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Abstract. The main object of this paper is to find necessary and sufficient conditions for generalized Struve
functions of first kind to be in the classes . &, (a, B) and % ¢ & (a, B) of uniformly spirallike functions and
also give necessary and sufficient conditions for z(2 —u,(z)) to be in the above classes. Furthermore, we give
conditions for the integral operator . (m,c,z) = [5(2 —up(t))dt to be in the class % €. 2?7 (a,B). Several
corollaries and consequences of the main results are also considered.

Keywords: analytic functions; Hadamard product; spirallike; uniformly convex; Bessel functions; Struve func-
tions.

2010 AMS Subject Classification: 30C45.

1. INTRODUCTION AND DEFINITIONS

Let &7 denote the class of the normalized functions of the form
¢5) f@)=z+ ) and",
n=2

*Corresponding author
E-mail address: bafrasin@yahoo.com

Received April 19, 2021
4586



ON CERTAIN SUBCLASSES OF UNIFORMLY SPIRALLIKE FUNCTIONS... 4587

which are analytic in the open unit disk U = {z € C: |z| < 1}. Further, let .7 be a subclass of
</ consisting of functions of the form,
() f(z):z—Zlan\z”, zeU.
n=2
A function f € &7 is spirallike if

R (e—iaszl—g)) >0,

for some o with |a| < 7/2 and for all z € U . Also f(z) is convex spirallike if zf'(z) is spirallike.
In [36], Selvaraj and Geetha introduced the following subclasses of unifromly spirallike and

convex spirallike functions.

Definition 1.1. A function f of the form (1) is said to be in the class ¥ & ,(«, B) if it satisfies

the following condition:
z2f'(2)

oo (i )17

and f € %4 €S P (a,B) ifand only if zf'(z) € S P (e, B).

Further,

—1‘+[3 (zeUla|<m/2;0<B<1)

S PyT(a,B)=SPy(a,B)NT
and

UWECS PT(a,B)=UCSP(a,B)NT.

In particular, we note that ¥/ ,(a,0) = & ,(a) and # €S P (a,0) = U €S P (a),
the classes of uniformly spirallike and uniformly convex spirallike were introduced by
Ravichandran et al. [33]. For o = 0, the classes # ¢. Z(a) and ¥ & (), respectively
reduces to the classes ¢ ¥ and . & introduced and studied by Rgnning [35].

For more interesting developments of some related subclasses of uniformly spirallike and
uniformly convex spirallike, the readers may be referred to the works of Bharati et al.[5], Frasin
[12, 13], Frasin and Aldawish [17], Goodman [20, 21], Tariq Al-Hawary and Frasin [22], Kanas
and Wisniowska [24] and Rgnning [34, 35].
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A function f € &7 is said to be in the class Z%(A,B), (t € C\{0}, -1 <B<A<1),ifit

satisfies the inequality
f'z) -1
(A—B)t—B[f'(z) - 1]

The class Z7(A, B) was introduced earlier by Dixit and Pal [9]. If we put

<1 (zel).

T=1,A=Band B=—-B (0<B<1),

we obtain the class of functions f € .o satisfying the inequality

M’<ﬁ (zeU,0<B <)

fz)+1
which was studied by (among others) Padmanabhan [32] and Caplinger and Causey [6].

It is well known that the special functions (series) play an important role in geometric function
theory, especially in the solution by de Branges of the famous Bieberbach conjecture.The sur-
prising use of special functions (hypergeometric functions) has prompted renewed interest in
function theory in the last few decades. There is an extensive literature dealing with geomet-
ric properties of different types of special functions, especially for the generalized, Gaussian
hypergeometric functions [7, 19, 25, 27, 37, 39] and the Bessel functions [1, 2, 3, 4, 26].

We recall here the Struve function of order p (see [31, 40]), denoted by %’j, is given by

5 PRI G| S

>2n+p+1
ST(n+3)T(p+n+3) \2

,VzeC

which is the particular solution of the second order non-homogeneous differential equation

4) 20" (z) 207 - pHo(z) = %
)

where p is unrestricted real(or complex) number. The solution of the non-homogeneous differ-

ential equation

+1
) Z0"(z) +20”% + p*)w(z) = M/

VAL (p+1)

is called the modified Struve function of order p and is defined by the formula

6 L) =" PA(i)= )
P(Z) e P(1Z> ,;)F(nJr%) F(p—l—n+%)

1 2n+p+1
(;) mr ,vz e C.
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Let the second order inhomogeneous linear differential equation [40],

