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COMMUTATIVITY RESULTS WITH DERIVATIONS ON SEMIPRIME RINGS

MEHSIN JABEL ATTEYA”
Department of Mathematics ,College of Education , Al-Mustansiriyah University ,Baghdad, Box:
46219,1raq

Abstract: In this paper, let R be a 2-torsion free semiprime ring and U a non-zero ideal of R, d a
derivation mapping. If R admitting

A derivation d satisfies one of the following .

(i) [dexy, dyyl=[x.y] forall x,y € U.

(ii) [do dy,” =[x .yl forall x,y € U.

(iii) [dexy ,dy]=DEY? 1 forallx,y € U.

(iv) [d,* .y, 1=y forallx,y € U.

A non — zero derivation d satisfies one of the following:

()d([dpx.diyy D=[x.y] forall x,y € U.

(ii)d([dx),dyy]=[dx),deyy] for all x, y € U.Then R contains a non-zero central ideal .
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1.Introduction
Several authors have investigated about semiprime rings under derivations and give
some results. In [5] M.N.Daif, proved that, let R be a semiprime ring and d a derivation of
R with d*#0. If [dx),dy)]=0 for all x, y €R, then R contains a non-zero central ideal.
M.N. Daif and H.E. Bell [4] proved that, let R be a semiprime ring admitting a derivation
d for which either xy+d(xy)=yx+d(yx) for all x,y €R or xy-d(xy)=yx-d(yx) for all x,y
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€R, then R is commutative. V. DeFilippis [ 6 ] proved that, when R be a prime ring let d a
non-zero derivation of R, U # (0) a two-sided ideal of R, such that d([x,y])=[x,y] for all x,y
€U, then R is commutative. A.H. Majeed and Mehsin Jabel [11], then gave some results
as, let R be a 2-torsion free semiprime ring and U a non-zero ideal of R.R admitting a
non-zero derivation d satisfying d([dx),dy)])=[x,y] for all x, yEU. If d acts as a
homomorphism, then R contains a non-zero central ideal. Recently, Mehsin Jabel [12]
proved, let R be a semiprime ring and U be a non-zero ideal of R. If R admits a
generalized derivation D associated with a non-zero derivation d such that D(xy)-
xy € Z(R) for all x, yE U, then R contains a non-zero central ideal. Where according to[3],
Bresar defined the following notation, an additive mapping D:R—R is said to be a
generalized derivation if there exists a derivation d:R—R such that D(xy)=D(x)y+xd(y)
for all x,y € R. Hence the concept of a generalized derivation covers both the concepts of
a derivation and of a left multiplier (i.e.an additive map d satisfying d(xy)=d(x)y for all x,y
€ R,[13]). In this paper we shall study and investigate some results concerning a

derivation d on semiprime ring R, we give some results about that.

2. Preliminaries

Throughout R will represent an associative ring and has a cancellation property with
center Z(R),R is said to be n-torsion free,where n# 0 is an integer, if whenever nx=0,with
x € R then x=0.We recall that R is semiprime if xXRx=(0) implies x= 0 and it is prime
if xRy=(0) implies x =0 ory =0 . A prime ring is semiprime but the converse is not true
in general.An additive mapping d:R— R is called a derivation if dxy,=dx)y+xdy, holds
forall x,y €R,and is said to be n-centralizing on U(resp.n— commuting on U), if
[x"dx] € Z(R) holds for all x €U (resp.[x",dx)]=0 holds for all x€ U), where n be a
positive integer. We write [X,y] for xy—yx and make extensive use of basic commutator
identities [xy,z]=x[y,z]+[x,z]y and [x,yz]=y[Xx,z]+[X,y]z.

To achieve our purposes , we mention the following results .

Lemma 2.1 ([8],Sublemma P.5 ). Let R be a 2-torsion free semiprime ring. Suppose

thata €R, such that a commutes with every [a,x], x €R,thena €Z(R).
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Lemma 2.2 ([6]).Let R be a prime ring and U is a non-zero left ideal.If R admits a

derivation d with d(U) # 0,satisfies d is centralizing on U. Then R is commutative .

