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Abstract. In this paper we constructively prove the Gale-Nikaido lemma for sequentially locally non-
constant multi-functions (multi-valued functions or correspondences), which is the basis of a proof of the
existence of an equilibrium in a competitive economy, and also we will show that our Gale-Nikaido lemma
leads to Sperner’s lemma. We follow the Bishop style constructive mathematics.
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1. Introduction

It is well known that Brouwer’s fixed point theorem can not be constructively proved!.
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1[5] provided a constructive proof of Brouwer’s fixed point theorem. But it is not constructive from
the view point of constructive mathematics a la Bishop. It is sufficient to say that one dimensional case

of Brouwer’s fixed point theorem, that is, the intermediate value theorem is non-constructive (See [3] or

[8])-
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Thus, Kakutani’s fixed point theorem for multi-functions (multi-valued functions or cor-
respondences) and the existence of an equilibrium in a competitive economy with multi-
valued excess demand functions also can not be constructively proved. Sperner’s lemma
which is used to prove Brouwer’s theorem, however, can be constructively proved. Some
authors presented an approximate version of Brouwer’s theorem using Sperner’s lemma
(See [8] and [9]). Also Dalen in [8] states a conjecture that a function f from a simplex
into itself, with property that each open set contains a point z such that z is not equal
to f(x) (z # f(x)) and on the boundaries of the simplex z # f(x), has an exact fixed
point. Recently Berger and Ishihara[2] showed that the following theorem is equivalent

to Brouwer’s fan theorem, and so it is non-constructive.

Each uniformly continuous function from a compact metric space into

itself with at most one fixed point has a fixed point.

By reference to the notion of sequentially at most one maximum in Berger, Bridges and
Schuster[1] we require a more general and somewhat stronger condition of sequential local

non-constancy for functions, and in [6] we have shown the following result.

If each uniformly continuous function from a compact metric space into

itself is sequentially locally non-constant, then it has a fixed point,

without the fan theorem. It is a partial answer to Dalen’s conjecture. In another paper
[7] we have shown that we can constructively prove Kakutani’s fixed point theorem for a
multi-function if it has sequentially at most one fixed point and uniformly closed graph.
The condition that a multi-function has sequentially at most one fixed point is stronger
than the condition of sequential local non-constancy in this paper.

In this paper we constructively prove the Gale-Nikaido lemma for sequentially locally
non-constant multi-functions, which is the basis of a proof of the existence of an equilib-
rium in a competitive economy, and also we will show that our Gale-Nikaido lemma leads
to Sperner’s lemma. The Gale-Nikaido lemma states the following result. Let A be an
n-dimensional simplex and Z be a totally bounded and complete, that is, compact and
convex set in n + 1-dimensional Euclidian space. Suppose that a multi-function F' from A

to the collection of inhabited (nonempty) subsets of Z satisfies some conditions including
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Weak Walras Law and has a closed graph. Then, for some p* € A there exists z* € Z

which satisfies

z" € F(p*), and z* < 0.

We will constructively show that the Gale-Nikaido lemma holds for sequentially locally
non-constant multi-functions with uniformly closed graph. The condition of uniformly

closed graph is a uniform version of the closed graph condition.

2. Kakutani’s fixed point theorem for sequentially locally non-

constant multi-functions

In constructive mathematics a nonempty set is called an inhabited set. A set S is

inhabited if there exists an element of S.

Note that in order to show that S is inhabited, we cannot just prove that
it is impossible for S to be empty: we must actually construct an element

of S (see page 12 of [4]).

Also in constructive mathematics compactness of a set means total boundedness with
completeness. A set S is finitely enumerable if there exist a natural number N and a
mapping of the set {1,2,..., N} onto S. An e-approximation to S is a subset of S such
that for each p € S there exists q in that e-approximation with |p — q| < &(|p — q| is the
distance between p and q). S is totally bounded if for each ¢ > 0 there exists a finitely
enumerable e-approximation to S. Completeness of a set, of course, means that every
Cauchy sequence in the set converges.