2 n_ 2 4(z/2)P!
(7 770" (z) + bz —p +(1—b)p]w(z)—m
where b, p,c € C which is natural generalization of Struve equation. It is of interest to note that
when b = ¢ = 1, then we get the Struve function (4) and for c = —1,b = 1 the modified Struve
function (5). This permit us to study Struve and modified Struve functions. Now, denote by
Wpb.c(2) the generalized Struve function of order p given by

g W pe(2) = Z ,VzeC

which is the particular solution of the differential equation (7) Although the series defined above
is convergent everywhere, the function @), . is generally not univalent in U. Now,consider the

function u,, ;, - defined by the transformation

b—|—2 —p—1
te@ =2V (757 ) 5 e (VA Vi=1

By using well known Pochhammer symbol (or the shifted factorial) defined, in terms of the

familiar Gamma function, by

ala+1)(a+2)---(a+n—1) (neN={1,2,3,...})

we can express up, p, -(z) as

= (—c/ay
9 u c et RN S S
@ poeld) = X 5y s

= bo+biz+b2+ ...+ by + ...,

where m = (p + %) #0,—1,—2,.... This function is analytic on C and satisfies the second-

order linear differential equation
422u" (2) +2(2p+ b+ 3)zu' (2) + (cz+2p +b)u(z) = 2p +b.

For convenience throughout in the sequel, we use the following notations

b+2

Wpbe(2) = wp(z) Up b e(2) = up(z), m=p+ 2
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and for if ¢ < 0,m > 0 let,

S LR P
10 B B "
(10) 2up(2) Z+n§'2 (m)n—1 (3/2)n—1Z Z+ngz "

and

oo —c n—1
(11) Y(z) =2(2—up(z)) =2 — Zz (m)(nl/é)/ 2)n-1 <

Now, we consider the linear operator
S(e,m): o — of
defined by

—c n—1
j(cvm)f(z)zzup,b,c( —Z+Z n 1/4:2/2)" la 7.

Orhan and Yagmur [40] have determined various sufficient conditions for the parameters p, b
and c such that the functions u, j, .(z) or z — zu, 1, -(z) to be univalent, starlike, convex and close
to convex in the open unit disk. Motivated by results on connections between various subclasses
of analytic univalent functions by using hypergeometric functions (see [7, 25, 27, 37, 39]),
Struve functions (see [8, 23]), Poisson distribution series (see [10, 14, 16, 28, 30]) and Pascal

distribution series (see [11, 15, 18]),, we obtain sufficient condition for function 4, (z), given by

oo —c n—1
(12)  hu(z) = (1= pw)zup(2) + pauy'(z) =2+ ) (1 +np — p) (m)(nl/é)/z)nf”’

n=2
where 0 < u < 1, to be in the classes . % ,(a, B)and % ¢ #(a, ) and also proved that

those sufficient conditions are necessary for functions of the form (11). Furthermore, we give
necessary and sufficient conditions for .%(¢,m)f to be in # ¢ X7 (o, ) provided that
the function f is in the class Z*(A,B). Finally, we give conditions for the integral operator

ZL(m,c,z) = [5(2—up(t))dt to be in the class # €. P T (a, B).

To establish our main results, we need the following lemmas.

Lemma 1.2. (see [36]) (i) A sufficient condition for a function f of the form (1) to be in the
class /2 ,(a, ) is that

o)

(13) Y (2n—coso—B)|ay| <cosa—B  (la|<m/2;0<B<1)
n=2



ON CERTAIN SUBCLASSES OF UNIFORMLY SPIRALLIKE FUNCTIONS... 4591

and a necessary and sufficient condition for a function f of the form (2) to be in the class
S P, T (a,B) is that the condition (13) is satisfied. In particular, when B = 0, we obtain a

sufficient condition for a function f of the form (1) to be in the class . & ,() is that

[

(14) Z(2n—cosa) lan| <cosa  (Jo| < 7/2)
n=2

and a necessary and sufficient condition for a function f of the form (2) to be in the class
S P, T (a) is that the condition (14) is satisfied.

