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1. INTRODUCTION

M. Lellis Thivagar [1] introduced the concept of nano topological space with respect to a subset

“Corresponding author

E-mail address: jasmineelizabeth89@gmail.com
"Research Scholar [Reg no. 19122102092008]

Received May 01, 2021
4994



4995
NANO BINARY CONTRA CONTINUOUS FUNCTIONS

X of a universe U. S. Nithyanantha Jothi and P. Thangavelu [2] introduced the concept of binary
topological spaces. By combining these two concepts G. Hari Siva Annam and J. Jasmine
Elizabeth [3] introduced nano binary topological spaces. J. Jasmine Elizabeth and G. Hari Siva
Annam [4] introduced nano binary continuous function in nano binary topological spaces. In this
paper we have introduced a new class of functions on nano binary topological spaces called nano
binary contra continuous functions and derived their characterizations in terms of nano binary
strongly continuous and nano binary perfectly continuous. Also the relationships between some
nano binary contra continuous functions are studied. Also we have introduced the nano binary

D-continuous function.

2. PRELIMINARIES

The concepts given here help us to recall our memories regarding the basic concepts of nano
binary topological spaces.

Definition 2.1: [3] Let (U;,U;) be a non-empty finite set of objects called the universe and R be
an equivalence relation on (U;, U,) named as the indiscernibility relation. Elements belonging to
the same equivalence class are said to be indiscernible with one another. The pair (Uy, U,, R) is
said to be the approximation space. Let (X;,X;) € (Uy,U,)

1. The lower approximation of (X;,X,) with respect to R is the set of all objects, which can be

for certain classified as (X, X,) with respect to R and it is denoted by Lz (X4, X,).
That is, Lg (X, X;) = U(xl,xz)e(Ul,Uz){R (21, %2): R(x1, x2) € (X1, X3)}

Where R(xq,x,) denotes the equivalence class determined by (x4, x;)
2. The upper approximation of (X;,X,) with respect to R is the set of all objects, which can be

possibly classified as (X, X,) with respect to R and it is denoted by Ug (X4, X5).
That is, U (X1, X2) = U, ey, untR (X1, x2): R(xq, x2) N (X1, X3) # b}

3. The boundary region of (X;,X;) with respect to R is the set of all objects, which can be
classified neither as (X;,X,;) nor as not —(X;,X;) with respect to R and it is denoted by
Br(X1,X3).
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That is, Bgr(X1,X,) = Ug(Xy,X;) — Lr(X1, X3)

Proposition 2.2: [3] If (Uy,U,, R) is an approximation space and(X;,X,), (Y;,Y2) € (U, Uy),
then

1. Lp(Xy, X3) € (X1, X32) € Ur(Xy,X3)

2. Lg(¢, ) = Ur(h,d) = (¢, @) and Lg(Uy, U;) = Ug(Uy,Uz) = (Uy, Up)

3. UR((XLXZ)U(YLYZ)) = UR(X1'X2) U UR (Y1: Yz)
4. Up((X1, X)N(Y1,Y,)) € Ur(X1,X2) N Ug (Y1, Y2)
5. Lp((X1, X)U(Y1,Y2)) 2 Lr(X1,X2) ULg (Y1, Y2)

6. Lp((X1, X2)N (Y1, Y2)) € Lg(X1, X2) NLg(Y1, Yy)

7. Lr(X1,X2) € Lg(Y,Yy) and Ugr(Xy,X,) S Ug(Yy,Y,) whenever (Xq,X,) € (V3,Y3)

8. Up(X1,X2)¢ = [Lp(X1, X2)]¢ and Lg (X1, X5)¢ = [Up(Xy, X2)]°

9. UrUr(X1,Xz) = LrUg(X1, X3) = Ur(X1, X3)

10. LpLgp(Xy, X3) = UgLg(X1,X3) = Lr(X1, X3)

Definition 2.3: [3] Let (U, U,) be the universe, R be an equivalence on(U;, U,) and

TR(X1, X2) = {(Uy, U3), (@, ), Lr (X1, X2), Ur (X1, X2), BR (X1, X2)} where (X, X3) € (Uy,Us) .
Then by the property R(X;, X;) satisfies the following axioms

1. (U, Uz) and (¢, @) € (X1, X3)

2. The union of the elements of any sub collection of 75 (X, X;) isin Tx(X, X3)

3. The intersection of the elements of any finite sub collection of 7z(X;,X,) isin Tx(Xq, X5).
That is, T3 (X4, X,) is a topology on (U;,U,) called the nano binary topology on (U, U,) with
respect to (X, X5).