Let p be a point in a compact metric space X, and f be a uniformly continuous function

from X into itself. According to [8] and [9] f has an approximate fixed point. It means
For each € > 0 there exists p € X such that |p — f(p)| < e.

Now consider an n-dimensional simplex A as a metric space. The notion that a function

f has at most one fixed point in [2] is as follows;

Definition 2.1. For all p,q € A, if p # q, then f(p) # p or f(q) # q.
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By reference to the notion of sequentially at most one maximum in [1], we define the
property of sequential local non-constancy for functions and multi-functions. About a
compact set in A, according to Corollary 2.2.12 of [4], we have the following result.
Lemma 2.1. For each € > 0 there exist totally bounded sets Hy, Ho, ..., H,, each of
diameter less than or equal to €, such that A = U H;.

The definition of sequential local non-constancy of functions is as follows;

Definition 2.2.(sequential local non-constancy of functions) There ezists £ > 0
with the following property. For each € > 0 less than or equal to € there exist totally
bounded sets Hy, Hs, ..., H,,, each of diameter less than or equal to e, such that A =
U™, H;, and if for all sequences (Pn)n>1, (Qn)n>1 in each Hy, |f(Pn) — Pn] — 0 and
|f(dn) — an| — 0, then [p, — qn| — 0.

Let F' be a compact and convex valued multi-function from A to the collection of
its inhabited subsets. Since A and F(p) for p € A are compact, F(p) is located (see
Proposition 2.2.9 in [4]), that is, |F(p) — q| = infycpp) [r — q exists.

The definition of sequential local non-constancy of multi-functions is as follows;
Definition 2.3.(sequential local non-constancy of multi-functions) There ezists
€ > 0 with the following property. For each € > 0 less than or equal to & there exist
totally bounded sets Hy, Hs, ..., H,, each of diameter less than or equal to €, such that
A =U", H;, and if for all sequences (Pn)n>1, (Qn)n>1 in each H;, |F(py) —pn] — 0 and
|F(qn) — qn| — 0, then |p, — q,| — 0.

A graph of a multi-function F' from A to the collection of its inhabited subsets is

G(F) = Upea{p} x F(p).

If G(F) is a closed set, we say that F" has a closed graph. It implies the following fact.

For sequences (py)n>1 and (qy),>1 such that q, € F(py), if p, — P,

then for some q € F(p) we have q,, — q.

On the other hand, if the following condition is satisfied, we say that F' has a uniformly
closed graph.
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For sequences (Pn)n>1, (Qn)n>1, (Pn)n>1, (4,)n>1 such that g, € F(pn),
q, € F(p,), if |p, — p,,| — 0, then for any q,, and some q/,, we have
la, — dq,,] — 0, and for any ¢/, and some q,,, we have |q, — q,,| — 0.
Let g € F(p), (Ph)n>1 = {P:P,...} and (q,)n>1 = {q,q,...} be
sequences with a constant points p and q. If |p, — p/,| = |p» — pP| — 0,
then |q, — d,| = |q. —q| — 0, that is, if p,, — p, then q, — q, and

so uniform closed graph property implies closed graph property.
In this definition

|pn — P,,| — 0 means that for any § > 0 there exists ny such that when
n > ng we have |p, — p,| < 0, and |q, — q/,| — 0 means that for any

e > 0 there exists n{, such that when n > ng, we have |q, — q/,| < e.

Now we show the following lemma.
Lemma 2.2. Let F' be a convex and compact valued multi-function with uniformly closed
graph from A to the collection of its inhabited subsets. Assume infpepy, |F(p) — p| =0 in
some H; such that A = U H;. If the following property holds:

For each € > 0 there exists n > 0 such that if p,q € H;, |F(p) — p| <7

and |F(q) —q| <1, then [p —q| <e.

Then, there ezists a point r € H; such that r € F(r).

Proof. See Appendix A

A fixed point of a multi-function is defined as follows;
Definition 2.4. p is a fized point of a multi-function F if p € F(p).

We define an approximate fixed point of a multi-function F' as follows;
Definition 2.5. For each ¢ > 0 p is an approrimate fized point of a multi-function F if
p—F(p)| <e.