(ii) A sufficient condition for a function f of the form (1) to be in the class % €. P (., B)
is that

[}

(15) Y n(@2n—coso—B)las] <cosa—B (Ja|<7m/2;:0<B<1)
n=2

and a necessary and sufficient condition for a function f of the form (2) to be in the class
UCSPT(a,B) is that the condition (15) is satisfied. In particular, when B = 0, we obtain
a sufficient condition for a function f of the form (1) to be in the class % €. & () is that

(16) Y n(2n—cosa)lan| <cosar  (|a| < 7/2)
n=2
and a necessary and sufficient condition for a function f of the form (2) to be in the class

UCS PT () is that the condition (16) is satisfied.

Lemma 1.3. [9] If f € Z%(A,B) is of form (1), then

ki

(17) anl < (A-B)L neN\{1}.

The result is sharp for the function

m)dt, (ZGU,I’IEN—{I})

1@ = [ [(1+@a-8)

2. MAIN RESULTS

Theorem 2.1. Let ¢ <0 andm >0 . Then hy(z) € &P ,(et,B) if

(18) 2paa, (1) + [24 p(4 — cos o — B)]us, (1) + [2 — cos ot — Blup (1) < 2(1—B).
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Proof. Since

= (—c/4r!

(19) zup(z) = Z+nz=:2 (m)n—1(3/2)n_lzn'
then

0 —c n—1
(20) up(1)—1="13" (=c/4)

= (m)n-1(3/2)n1°

Differentiating zu,(z) with respect to z and taking z = 1 we have

00 —c n—1
(21) (1) +up(l)— 1= ;n(mgn_]/é)mn_l.

Also, differentiating zu),(z) + u,(z) with respect to z and taking z = 1, we have

oo —c n—1
(22) (1) +2u,(1) = gn(n— 1)(m§nl/é)/2)nl.

Since hy(z) € /2, (@, B), by virtue of (13), it suffices to show that

00 —c n—1
(23) Lia,B,u) = Z:Z(l+nu—u)(2n—cosa—ﬁ) (m)(nl/g/z)nl <cosa—f.

Now,

_ 3 n2 (_C/4>n_1
M) = 2w ) o =55

o
+[(2—pu(coso+ B +2)] Zz O 1(3/2)
o (/4"
—(1—u)(cosa+p) Z’ - 3/2>
Writing n> = n(n— 1) +n, we get
B )
L(“vﬁhu) - zuun;z ( 1)(m)n71 (3/2) B
> c/4)”_]

+[(2—p(cosa+B)] Z_: . 1(3/2)n )

P
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From (20), (21) and (22), we immediately have

L(o, B, ) = 2p[uy(1) +2u,(1)] + [2 = p(cos a+ B)][u, (1) +up(1) — 1]
—(1—p)(cos o+ B)up(1) — 1]
= 2puy(1)+ 2+ p(4 —cos o — B)]uj, (1) + 2 — cos & — B][up(1) — 1].
But the last expression is bounded above by cos & — § if and only if (18) holds. 0
Theorem 2.2. Let ¢ <0 andm > 0. Then zu,(z) € & & (e, B) if
(24) 2u, (1) + (2 —cos o — Bup(1) <2(1—B).

Moreover (24) is necessary and sufficient for z(2 —u,(z)) to be in & & ,.7 (., B).

Proof. By virtue of (13), it suffices to show that

> —c/4)n1
(25) ,;[Zn—cosa —B] ((m)(n—l/(3)/2)n—1> <coso—fB.

Since ho(z) = zu,(z), hence by taking pt = 0 in (23) we get the inequality(25). Hence by taking

W = 0 in the Theorem 2.1, we get the desired result given in (24). 0
Theorem 2.3. Let ¢ < 0 and m > 0.Then zu,(z) € % 6. P (o, B) if
(26) 2u, (1) + (6 —cos o — B)uy (1) + (2 — cos o — Bu, (1) < 2(1 - B).

Moreover (26) is necessary and sufficient for z(2 —up(z)) to be in % ¢ 2 7 (a, B).

Proof. By virtue of (15), it suffices to show that

3 — COS — (_C/4)n71 COS —
2 nfn—cosa m(w)m@/z)nl)S a-p.

By definition zu,(z) € # €7 P (. B) < zu,(z) € P (a,B). That is by taking p = 1 we

have h(z) = zu),(z) € /& ,(,B), hence by taking u = 1 in the Theorem 2.1,we get the

desired result given in (26). O

Putting B = 0 in Theorems 2.1-2.3, we obtain the following corollaries.

