p;op2 (1)}, p; o (K, 1)= max{p; oyt (k), pjowl(1)}
forall (k, I)e\?, j=12,--,m and p;owf(k 1)=p;opr(k,1)=0 forall (k, I)e\?—E.
Definition 2.2. Anm-BPFG G =(V, S, T)of G* iscomplete if forevery s,teV and
j=1,2,--m satisfying p; ey (s,t)=min{p,cpl(s), p;ow (1)},
pyews (s, t) =max{p; oy (s), p ey (1)},

Definition 2.3. An m-BPFG G =(V, S, T)of G* isstrong if for every(s, t)e E and
j=L2,+,m satisfying  p; ey (s,t)=min{p, cyd(s), p;ope (1)},

pyowf (s, t)=max{p, owi (s), p,owi (t)).

Definition 2.4. Let G=(V,S,T) be an m-BPFG of G*. The complement of G is an

m-BPFG §=£V,§, Tj of G*:(V,\F) such that S =S and T is defined by

P OWT(S' t)=[pj °Wfp(5' t), p, OV’;(S’ t)} P; O‘/’fp(s’ t)={pj owd (S)A P o (t)}_ p;ovf (sit),

pjoa//;(s, t):{pjol//s”(s)v pjoz/fg(t)}—pjot//{‘(s, t) forevery(s, t)e\ﬁ and j=1 2, --m

3. REGULARITY ON M-BPFG
In this section, neighborhood degree of a vertex, open and closed neighborhood degree of

vertices are defined and studied some of its properties.
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Definition 3.1. The neighborhood degree of a vertex reV in an m-BPFG G=(V, S, T)is

teN teN

defined as dN(r):<[pjod;,’(r),p } > <{ > pewd(t Z powe(t ]m >

Definition 3.2. The open neighborhood degree of a vertex r eV inan m-BPFG G=(V, S, T)

m

is defined as dG(r):<[p,-od£(r), p,—odé(r)]T_l>= 2 Pewr(rs) X pyevr(r

r#s r#s

(ris)eE (rs)eE 1

Definition 3.3. The closed neighborhood degree of a vertex reV in an m-BPFG

G=(V, S, T)is defined as dG[r]=<[pjod£[r] p, odg H],1>

m

=(| D, pyew(rs), D, pyowr(r,s) +<[pjol//8p(r)’ pj"'/’sn(r)]?=1>'

r#s r+s
( s )eE (r,S)eE

j=1
Definition 3.4. An m-BPFG G=(V,S,T) of G* is said to be <[77jp,77j” ]T_l>—regular if all
the vertices in G have same open neighborhood degrees <[77J 77, ]m_l>

e ag. _ _ * . n m
Definition 3.5. An m-BPFG G=(V,S,T) of G* is said to be <[yjp,yj ]j:l>_totally

regular if all the vertices in G have same closed neighborhood degrees <[7/,~p,7}‘ ]’“ 1>.
=

Definition 3.6. Let G=(V, S, T) bean m-BPFG of G*

Then the order of G is

0(6)~{[n-0*(6). -0 (@I (| Zo w2 T vitr] |

rev rev

and the sizeof G is

S(G):<[pjosp(G), pjoS“(G)}L>= [ZEpjov/Tp(r, ), Z pjov,Tp(r, S)]m



5618
R. MANKENA, T.V.P. KUMAR, CH. RAMPRASAD, K.V.R. RAO, T.S. RAO

Proposition 3.1. Let G=(V,S,T) bea <[77]'°,77}‘ }T_1> -regular m-BPFG of G*.
n n m J—

Then S(G):§<[U‘P’m ],-1> where |V|=n.

Proof. Suppose Gisa <[77jp,77;.‘ T_l>-regular m-BPFG.

Then dg(r)= <[77J m; ]__1>for all reV.

Thisimpliesthat (| > p,oyf(r,s) Y. poyr(r,s) =<[77]p,77;" }m> forall reVv.

j=
r#s r#s

(rs)eE (rs)eE i

m

Y| Z pevi(rs) X opevi(ns)| =X ] ) ie 25(6)=n{[nf T,).

rev r#s r#S rev

(ris)eE (rs)eE i1

Hence s(G)=" <[77, ZN 1> .

Proposition 3.2. Let G=(V,S,T) bea <[7/]P,y;‘ ]T=1>' totally regular m-BPFG of G*.