We will constructively show that if the value of a sequentially locally non-constant
multi-function F' from A to the set of inhabited subsets of A with uniformly closed graph

is compact and convex, it has a fixed point. If a set X is homeomorphic to A (so X is
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also compact), we can show the same result for a multi-function from X to the collection
of inhabited subsets of X.

Our Kakutani’s fixed point theorem is expressed as follows;
Theorem 2.1. If F' is a compact and convex valued sequentially locally non-constant
multi-function with uniformly closed graph from an n-dimensional simplex A to the col-
lection of its inhabited subsets, then it has a fixed point.

Proof. See Appendix B.
3. The Gale-Nikaido lemma

The contents of the classical Gale-Nikaido lemma are as follows.

Gale-Nikaido lemma. Let p = (pg, p1,- .., p,) and

A={plp: >0, pi=1},
=0

and let Z be a compact and convex set in n+ 1-dimensional Euclidian space. Assume that
a multi-function F(p) from A to the set of inhabited subsets of Z satisfies the following

conditions.

[1]. F(p) is a compact and convex set of Z for each p .
[2]. F(p) has a closed graph.
[3]. (Weak Walras Law) For any p € A and z € Z, pz < 0 holds.

Then, for some p* € A there exists z* which satisfies
z" € F(p*), z" <0.

We will constructively show that the Gale-Nikaido lemma holds if F' is a sequentially
locally non-constant multi-function, and it has a uniformly closed graph.

If we interpret p; and z; be the price and excess demand of each good, and F(p)
be a multi-valued excess demand function, then this lemma implies the existence of an
equilibrium in a competitive exchange economy with sequentially locally non-constant
multi-valued excess demand functions at which excess demand for each good is zero or

negative (not positive).
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Let z = (z0, 21, - .., 2n), and consider the following function.

pi + max(z;,0)
1 = e n)s ) 3 - n .
( ) gp(p, Z) ((pOa P1, P ) ¥ (p Z) 1+ Zj:O HlaX(Zj, O)

Since we have ¢; > 0, >"" ¢; = 1, and ¢; is a uniformly continuous function of (p,z),
©(p, z) is a uniformly continuous function from A x Z to A. Next we define the following

multi-function,

(2) 9(p.z) = ¢(p,z) X F(p).

g(p, z) is a multi-function from A x Z to the set of inhabited subsets of A x Z. ¢(p, z) is
a single-valued function, and it is a special case of multi-function. A itself is a subset of
the set of inhabited subsets of A, and so we can consider that the set of inhabited subsets
of A is the range of p(p, z). Thus, g is a multi-function from A X Z to the set of inhabited
subsets of A x Z. Since ¢ is a uniformly continuous function, and F' is a multi-function
with uniformly closed graph, g also has a uniformly closed graph.

For sequences (pp, zn)n>1 and (pl,, z),)n>1 assume |(py, z,)— (pl,, z,,)| —

0. Since ¢(p, z) is uniformly continuous, for any € > 0 we can select § > 0

such that if |(pn,2z,) — (P, 2,,)| < 0, then |p(pn,2,) — ©(P,,2,)| < €.

Since € is arbitrary, corresponding to sequences (Pn,Zn)n>1, (P, 20, )n>1

such that |(pn, z,)—(P),, z,,)| — 0, we can construct sequences (¢ (Pn, Zn))n>1,

(p(pl,2.,))n>1 such that |o(pp, z,) — @(p),,2)| —> 0. Thus, ¢ has a u-

niformly closed graph. Since F' also has a uniformly closed graph, g has

a uniformly closed graph.
Let p # p’. Given z if |p;(p,2z) — wi(p,2z)] — 0, clearly |p — p/| — 0, and so ¢
is sequentially locally non-constant. Since F' is sequentially locally non-constant, g is
also sequentially locally non-constant. Because F(p) is convex, ¢(p,z) x F(p) is also a
convex set of A x Z. Since Z is homeomorphic to an n + 1-dimensional simplex, A x Z
is homeomorphic to a 2n + 1-dimensional simplex. Now we can constructively show the
following result.
Theorem 3.1. The Gale-Nikaido lemma holds for sequentially locally non-constant multi-