Lemma 2.3 (10 ,Main Theorem) . Let R be a semiprime ring, d a non-zero
derivation of R, and U a non-zero left ideal of R. If for some positive integers
ty.t,,....t, and all xX€ U ,the identity [[...[[d(x"°)x" x"?],...J,x" ]=0 holds, then either
d(U)= o or else d(U) and d(R)U are contained in non-zero central ideal of R. In

particular when R is a prime ring, R is commutative.

Lemma 2.4(9,Lemmal.8).Let R be a semiprime ring, and suppose that a € R centralizes
all commutators [x,y], x,y € R. Then aZ(R).

Lemma 2.5 ([7]).Let n be a fixed integer,let R be n!- torsion free semiprime ring and U
be a non-zero left ideal of R. If R admits a derivation d which is non-zero on U and

n-centralizing on U, then R contains a non-zero central ideal .

Lemma 2.6 ([2]).Let R be a prime ring with center Z(R),and let U be a non-zero ideal of

R .If U is a commutative ideal, then R is commutative.

Lemma 2.7([3],Theorem2.2). Let R be a 2-torsion free semiprime ring and U a
non-zero ideal of R. If R admits a derivation d which is non-zero on U and [d(x),d(y)]=0

for all x,y €U, then R contains a non-zero central ideal.

Lemma 2.8. Let n be a fixed positive integer, R semiprime ring and some a
eR.If a"€Z(R) then a€Z(R).
Proof. The result holds for n=1. If n > 2,we have a" e Z(R),then a"*eZ(R), inductively,

we obtain ae Z(R).

Theorem 2.9. Let R be a 2—torsion free semiprime ring and U a non-zero ideal of ~ R.If

R admitting to satisfying [x%,y?]=0 for all U. Then R contains a non-zero central ideal .
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Proof. We have [x%y?]=0 for all x,y €U.The linearization (i.e. putting  x+y for x)
in above relation gives
[xy+yx,y?]=0 for all x,y € U. (1)
[x,y*ly+y[x,y*]=0 for all x,y € U. (2)
Also from (1) , we obtain
[xy+ yx — yx + yx,y?]=0 forall x,y €U . Then
[[x,y]+ 2yx,y’] =0 forall x ,y €U.
[[x, yIy“1+2[yx ,y*]=0 for all x , y €U . Replacing x by x*, we obtain
[X2.y1.y°T+2y[x2y*]=0 for all x,y € U.According to the relation [x%y?]=0,then we
obtain[[x%,y],y?]= 0 for all x,y €U. Then
DEylY?=y?[x%y] for all x,y € U. 3)
From (2),we have
yIYly+IxylyA+ YAIxyl+y[x,yly= 0 for all x,y € U.Replacing x by x?, we obtain
YD YIy+IX Yy +y*[x° yI+[X* yly=0 for all x,y € U. (4)
Substituting (3) in (4) , we obtain
2(y[x2yly+[x2,yly?)=0 for all x,y € U.Since R is 2-torsion free , then
vy yly+[x%yly?=0 forall x,y € U. (5)
Left — multiplying (5) by y , we get
v’ AYIy+ YDEyly?= 0 forall x , y € U.Then we set
a=y[x2yly,a €R,thus
ya+ay=0forally €U.Then
[ya,r]+ [ay,r] = Oforally €U,r €R.Then
y[a,r]+[y,rla+a[y,r]+[a,r]y= 0 for all y € U,r € R.Replacing r by a,we obtain
[y.a]Ja+a[y,a]=0 forally €U.Then
[y,a]=0forally €U.Then
[[y,a’],r]= 0 for all y €U.Replacing r by a?> and by using Lemma2.1, we obtain a?
€Z(R),by Lemma 2.8,we get a€ Z(R),i.e.,y[x°yly €Z(R) forallx,y €U.Then
[y2ylyr]=0forallx,y €EUr €ER.
Replacing r by y , we obtain
[yDEyly,y]=0forall x,y €U.Then
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yIlX%ylyly=0forallx y €U. (6)
Right-multiplying (6) by [[x?y],y] , we get