We call (Uy,U,, tR(X1,X2)) as the nano binary topological spaces. The elements of
Tr(X1,X,) are called as nano binary open sets and it is denoted by Ng open sets. Their

complement is called Np closed sets.
Definition 2.4: [3] If (Ul, UZ,TR(Xl,XZ)) is a nano binary topological spaces with respect to

(X4,X;) and if (Hy,H,) € (U;, Us,), then the nano binary interior of (Hy, H,) is defined as the
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union of all Ng open subsets of (A;,A,) and it is defined by Ng°(Hq, H;)
That is, Ng° (Hq, H,) is the largest Ny open subset of (H;, H,). The nano binary closure of

(Hy, Hy) is defined as the intersection of all Ny closed sets containing (H;, H,) and it is

denoted by Ng(H,, H,).
That is, Ng(H,, H,) is the smallest N closed set containing (Hy, H).

Proposition 2.5: [3] Let (U;, U, 7x(X;,X,)) be a nano binary topological space and
(A1, 42), (By, By) € P(Xy) X P(X;)  then

i) Ng (@, 9)= (¢, 9)
Ns((9,9)) = (¢, )
ii) Nl; (U1'U2) = (U1»U2)

N_B(Ulr Uz) = (U1: Uz)

i) Ny (A1,42) € (A1, 4,) € Ny (A, 4;)

iv) (A1, A;) € (By,By) implies Ny (4,,4,) € Ny (B, B;)and
Ng(A1,4;) € Ng (By,By)

V) Ny (A, 40N (B,By)) € Ny (A1,A;) NNg(By, By)

Vi) Np((Ap,4z) N (B1,B)) € Ny (A1, A) N Ny (By,B,)

vii) N ((A1,4;) U (By,By)) 2 Ny (A1,42) U Ng (By,By)

viii)  Np ((A1,42) U(B1,B;)) 2 Ny (41,4;) U Np(By,By)
IX) Ng(Ng(A1,Az)) € Ng (A1, 4)

X) Nz (N5 (41,42))2 N5 (41, 4,)

xi)  N5(Ng (41,42)) 2 N5(A41,4,)
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xii)  Np (N5(A1,42)) SNp (A1, 4;)
Definition 2.6: [4] A subset (H;, H,) of a nano binary topological spaces (U;, U,, Tgr(Xq,X3)) is
called

1. Ng a-open if (Hy, Hy) € Np° (Ng (Ng° (Hy, Hy))).

2. Np semi- open set if (H;, H,) € Ny (Ng° (Hy, Hy))

3. Ny pre-opensetif(Hy, H,) S Ng° (Ng(Hy,H,))

4. Ng f-open if (Hy, H,) € Ny (Ng° (Ng (H, Hy))).

The complements of the above mentioned sets are called their respective Np closed sets.
Results 2.7: [4]

1. Every N opensetsis Nz «a-open.

.Every Np a-openis Np semi -open.

.Every Np a-openis Ng pre -open.

B~ W

. Every Np pre —openis Ny [-open.
. Every Np semi—openis N [-open.
. Every Npopenis Ny semi -open.
. Every Ng openis Np pre -open.
.Every Np a-openis Np [f-open.

O o0 9 N W

. Every Ngopenis Ny f-open.
Note 2.8: The above result is also true for every Np closed sets.
Note 2.9: The converse of the above result is not true.

Definition 2.10: [4] Let (U;, U, tr(X(,X3)) and (Vy,V,, TR (Y1, Y,)) be nano binary
topological spaces. Then a mapping f: (Ul,UZ,rR(Xl,XZ)) - (V1, V5,127 (Y1,Y,)) is nano

binary continuous on (Uy,U,) if the inverse image of every Ng open in (V;,V,) is Ny open
in (Uy,U,) and it is denoted by Ng- continuous.