functions with uniformly closed graph.
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Proof. Because A x Z is homeomorphic to a 2n + 1-dimensional simplex, by Kakutani’s
fixed point theorem for sequentially locally non-constant multi-functions g(p,z) has a

fixed point. Denote the fixed points by (p*,z*). Then, we have

(3) P’ =¢(p",z%),
and
z" € F(p").
Let p* = (p§, p3, ..., 08), 2° = (25, 27, ..., z5). From (3) pf = ¢; for all i. Thus,

p; + max(z},0) . max(z;,0) — p; Z?:o max(zj, 0) _0
1+ >77 ymax(z;,0) Pi = 1+ 7" max(z},0) B

is derived. Let 7 max(z},0) = A. Then, we have
max(z;,0) = Ap;].

By > " ,pf = 1 there exists k which satisfies p; > 0. If for all & satisfying p; > 0 we have
z; > 0, then Weak Walras Law is violated because p; can not be negative, and pjz; > 0

can not be canceled out. Thus, A = 0 and
(4) max(z;,0) = 0.

This holds for all 7, and so z* < 0. We have completed the proof.

4. The Gale-Nikaido lemma for sequentially locally non-constant

multi-functions leads to Sperner’s lemma

In this section we will derive Sperner’s lemma from the Gale-Nikaido lemma for sequen-
tially locally non-constant multi-functions with uniformly closed graph. Let partition an
n-dimensional simplex A. Denote the set of small n-dimensional simplices of A construct-
ed by partition by K. Vertices of these small simplices of K are labeled with the numbers
0, 1, 2, ..., n. Denote vertices of an n-dimensional simplex of K by 2% 2!, ..., 2", the

j-th component of z* by 2%, and the label of 2* by I(2*). Let 7 be a positive number which
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is smaller than xl( for all 4, and define a function f(z%) as follows?;

f@) = (fola'), i), ..., fala")),

and

xt

(5) fita)y =9 7 , .
xh+ = for j #I(z").

J

— 71 for j =1(z"),

f; denotes the j-th component of f. From the labeling rules 37[ iy > 0 for all z¢, and so

7 > 0 is well defined. Since Y77 f;(2") = 3°7_ #} = 1, we have

j=0""J
f(z') € A.

We extend f to all points in the simplex by convex combinations of its values on the
vertices of the simplex. Let y be a point in the n-dimensional simplex of K whose vertices

are 2%, ', ... ™. Then, y and f(y) are represented as follows;

y—ZAx and f(y Z/\f Aizo,i&-:y
=0

It is clear that f is uniformly continuous. We verify that f is sequentially locally non-

constant.

[1]. Assume that a point z is contained in an n — 1-dimensional small simplex §"~*
constructed by partition of an n — 1-dimensional face of A such that its i-th
coordinate is z; = 0. Denote the vertices of 6"~ ! by 2/, 5 =0,1,...,n — 1 and

their i-th coordinate by z . Then, we have

ZMZ :

i
L

| \/

A =1,

<.
Il
o

Since all vertices of 6"~ are not labeled with i, (5) means fi(z/) > 2/ for all
j=40,1,...,n—1}. Then, there exists no sequence (z,,)m>1 such that |f(z,,) —

Zm| — 0 in an n — 1-dimensional face of A.

2We refer to [10] about the definition of this function.
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[2]. Let z be a point in an n-dimensional simplex §". Assume that no vertex of §" is

labeled with 7. Then

(6) ZMZ ) =z + <1+%>T

and so z # f(z). Then, there exists no sequence (z)m>1 such that |f(z,) —
Zm| — 0 in §™.
[3]. Assume that z is contained in a fully labeled n-dimensional simplex ¢, and

rename vertices of " so that a vertex z¢ is labeled with 4 for each i. Then,
:Z)\jfi( Zx\x +Z/\-——)\T_z, (EZ)\j—/\i>7f0reachz.

J=0 J#£i jFi
Consider sequences (zy)m>1 = (21,22,...), (20,)m>1 = (2], 25,...) such that
|f(2m) = 2m| — 0 and [f(2;,) — z,[ — 0.