> where |V|=

Proof. Suppose Gisa <[7/JP,7/;‘ ]f‘1>-totally regular m-BPFG. Then dG[r]=<[7xJ 7i ], 1>
i

Then 25(G)+0(G)=n([}.7] T’

for all reV . This implies that dG(r)+<[pj owd (r), p OV/Q(F)]T_1> :<[;/jp,;/;.‘ ]T—1> for all

rev.

Therefore Y. dg(r) ZV:<[D, owd(r), p; O'//Q(r)]T_1> = Z<[7/ip’7/? ]T-1>’

=y =y
ie. 25(G)+0(G)=n <[yf,yj“ ]Jl>u

Proposition 3.3. Let G=(V,S,T) be a <[77]p,77j” ]T_l> -regular and <[;/JP,;/;.‘ ]rjn_l>- totally
regular m-BPFG of G*.Then O(G):n<[;/jp—77jp,yj’.‘—77;‘ }r:_l> where [\/|=

Proof. From Proposition 3.2, we get 2S(G)+0O(G)= <[7, Vi ]J 1>

ie. O(G)= <|:}/J 7] ], 1> ZS(G):n<[;/jp1}/? ]’J“l> 22<[77, n; ]J 1> n<[7jp—njp,71'n_77]” ]T_l>.u
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Theorem 3.1. Let G=(V, S, T)be an m-BPFG of G*.Then S =<[ p;owd, b, oz//;‘}r:_l> is
a constant function if and only if the subsequent conditions are equivalent.

- - p n m _ _

(i) Gis <[77j 7, :'j—l> regular m-BPFG,

(i) Gis <[7/JP,7;‘ ]j:1>-totally regular m-BPFG.
Proof. Suppose S = <[ P ows, p,ows ]T—1> is a constant function.

Then<[pjot//§(r), pjowg(r)]T_l>:<[rjp,r? ]?_1> vreV, where 7 €[0,1], 7] e[-1 0] for
all j=1,2,---,m. Let G bea <[77]",77j” ]r_nl>-regular m-BPFG.

J:

Then forall reV, d; (r)=<[,7jp,,7;‘ ]ml>

j=

m

d[r]=| Y pevt(rns)h Y pewi(r.s) +<[P;Ws"(f)7 P;°‘/’s"(f)]?_1>=<[’hp”Jp”??”?]n_1>-

r#S r#S

(rs)eE (rs)eE 1

Then G isa <[77jp +7°,7) +rf]rjn_1> -totally regular m-BPFG.

Let G be a <[7/JP,;/? }L>- totally regular m-BPFG. Then dG[r]=<[7j",7/? ]T_l>for all
rev.

Soforall reV,wehave dg[r]= dG(I’)+<[pj°l//sp(r), p,ewl(r)] >=<[7,-p,7? T >

j=1 j=1

m

de ()= ({7127 )~ ([P w2 (). vt (O] ) = ([t =7y =21 T7):
Hence, G is <[yjp—rjp,y;‘—r;‘]j_l>-regular m-BPFG.

Conversely, suppose that conditions (i) and (ii) are equivalent. Now we have to prove that

p n ™ i i
[p,— Ws, P ol//sl_:l IS a constant function.

m
j=

In a contrary way, we suppose that <[ JRZ o://g] 1> IS not a constant function.

Then <[pj°V/sp("1), p,-ollfg(rl)]r:_l>¢<[pjOV/sp(Sl), ij‘/’Q(Sl)JT_l> for at least one

pair of vertices I, S, €V.
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Let G bea <[77jp,77;‘ ]T_l>-regular m-BPFG. Then dG(G):dG(Sl):<|:77jp'77F }m >

j=1

Soforall I,S €V,
d [5]=de (5)+{[ P, w26 pyowi @] ) =([n + Py w6 nf + 0 202®)] ),
dg [51] =dg (51)+<|: P; o (s), P; /A (51)]:_1> = <[77jp +P; g (S), 77? + Pj O‘//g(51)i|?_l>

and dg 1] o [s]since ([ p, <w2 (), pyove @], )= ([P, owi(s). powi)], )

Thus, G is not a totally regular m-BPFG. This contradicts our assumption. Hence
m
j

<[ p;owe, p; ot//g‘] 1> is a constant function .
Similarly, <[ P, owe, Pjovs ]rjn_1> is a constant function for totally regular m-BPFG. o

Proposition 3.4. Let G=(V, S, T)be an m-BPFG of G* and G is both regular and totally
regular. Then S=<[pj owd, P, ox//s”]?_1>is constant.
Proof. LetG be a <[77jp,77;‘ ]T—1> -regular and <[7/JP,7/J.” }T:1>-totally regular m-BPFG. Then

dG[r]=dG(r)+<[pjow§(r), p,—owé‘(r)]j_l>,<[pjov/s"(r), p,—ot//s"(r)],._1>=<[7,—p—771",7?—?71p]j_1>
forall r eV . Thisshows that S =<[pj owd, P, oz//g]'j" >is constant.o