([ [¥*yl.y] )> = 0 for all x, y €U .Left-multiplying by w with using the cancellation
property of w y[ [x%,y],y], w €R ,we obtain

yI[X%y].y]=0 forall x,y €U. (7)
Left-multiplying (6) by [[x%y].y] , we obtain

([ [¥.yl.yly)? = 0 for all x, y €U . Right-multiplying by w with using the cancellation
property of [ [x2y].ylyw, w € R, we obtain

[[X%,y],yly=0 for all x,y €U . (8)
Subtracting (7) and (8) , we obtain
[[[x%ylyly]l =0 forallx,y €U. 9)

Weset [[x%yly]l=b,b €R.Then

[b,y]=0forally €U.Then

[[b,y].r][=0forally €U,r €R.

Replacing r by b and by using Lemma 2.1, we obtain

b €Z(R),i.e[[x*yly] €Z(R)forallx,y €U, then

[[[x%yl.ylr]= 0 forall xy €Ur€R. (10)
Replacing r by [x%y] and using Lemma 2.1, we obtain

[x2y] €2Z(R)forall x,y €U,then

[[x*y],r]=0forallxy EUr€R. (11)
Replacing r by [x,z]* and x by [x,z] with using Lemma 2.1, we obtain [x,z]*> € Z(R),by

Lemma2.8,we get [x,z] €Z(R) for all x €U, then U a non-zero central ideal .

3. Main results

Theorem 3.1. Let R be a 2-torsion free semiprime ring and U a non-zero ideal of R.If R
admitting a derivation d satisfying [dx),dy)] = [x,y] for all x )y €U. Then R contains a

non-zero central ideal .

Proof. When we have d # 0,then
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[dx),dyy]=[x,y] for all X,y €U . Replacing x by xt , we obtain

[doot . dyy]+ [xdy,dyy]= [xty ] for all x,y, t €U.
doo[t.dyy]+[dex),dyJtx[d ity dyy ]+ X, ldg=x[ty]+[x,y]t ~ for all x,yt € U  Since
[dxy,dyy]=[X,y],then we have

doolt,dys]+ [x,dyy]dety =0 for all x,y,t € U.

Replacing t and y by x , we obtain

deq[x,de]+ [x,dx]dxy = 0 for all x,y,t €U. Then

[x,d(x)z]:o for all x €U. Replacing x by x+ y, with replacing y by x,we obtain
8[dx%,x]=0 for all x € U. Since R is 2-torsion free with using Lemma 2.4,We get U is
a non-zero central ideal .

We,now suppose that d=0,we obtain [x,y]=0 for all x,y €U . Replacingy by ry ,we get
rx,y]+ [x,rly=0forallx,y €U,r €R.

Since [x,y]= 0, then we obtain

[x,r]y=0 for all x,y €EU,rER. (12)
Replacing y by rx , we obtain

[x,r]rx=0 forall x€U,r €R. (13)
In(12) replacing y by xr , we get

[x,r]xr=0 for all x€U,rER. (14)

From (13) and (14) , we obtain [x,r]* =0 forall x €U,r €R.
Right-multiplying by w with using the cancellation property of [x,rlw,w € R.we obtain,

R contains a non-zero central ideal .

Theorem 3.2. Let R be a 2-torsion free semiprime ring and U a non-zero ideal of R.If R
admitting a derivation d satisfying [dz(x),dz(y)]:[x,y] for all x,y €U. Then R contains a

non-zero central ideal .

Proof .Suppose that d# 0 , then we have

[d? x),d°yy]=[x,y] for all x, y €U. Then

[o09d% ), -y, 11=x.y1.1] for all Xy EU,rER . (15)
Replacing r by d® yyd®x, , we obtain
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[ d®od”yy,d® vy 0] = [[x.y], & () d°po] for all x, y €U . Then
d” o0y, oy o]+ [0 00, d%yyd” ol dyy= Ay [Dxyl, a2 0]+
[xyld” (]d (x) forallxy €U.

o o’y [0y, 0 o+ [0 00,0 10 oy oyy=d“ [, Y1.6° T+ [Tx,y1 8 vl o

forall x,y €U.