Corollary 2.4. Let c <0and m > 0. Then hy(z) € & & (o) if
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27 2puy(1) 4[24 (4 — cos a)uy, (1) + [2 — cos aJup (1) < 2.
Corollary 2.5. Let ¢ < 0 and m > 0. Then zup(z) € & 7, (@) if

(28) 2ul, (1) + (2 — cos a)u, (1) < 2.

Moreover (28) is necessary and sufficient for z(2 —u,(z)) to be in & & ,.7 ().

Corollary 2.6. Let ¢ <0 and m > 0.Then zu,(z) € % ¢ P () if

(29) 2u, (1) + (6 — cos a)u, (1) + (2 — cos a)u, (1) < 2.

Moreover (29) is necessary and sufficient for z(2 —u,(z)) to be in % € X 7 (a).

Remark 2.7. The above conditions (18) and (26) are also necessary for functions ¥(z) given

by (11) and of the form

oo —c n—1
@)= (1= )+ ¥ () = 2= T, (14— p) <m>(n_1/é)/z>n_1 ¢

is in the classes /P, T (&, B) and U €S P T (a, B), respectively.

3. INCLUSION PROPERTIES

Making use of Lemma 1.3, we will study the action of the Struve function on the class

UECSPT(a,p).

Theorem 3.1. Let ¢ < 0,m > 0. If f € Z%(A,B), and if the inequality

(30) (A—B)|t|[2u},(1) + (2 —cosa — B)(up(1) — 1)] < cosox — B
is satisfied, then % (c,m)(f) €e ¥ ¢ P T (a,B).

Proof. Let f be of the form (1) belong to the class Z%(A,B). By virtue of (15), it suffices to

show that

3 —coso — (=e/4"!
L nian—cosa =Bl =i o

lan| < coso— .
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Since f € Z*(A,B) then by Lemma 1.3, we have

lan| < (A—B)%.
Hence
_y —cosQ — (/4! a
Y(a7 ) - n;zn[zn (04 ﬁ] (m)n—l (3/2)n—1’ n|

o0 —c n—1
< (A-B)1] ;pn—cosa _B] (m)(nl/é)/z)nl .

Making use of (21) and (22), we get
Y(a, B) < (A—B)|7|[2u,(1) + (2 —cos ot — ) (up(1) — 1],
but this last expression is bounded above by cos & — f8 if and only if (30) holds. (]

Theorem 3.2. Let ¢ < 0,m > 0. Then
Z

L(m,e,7) = / (2= up(t))dt

0
isinU6. 7 (a,B) if and only if the condition (26) is satisfied.

Proof. Since

& (/A
L (m,c,?) —Z—ng,z (m)p—1 (3/2)n—1

then from (15), we need only to show that

3 — COS — (_C/4)n_l COS —
L nfen—cosa =] (<m>nl<3/z>nl>S a=p.

or, equivalently

" 22— cos (/4 cos O —
L2 —n(eos+ )] (<m>n1 <3/z>nl>S a=p.

By writing n> = n(n — 1) + n, and proceeding as in Theorem 2.1, we get
: (~c/4y!
n|2n —cos o —
nZZ | d (m)n—1(3/2)n-1

2(ug(1)—|—2u;,(1)) + (2—cosa—ﬁ)(u;,(1)+up(l) —1)

= 2u,(1)+ (6 —cosa — B)u),(1) + (2 —cos o — ) (up(1) — 1),

which is bounded above by cos & — f3 if and only if (26) holds. UJ
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Putting B = 0 in Theorems 3.1 and 3.2, we obtain the following corollaries.

Corollary 3.3. Let c <0,m > 0. If f € Z*(A,B), and if the inequality

(31) (A—B)|t|[2u},(1) + (2 —cos ) (up(1) — 1)] < cos o
is satisfied, then 9 (c,m)(f) € 4¢P T (o, B).

Corollary 3.4. Let c <0,m > 0. Then

L(mye,2) = /O “(2— up(0))dt

isinU6. 7 (a,B) if and only if the condition (29) is satisfied.

Remark 3.5. (i) If we put & = 0 in Corollary 2.5, we obtain the necessary and sufficient condi-

tion for z2(2 —u,(z)) to be in 7.7 »(0,1) [23, Corollary 1, (i)].

(ii) If we put oo = 0 in Corollary 2.6, we obtain the necessary and sufficient condition for
2(2 —up(z)) to be in % ¥ 7 (0,1) [23, Corollary 2, (ii)]. We note that the coefficient of u,,(1)
in [23, Corollary 2, (ii)], should be corrected to (342 — o).
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