=1
Example 3.1. The converse of the above proposition need not be true. This can be proved with

an example given below. The open and closed neighborhood degree of the vertices for the

2-BPFG Gof G* shown in Figure 1. ared, (A)=([1.3, -1.1], [0.2, —0.3]),
ds (B)=([1.1, —0.8], [0.25, —0.45]), d, (C) =([1.4, ~1.1], [0.25, —0.35]),

ds [A]

([2.2,-1.9], [0.4, -0.6]), d, [B]=(]2.0, —1.6],[0.45, —0.75]),

ds [C]=([23, -1.9], [0.45, —0.65)).
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A< [0.9 -0.8], [0.2, -0.3]
[ )

< [0.5,-0.4], [0.1,-0.2] > (< [0.8,-0.7], [ 0.1,-0.1] >

@ O

B< [0.9, -0.8], [0.2, -0.3] > = (00, <04, LRI 025] > ("l [0.9,-0.8], [0.2, -0.3]

Figurel. S= <[ P oW, Pjows ]T—1> is constant

but G is neither regular nor totally regular m-BPFG

Hence, it shows that S is constant but G is neither regular and nor totally regular m-BPFG.
Theorem 3.2. Let G=(V, S, T) be an m-BPFG of an odd cycle of G*. ThenG is regular
m-BPFG ifandonly T =<[ 720 oy/T”]T_l> is constant.

Proof. Suppose G isa <[77jp,77j” ]T_l>-regular m-BPFG. Let t,t,,t, - t,  be the edges of
G* suchthat t,=(r_, r)eE r,reV,i=12 -, 2n+1 and [ =0,,,.

Let <|:ij1//Tp (), pyoyr (tl)]?_l>:<[ajpya;‘ ]T_l> where a e[0,1], al [-1,0] for all

j=12,---,m.Since G is <[77j”,77;‘ ]T_l> -regular, we have dg (I,) = <[77].p,77? Jm >

j=1

This means,

de (1) =([py v (1), pyows ()], )+ ([ Py owd (t). pyovd (@), ) = ([nfr; T ),
e ([pyew? (), pyewd ()] ) = ([ T )~ ([P v (0, mewd (0)]7),
e[y vt (), pewd (W) ) =([nr T )~ ([ana) T ) =([nf —atnp a1 ] ).
Again,d ()= ([ p, v (1), py vt (6)]], ) +{[pyow? (1), povt (6)]],)
= 1) e ([oeve ) pewi ()], ) =([a7.a) ) andsoon
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(EEN if i is odd

Therefore, <[pjol/lTp(ti)’ ijV/Tn(ti)]T1>: - -
<[?7j —a;,7; - § ll> if iiseven

Hence, <[p,~°%"(t1), IR (H)]T_l>:<[pj°%(zn+l) P;° V’T(2n+1)1ﬂ_1>=<[ar 3 }T1>

Since t, and t,.,; are incident on the vertex r, and dg(r)= <[¢7JP,;7].” ]T_1> , we have

<[ij'/pr (t), pjowr (H)]T_l>+<[pj°%(2n+l) p;e° V/T(zn+1)]T_1> <[771 771 ]m—1>

o <[zajp,2a? ]T_1> =<[77,-”'771" T:-l>’ <[aip 2] ]T—1> <V_2F%J ll>

p

Therefore, <|:pjol//Tp(ti), pjogyT"(ti):ITl><|:%,%:| > forall i=1 2, -, 2n+1.
j=1

Hence, T :<[ p,owl, p, oyx{‘}r_nl> is constant.
J:

Conversely, let <[ P oy, p, oy/ﬂrjn_l> be a constant function.
Let <[ p; oy (r,s), p;owy(r, s)]:“:1>=<[a;’,a;‘ ]T:1>, forall (r,s)eE where
al €[0,1], aj €[-1, 0] forall j=1,2 ---,m

]

Then  do(r)=(| X pyowf(rs) Y pows(r =<[2aj",2a?]?_1> for all reV

r#£s (£

(rs)eE (rs)eE 1

Consequently, Gisa <[2aj",2aj” ]T1> -regular m-BPFG.o

4. STRONGLY REGULAR BIPOLAR FUzzY GRAPH

In this section, we initiated the concept of strongly regular and biregular m-BPFGS.