According to the relation [d%x,d%y;]=[x.y] , we have
d”oqd?y) [y XI+Dx.y1d” ood ) = dyy [x.y1.6° o]+ [[x.y1,.d*(y)1d %,

forall x,y €U.Then

[x,y1d?o0d?y)-d” oy [x,yI=d”yy [Ix,y1,8°001+ [ x,y1,0°yyld*x
for all x,y € U.

In (15),replacing r by [X,y] ,we obtain

[o 09d” ), [xyII-[dyyd” o), [xy1]=0 for all x,y € U.

Also from relation [d®x),d°y)]=[x.y] for all x,y €U, we have

d® o d?yy=[x.y]+d%yyd®x) for all x,y € U.

Now substituting (18) in (16) , we get

859

(16)

(17)

(18)

[X, Y1+ [X,y10% 0% - [x Y1~ 2y d? o0 [x, 1= X, Y1, 0200 1+ [Ix, Y1, n] - dex, for all

X,y €U. Thus

[Dx.y1,d%y)d”og]=d?ys [x.y1.0° 0] +[[x.y].d*yy]dxforallx,y € U.

Now from (19) and (17) , we get

[0y, [, YT+ 2[0x,y 1.0y o0 ]=d” o [y 1.0 1+ (X1, a2 o )
for all x,y € U.

By subtracting (17) from (19), we obtain

3[Ix.yl.d’yyd”o]=d” W Ix.Y1.d 0]+ [[x.y1.6°y)1d°x, for all x,y € U.Then

2[[x,y],d2(y)d2(x)]:o for all x,y €U.Since R is 2-torsion free, we obtain

[[x.y].d°yyd’x)]= 0 for all x,y € U. By Lemma 2.4, we obtain

d%yy %y €Z(R) forall x,y €U, then

[t,d%yyd%x)]= 0 for all x,y,t € U. Replacing y by x , we obtain

[t,d%x°] = O for all x,t €U.Then

d’x? €Z(R), by Lemma 2.8 , we obtain d*x) €Z(R) i.e.

[dz(x),t ]=0 for all x,t €U .The Linearization (i.e., putting x+ y for x),gives

(19)

(20)
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[yt 1+2[dpxd (vt 1+[xd%yy,1]=0 for all x,y,t EU .

According to the relation [dz(x),t]:O, the precedence equation with replacing

tand y by x,become 2[d(x)2,x]:0 for all x €U. Since R is 2-torsion free,then

[d(x)z,x]: 0 for all x€ U. The Linearization ( i.e., putting x+ y for x) with replacing y
by X, gives

8[d(x2), x?]= 0 for all x€ U. Since R is 2-torsion free with using Lemma 2.3, we obtain U
IS a non —zero central ideal.

We have, when d=0,then [x,y ]=0 forx,y €U.

Replacing y by ry , we obtain

[x,rly=0 for all x,y €U,r €R.Replacingy by w[x,r] forall xeU,rwe R,

we obtain

[x,r]w[x,r]=0 for all x€ U,r,wE R.Then [x,r]=0 for all x€SU,r€ER..

Since R is semiprime ring ,then [x,rf] = 0 forall x €U rER.

Then U is a non-zero central ideal .

Theorem 3.3. Let R be a 2-torsion free semiprime ring and U a non-zero ideal of R .If R

admitting a derivation d satisfying  [d(x),d (y)]:[xz,yz] for all x,y €U. Then R contains

a non-zero central ideal .

Proof. We suppose first that d# 0, then

[doy,d yy]=[x2.y*] for all x,y €U . Replacing x by x+y , we obtain
[doo.d vy I=D4Y° 1+ [xyy? 1+ [yx.y’] forall x ,y €U.