Let 2, = Y i g A(m);a" and 2}, = >""" N(m);z". Then, we have

— Z A(m i — 0, and — Z N(m)j — N (m); — 0 for all 4.

J#z J#l

Therefore, we obtain

1
A(m); — ;and X' (m); — for all
n+1 n
These mean
|Zm — 20,| — 0.
Thus, f is sequentially locally non-constant
Now, using f, we construct a function F(x) =z = {z, 21, ..., 2, } such that

x € A™ and p(z) is defined by

_ Z?:o z; fi(x)
ule) = Z?:ox? '
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Each z;(x) is uniformly continuous, and satisfies the Weak Walras law as shown below.

Multiplying z; to (7) for each i, and adding them from 0 to n yields

(8) sz% = Z%’fi(l“) — p(x) Ziﬂf = Z%’fi(l’) - W >

R ——
= Z%fz(@ - szfz(‘r) = 0.
=0 =0
Now define the following function.

g(ZL‘,Z) = (,O(ZL‘,Z) X F(ZL‘),

where
x; + max(z;, 0)
1+ Z;’L:O max(zj7 0) '

g is a uniformly continuous function of (z,z), and it is a special case of a compact and

QO([E,Z) - (@07%017‘ . '78071)7 %’(%Z) =

convex valued multi-function with uniformly closed graph. F' is constructed by f and
x, so it is sequentially locally non-constant by the sequential local non-constancy of f.
And similarly to the sequential local non-constancy of ¢ in (1), ¢ is also sequentially
locally non-constant. Therefore, g is sequentially locally non-constant, and it satisfies the
conditions for the approximate version of the Gale-Nikaido lemma. Then, there exist x*

and z* such that

F(z*)=12z", and z* < 0.

From max(z;,0) = 0 (see (4)) we have f;(z*) —xfu(z*) <0 for all ¢. Since it is impossible
that z; < 0 for 7 satisfying 7 > 0 because of (8), we have z; = f;(z*) — zfu(z*) > 0 for

such i. Also for i such that z} = 0, we have z; = fi(z*) — zfu(2*) > 0. Therefore,
(9) fia®) = zip(e") =0
is obtained. Adding this equality side by side from 0 to n yields
D fila) = pla) Y ai =0,
i=0 i=0
From Y ", fi(z*) =Y " ,zf = 1 we obtain

(10) pla*) = 1.
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Further from (9) and (10)
filx™) =}
is derived. This relation holds for all 1.

Let v > 0 and Z be a point in V' (z*, ), where V(z*,~) is a y-neighborhood of z*. If

is sufficiently small, uniform continuity of f means

(11) i) — @| < e

for any € > 0 and for all 5. Z; is the i-th component of . Let A™ be a simplex of K which
contains &, and 2% 2!,..., 2" be the vertices of A" . Then, Z and F(Z) are represented

as
n

= Nz’ and f(z Z/\f Aizo,zn:A,:L
=0

i=0
(5) implies that if only one z* among 2°, 21, ..., 2" is labeled with i, we have
1 n
|fi(Z Iz|—z)\$+ Z )\‘——)\kT—:EZ:‘(— Z )\j—/\k>7' < e.
I=0I7k " =0k

xf is the i-th component of z7. This means

i /\j—)\kﬁo.

n
J=0 52k
It is satisfied with Ay ~ = for all k. On the other hand, if no 2/ is labeled with 4, we

have
N N" 1
T) = ZAJ“T? =x; + (1+E)T’
7=0
and then (11) can not be satisfied. Thus, for each i one and only one 2/ must be labeled
with 7. Therefore, A" must be a fully labeled simplex. We have completed the proof of

Sperner’s lemma.

Appendices

A. Proof of Lemma 2.2
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Choose a sequence (py),>1 in A such that |F(p,) — p,| — 0. Compute N such that

|F(pn) — Pn| < for all n > N. Then, for m,n > N we have |p,, — pn| < e. Since ¢ >0

is arbitrary, (pn)n>1 is a Cauchy sequence in A, and converges to a limit r € A. The

uniformly closed graph property of F' yields r € F(r).