Definition 4.1. A finite m-BPFG G =(V, S, T)is said to be strongly regular m-BPFG if

(i) Gis = <[;71P,,7j” Jj_1>-regular m-BPFG,



5623
NEIGHBORHOOD DEGREES OF m-BIPOLAR FUZZY GRAPH

(i) The sum of the positive membership values and negative membership values of
the common neighborhood vertices of any pair of adjacent vertices and non-adjacent vertices of

G has the same weight and is denoted by 1= <[/1jp, /Iﬂrjn_l>, 5= <[§P, 5?]?_1> respectively.

Astrongly regular m-BPFG G is denoted by G =(n, n, 4, §) where n=V|.

Example 4.1.
A< [0.5, -0.6], [0.7, -0.4] > < [0.5,-0.4], [ 0.6, -0.3] > B < [0.6,-04], [0.7,-0.8] >
Q ®
<[0.5,-04], [ 0.6,-0.3] >
< [0.5,-0.4], [ 0.6, -0.3] >| N (< [0.5,-0.4], [ 0.6, -0.3] >

<10.5,-0.4]. [ 0.6,-0.3] >
@ = . O
D < [0.6,-0.4], [0.7, -0.8] > o Ll G TR C<[0.5-0.6], [0.7,-0.4] >

Figure 2: Strongly regular m-BPFG

Let us consider the 2-BPFG G =(V, S, T)of G*=(V, E)shown in Figure 2.

Here, n=4, n=([15,-1.2],[1.8,-0.9]), A=([1.1 -1.0], [14,-1.2]) and

5=([0,0], [0, 0]). Hence Gis astrongly regular 2-BPFG.

Definition 4.2. Anm-BPFG G =(V,S,T) of G* issaid to be a biregular m-BPFG if Gis
77=<[77j”,77j” ]T_l>-regular m-BPFG and V can be partitioned into V, UV, such that each
vertex in 'V, has the same neighborhood degree M =<[M P, Mj”]r:_1> and each vertex in V,

has the same neighborhood degree N:<[NP, Nj”]T_l>,where M and N are constants.
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Example 4.2.
A < 0.6, -0.9], [0.4, -0.5] > </[0.5,-0.3], [0.2, -0.4] > B < [0.8, -0.6], [0.4, -0.5] >
() — @)
O 0
~</0.6, -0.3], [0.3, -0.5]> <[0.6,-0.3], [0.3, -0.5]>
a <[0.6,-0.4], [0.4,-0.5]>
= @
W <[0.8,-0.6), [0.4, -0.5] > X < /0.6, -0.9], [0.4, -0.5] >
<[0.6, -0.4], [0.4, -0.5]> </[0.6,-0.4], [0.4, -0.5]>
; <[0.5,-0.3], [0.2, -0.4] > </[0.5,-0.3], 0.2, -0.4] >
‘ <10.6,-0.4], [0.4, -0.5]>
Z< [0.6-<0.9], [0.4, -0.5] > Y < [0.8, -0.6], [0:4,-0.5] >
</0.6, -0.3/, [0.3, -0.5]> </[0.6,-0.3], [0.3, -0.5]>
O — — O
D < [0.8, -0.6], [0.4, -0.5] > <[0.5,-0.3/, [0.2, -0.4] > C < [0.6,-0.9], [0.4, -0.5] >

Figure 3: Biregular m-BPFG
Let us consider the 2-BPFG G =(V, S, T)of G*=(V, E)shown in Figure 3.
Here n=8, 7=([17,-1],[09,-14]),V,={A C, X, Z},V,={B, D,W, Y},
M =([2.4,-18],[12, -15]) and N=([1.8,-2.7], [L.2, —1.5]). Hence G isa biregular
2-BPFG.
Theorem 4.1. Let G=(V,S,T) be a complete m-BPFG of G* in which S and T are

constant functions. Then G is strongly regular m-BPFG.

Proof. Let G=(V,S,T) beacomplete bipolar fuzzy graph where V ={t, t,, .., t,}.