According to the relation [d(x),d(y)]:[xz,yz] forall x,y € U,we obtain
[xy,y’]+ [yx,y*]=0forall x,y €U . Replacing x by dyyyy , we get
[dy)y“y*1+ [ydyyy*1=0forally €U.Then

[dy*y.y’]=0forally €U. (21)
Right-multiplying (21) by y dy?%, we get
[dy?, y*1y’dy?=0forally €U. (22)

Also , by left-multiplying (21) by ydy? and right-multiplying by
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[dy®) .y T.we get

Y dyh [d ¢4y YdyAl dydy? 1= (vd oAldydy? D)= 0 for all y €U
Right-multiplying by w with using the cancellation property of yd y*[dy?%.y* w,w
€R ,we obtain

y’dy*[dy?y’]=0forally €U . (23)
Left-multiplying (23) by dy?[dy?),y*]dy? and right-multiplying by dy? y?, we obtain
dy’[dy? yTdyydy? [dy*,y*1dy*y*= 0 forally €U . Then

(dy[dy?.ydy*y?)? = 0 for all y €U. Left-multiplying by w with using the
cancellation property of  dy%[dy?%,y’ldy?y> w, w €R, we obtain
diy*[dy?,yIdiyy*=0 for all yE U . (24)
Left-multiplying (24) by [dy?,y*1dy%y? and right-multiplying by dy?,we obtain
[dy®y? Idy2y*dydy.y? Idy?y*dy? = 0 forally €U . Then

([dy?,yldydy? dy?)® = 0 for all y €U. Right-multiplying by w with using the
cancellation property of ~ ([dy?%,y*]dy%y? dy?w, w € R we obtain

[y’ 1dy?y?dy?=0 forally €U. (25)
Left-multiplying (25) by d(yz)y2 with using  from right the cancellation property on

dy?, we obtain

dy3y“[dey®,y“Idiyy*=0 for all y € U. (26)
From left on (26) by using the cancellation property on d(yz) y?, we obtain
[dy?,y*1dy?y?=0 for all y € U. (27)

Again from right on (27) by using the cancellation property on d(yz) y?,we obtain

[dy*.y*1=0forally €U. Then by Lemma 2.3,we obtain

R contains a non-zero central ideal .

When d=0, we obtain [x%y’] = 0 for all x,y €U. By Theorem 2.9, we complete the
proof of theorem .

The following results can be proven in a similar way .

Theorem 3.4. Let R be a 2-torsion free semiprime ring and U a non-zero ideal of R.If R

admitting a derivation d satisfying [dx,d’y, 1= [x*,y*] for all x,y €U.Then R contains
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a non-zero central ideal .

Theorem 3.5. Let R be a 2-torsion free semiprime ring and U a non-zero

ideal of R.If R admitting a non-zero derivation d to satisfying d([d(x),dy,])=[x.,y] for all

x,y € U.Then R contains a non-zero central ideal .

Proof. We have d([dx),d¢y) ])= [x,y ] for all x,y cu.
Then by replacing x by x?,we obtain d([ dx%,dyy])-[x*,y]=0 for all x,y €U.
Thend([dxyx,deyy )+ d([ xdx),dyy]) — [ X2y ]=0forall x,y €U.
d(dpo[x,dyy])+d([dx, deyy]x)+d(x[dx),deyy 1)+ d([x,deyy]dxy)-[x7,y]=0 for all x,y € U.Then
d” o[, dgy]+ded ([x,diyy )+ [y, deyyT)x+[dpxy, doysldoxydxy [, deys T +xdl([ dx, deyy])+d
(X dyDdxy+x.dyld © x-DAyl=o for all xy € U.According to the relation
d([dx),dys])=[x,y],then we obtain
oo [x,doyyT+dood ([, diyy D+ DxyIxe+([d e, doyy ) dxy+d oy [doo, doyl+xDxy 1+ (Ix, dyyl) doo X
dyyld®x)-[x%,y]=0 for all x,y € U . Replacing y by x , we obtain
d% 0 [x,dxy]+deod([x,d])+d([x,dpo ) d ¢+ [x,dx]d? xy=0 for all x € U. Then
d 0 [x,doxy]+[x,dxy]d%x+d ¢ (d(xdxy)-d(dxyx) ) +(d (xdx)-d(dx)x))dx=0  for all
x€U. Then
d®pxxdx)-d?xy dex+xd o d®po-daogxd®xy+ dex® + doxy xd?xy-doxy d2xx-doxy>+ doxy® + xd?xy
dxy- d%xyx dx)- dxy® =0 for all x €U . Then
[ x,dxy dx) J+[x,d%xd x)]= 0 for all x €U .Thus

[x,d(dx?)] = o forall x €U. We set a= dx)* ,then

[x,d@] =oforallx €U.