B. Proof of Theorem 2.1

1].

Let A be an n-dimensional simplex, and consider m-th subdivision of A. Sub-
division in a case of 2-dimensional simplex is illustrated in Figure 1. In a 2-
dimensional case we divide each side of A in m equal segments, and draw the
lines parallel to the sides of A. Then, the 2-dimensional simplex is partitioned
into m? triangles. We consider subdivision of A inductively for cases of higher
dimension. In a 3 dimensional case each face of A is a 2-dimensional simplex, and
so it is partitioned into m? triangles in the way above mentioned, and draw the
planes parallel to the faces of A. Then, the 3-dimensional simplex is partitioned
into m?3 trigonal pyramids. And similarly for cases of higher dimension.

Let us partition A sufficiently fine, and define a uniformly continuous function
f™: A — A as follows. If p is a vertex of a simplex constructed by m-th
subdivision of A, f™(p) = q for some q € F(p). For other p € A we define f™
by a convex combination of the values of F' at vertices of a simplex pg’, pY’, ...,

p? Let Z?:O )\z = 1, )\Z Z 0,
) =D NS with p= > Ap}".
=0 =0

Since f™ is clearly uniformly continuous, it has an approximate fixed point ac-
cording to [8] and [9]. Let p* be an approximate fixed point of ™, then for each

5 > 0 there exists p* € A which satisfies
* m % €
b= o0 < 5

About sequences of the distance between vertices of simplices constructed by

partition (|pj" —pJ'[)m>1, @ # j) assume |p]" —pj’| — 0. Since F has a uniformly
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FIGURE 1. Subdivision of 2-dimensional simplex

closed graph, for any qi* € F(p}") and some q}* € F(p}') we have |qj" —q}'| — 0,
and for any qJ* € F(p}') and some q* € F(p;") we have |qi" — q}*| — 0. Then,

for any ¢ > 0 there exists M such that for any m > M |q* — q7'| < €. Since

*

q;

N

P = > ioAp[, for any q; € F(p") and some q; € F(p*), |q; — qj| <
may be different from q} with i # j. But, by convexity of F'(p*)

qQ" =) \q; € F(p")
i=0
holds. Since |q; — q;| < § for each 7, and
f™(p*) = Z N (py") = Z i,
i=0 i=0

we have |f™(p*) — q*| < §. From [p* — f™(p*)| < §, [P* — q*| < ¢ is obtained.

Since q* € F(p*), p* is an approximate fixed point of F'. ¢ is arbitrary, and so

inf |p*— F(p")| = 0.

p*eEA
This means

inf |p* — F(p*)| =
Jnf [P — F(p7)] =0

in some H;.
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[2]. Choose a sequence (ry,)m,>1 in A such that |r,, — F(r,,)] — 0. In view of Lemma
2.2 it is enough to prove that the following condition holds.
For each e > 0 there exists 7 > 0 such that if p,q € A, |F(p) —p| <7
and [F(q) —q| <, then [p —q| <.

Assume that the set
K={(p,g) e AxA: [p—q|>¢}

is nonempty and compact. Since the mapping (p,q) — max(|F(p)—p|, |F(q)—
q|) is uniformly continuous, we can construct an increasing binary sequence
(An)n>1 such that

An =0= inf max(|F(p)—pl|,|F(q)—q]) <27",
(p,a)eK

A=1= inf max(|F(p)—pl|,|F(a)—al])>27"""
(Pa)EX

It suffices to find n such that A\, = 1. In that case, if |F(p) — p| < 27",
|F(q) — q| < 27!, we have (p,q) ¢ K and |p — q| < . Assume \; = 0. If
An = 0, choose (pn, q,) € K such that max(|F(p.)—pnl, | F(dn)—an|) <277, and
if \, =1, set p, = q,, = ry,. Then, |F(p,) —ps| — 0 and |F(q,) —q,| — 0, so
|Prn — dn| — 0. Computing N such that |py — qn| < €, we must have Ay = 1.

We have completed the proof.
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