J ]

Let S(tk):<[a}’,a’.‘l_l> for all t eV and T(tp,tl)=<[bj”,b.”l_l> for all (t,,t)<E
where aj,aj,b’,b] are constants. Since G is complete, we have G is

<[(n—1)bjp, (n—l)bﬂ?_l> -regular m-BPFG. Again G is complete, therefore the sum of the
positive membership values and negative membership values of the common neighborhood

vertices of any pair of adjacent vertices has the same weight ;L=<[(n—2)ajp, (n—2)aj”]r;_l>

and the sum of the positive membership values and negative membership values of the

common neighborhood vertices of any pair of non adjacent vertices has the same weight
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5=([0,0],[0,0],---,[0,0]). So Gis strongly regular m-BPFG. o

Theorem 4.2. If G=(V, S, T) isastrongly regular m-BPFG which is strong, then G is
an= <[,71P,,7? ]j_l>-regular.
Proof. Let G=(V,S,T) be a strongly regular m-BPFG. Then by definition, G is

77:<[77]p,77j” ]T_l>—regular. Since G isstrong and forall j=1, 2, ---, m, we have
0 forall (t.,t)eE
{pjoz//s"(tk)/\ pjoy/sp(tl)} for all (t,,t,)¢E
0 forall (t,t)eE
{ijI//g(tk)v pjoz//g‘(t,)} forall (t.t)eE

pJOV/Tp(twtl):{

pjol//:(tk,tl)={
Since. G is strong, we have the degree of a wvertex t in G s

dé(tk):<[pjod€p(tk), pjodf(tk):im >

G j=1

where  p;od®(t)= 3 piow?(t.t)= 2 {pyewd (t)Apowd (t)f=n],

ty =t G#Y
(t. t)eE (t. t)eE

piod’(t)= 2 pievl(bat)= X {pewi(t)vpewi(t)i=n], Vi eV, j=12m

et et
(t. 4 )eE (t. ty)eE

Hence dG(tk):<[77jP,;7;_‘ JT_1> Vit eV. So G is 77:<[77]P,77;‘ ]T_l>-regular m-BPFG. o

Theorem 4.3. Let G=(V, S, T)be a strong m-BPFG. Then, G is a strongly regular if and only

if Gis astrongly regular.

Proof.  Suppose that G =(V, S, T)is a strongly regular m-BPFG. Then G is <[77j"",77;‘ }m >

j=1
-regular and the adjacent vertices and the non-adjacent vertices have the same common

neighborhood weight <[ﬂ,j", /1.”]?_1> and <[5JP, 5HT—1> respectively. Now we have to prove

J

that G is strongly regular m-BPFG. If G is strongly regular m-BPFG and which is strong then
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— m
]

G is <[77j'°,77}‘ ]__1>-regular m-BPFG by Theorem 4.2. Next, let F, and F, be the set of all

adjacent vertices and non-adjacent vertices of G; F, and F, denote set of all adjacent vertices
and non-adjacent vertices of G.

i.e. Flz{(tk,t,)|(tk,t,)eE}, where t, and t, have same common neighborhood weight

/’t=<[,1jp,,1;‘]jm_l> and FZ:{(tk,t,)|(tk,t,)gE} where t_and t have same common

neighborhood weight 5=<[5JP, 51.”]?_1> . Then, F1 ={(tk, t)

(tk,tl)ef} where t _and t,

m
j=

have same common neighborhood weight 5=<[5{’, 5| 1> and Ez{(tk,tl)

(t,t)e E},
where t and t have a same common neighborhood weight /1=<[/1jp, ;LJ.”]T_1>. This implies G

is a strongly regular. Similarly, we can prove G is strongly regular if G is strongly regular. o

Theorem 4.4. A strongly regular m-BPFG G =(V, S, T) is a biregular m-BPFG if the adjacent

vertices have the same common neighborhood weight

A= <[/1JP, ﬂ,j”]r:_l> # <[0 0], [0, 0], -+, [0, O]> and the non-adjacent vertices have the same common

171 dja

neighborhood weight 5:<[5P 5.”]m >¢<[0, 0], [0, 0], -+, [0, 0]).
Proof. Let G=(V, S, T) be a strongly regular m-BPFG. Then we have d (tk):<[77jp,77;‘ }T—1>

for all t V. Let F be the set of all non-adjacent vertices of G . Then F is a non empty
subset of V since non adjacent vertices have the same common neighborhood weight
s={[a7 a1} (0.0] [0.0] - [0.0))

So, F ={t,, [t isnotadjacenttot,, k =1, t.,t €V}. Then the vertex partition of Gis

V,={tJt.eF} and V,={t|t, e F}. Hence, Gisabiregular m-BPFG. o



5627
NEIGHBORHOOD DEGREES OF m-BIPOLAR FUZZY GRAPH

CONCLUSIONS

In this paper, we proved some properties of open and closed neighborhood degree of the vertices
in an m-BPFG. Also, strongly regular and biregular m-BPFGs are described with sustaining
illustrations and theorems. In future, we intend our investigations to the other properties of

m-BPFG and extend them to solve different decision making problems in fuzzy environment.
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