[[x, d@],r]=0 for all xX€ U,r€ R.Replacing r by d@, ,and using Lemma 2.1,we obtain da
€ Z(R) (i.e. d°x? €Z(R) forall x €U),then by Lemma 2.8,we get d*x, € Z(R) for all x
€ U then [d ? (x),r]=0 for all x€ U,r< R.Replacing x by xr and r by X, we obtain

[d?xy).x 1=[d°oy+ 2 dpxydeyy+ xd%yyx] = 0 for all x,y €U .In the relation [d*x) 1=

0,replacing r by x ,we obtain [dz(x),x ]= 0 for all x € U.Then according to this relation the
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equation [dz(x)y+ 2dpxdyy+x dz(y),x J=0forall x,y €U, with replacingy by x ,
become 2[dx?x]=0 forall x € U. Since R is 2-torsion free semiprime , then
[dx?x]=0 forallx €U. Thus
[[d®x 1,dx? 1= 0 for all x € U. By Lemma 2.1,we obtain dx® €Z(R) forall x €U,
then by Lemma 2.8,we get dx) €Z(R) forallx €U, then
[dx.r]=0forallx €U, r €R.Replacing r by x , we obtain

[dx),x]= 0 for all x € U. By Lemma 2.3, R contains a non-zero central ideal .

Theorem 3.6. Let R be a 2-torsion free semiprime ring. If R admitting a

derivation d to satisfying d([dx),dyy])=[x.,y] for all X, y €R. Then R is commutative .

Proof. At first, when d# 0 ,by same method in Theorem 3.5,
we obtain d(x) € Z(R)forall x€ U, then
[dx),r1=0 for all x,r €R. Replacing r by dy),we get
[dexy,dyy ] = O for all X,y € R. By substituting this relation in d([dx)+ dpxy])=[x,y] for all

x,y €R,gives [x,y]=0 forall xy €R.ThenR is commutative .
When d=0,it is clearly we obtain R is commutative.

Corollary 3.7. Let R be a 2-torsion free prime ring and U a non-zero ideal of R . If R

admitting a derivation d to satisfying d ([dx),dyy])=[x,y] for all x,y €U . Then R is

commutative .

Proof. When d# 0,by using same method in Theorem 3.5,with Lemma 2.3,we get R is

commutative .

When d=0,then [x,y]=0 for all x,y € U.By Lemma 2.6,we obtain R is commutative.

Theorem 3.8. Let R be a 2-torsion free semiprime ring and U a non-zero ideal of R .If R

admitting a non-zero derivation d to satisfying d([dx),dy)])=[dx),dy)] for al Xy

€ U.Then R contains a non-zero central ideal .
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Proof. We suppose first that a=[d(x),d(y)],a€ R.Then
d(a)=a. (28)
We set a=az ,z E R, where z=[d(y),d(x)],then
d(az)=az .Thus
d(a)z+ad(z)=az. According to (28),we obtain
ad(z)=0. This implies
[d(x),d(y)]d([d(y),d(X)])=0 for all €U.Since R has a cancellation property from

right,we obtain

[d(x),d(y)]=0 for all x,y € U.By Lemma 2.7,we get

R contains a non-zero central ideal.

Corollary 3.9. Let R be a 2-torsion free prime ring and U a non-zero ideal of R.If R

admitting a non-zero derivation d to satisfying d([d),dy,])=[dx),dyy] for all X,y Eu.

Then R is commutative .
We now have enough information to prove the following result .

Theorem 3.10. Let R be a 2-torsion free semiprime ring and U a non-zero ideal of R . If

R admitting a non-zero derivation d to satisfying one of the following conditions .
dy [deo.dys]=[xy] for all x,y €U.

diy[d?x,d%yy]=[xy] for all xy € U.

diiy[dex,dyy]=[x%y?] for all x,y € U.

vy [d%x,d°y]=[¥*y*] for all x,y €U.
Wd( [dpo ,dy])= [xy] for all x,y €U,
iy d([dp,dyy])=[dxy ,dyy] for all x,y € U. Then dU, centralizes U .
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