Definition 2.11: [4] Let (Uy, U, tr(X4,X3)) and (Vy,V,, tR(Yy,Y2)) be nano binary
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topological spaces. A mapping f: (Uy, Uy, Tr(Xy,X5)) = (Vi, Vo, 1o (Y4, Y2)) is said to be
1. Ny a-continuous if (f~1 (B;,B,))is Ny a-openin (U;,U,) for every Ny open
(B1, By) in (V1, V).
2. Ny semi -continuous if (f~! (B4, B5)) is Ny semi-open in (U;,U,) for every
N open (B4, B,) in(Vy, V5).
3. Ny pre -continuous if (f~! (By,B,)) is Np pre-open in (U, U,) for every Npg
open (By, B,) in(Vy, 1,).
4. Ny B -continuous if (f~! (By,B,)) is Nz S -open in (U;,U,) for every Ng
open (B4, B,) in (V, V).
Results 2.12: [4] 1. Every Ng- continuousis Ny a-continuous.
2. Every Ny a- continuous is Ny semi - continuous.
3. Every Np a- continuous is Np pre - continuous.
4. Every Ny pre — continuous is N [- continuous.

5. Every Np semi — continuous is Nz [- continuous.

3. NANO BINARY CONTRA CONTINUITY

Definition 3.1: Let (Uy,U,, tr(Xy,X3)) and (Vy,V,, T4/ (Y1,Y,)) be nano binary topological
spaces. Then a mapping f: (Ul,Uz,‘tR(Xl,Xz)) - (Vi,V,,1x7(Y1,Y,)) is nano binary contra
continuous function if the inverse image of every Np open in (V;,V,) is Np closed in
(U4,U,) and it is denoted by Ng- contra continuous.

Example 3.2: Let U, = {a,b,c},U, = {1,2} with (U"Y2)/0 = (({a,b}, (2], ({c}, (1)} and
(X1,Xz) =({a,c},{1}). Then tr(Xy,Xz) ={(P, P),(Uy,Uy), ({c}, {1}, ({a, b}, {2})}. The Ng
closed sets are (Uy,Uy), (@, ®),({a, b}, {2}), ({c},{1}). Let V; ={x,y,2},V, ={e, f} with
Vo) = (@ D (8 and (V%) = @yb(B) . Then (%, Y)

={(®, ), (V1, Vo), ({x 2}, {e}), ({y}, {f)}.
Define f: (U, Up, tr(X1,X2)) = (Vi, Vo, Tpr (Y1, Y2)) as f ({a}, {1}) = ({x},{f}), f({a},{2}) =
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({x}{e}), £ ({b} {1} = {z}{f), f (b} {2}) = ({z},{e}), f {c},{1) = ({y}L{D, £ {c}{2}) =
(v} {eD). Then f({y}{fH) = ({c}{1}) and f'({xz},{e}) = ({a;b},{2}), which is Np
closed in (Uy,U,). That is the inverse image of every N open in (V;,V,) is N closed in

(U;,U,). Therefore, fis Ng- contra continuous.
Theorem 3.3: For a function f: (Ul, Uz,tR(Xl,Xz)) - (Vy, V,, TR (Y1, Y2)) the following

conditions are equivalent:

(1) fis Ng- contra continuous.

(i1) The inverse image of each Ny closed setin (V;,V,) is Ng openin (Uy,U,) .

(iii) For each (x4,x,) € (U;,U,) and each Ng closed set (By,B,) in (V;,V,)
with f(xq,%x,) € (By,B;), there exists an Nz open set (A;,A,) in (U, U,) such
that f(A;,Az) S (B, By).
Proof: (i) =(ii) Let fbe Ng- contra continuous. Let (B;,B;) be Np closedin (Vy, V).
Thatis (V4,V,) — (B4,B;) is N openin (V;,V,). Since fis Ng- contra continuous,
fH((V, V) — (By,By)) is Ny closed in (Uy,Uy). But f~1((Vy,Vy) — (By,By))
(U, Uy) — f~1(By,By). Therefore, f~1(By,B,) is Ny open in (U;,U,). Thus the inverse
image of each Ny closed setin (V;,V,)is Ny open in (U, U,).
(i) =>(i) Let (By,B;) be a Ny open in (V;,V,). Then (V;,V,) — (By,B,) is Np closed in
(V,V,). By assumption, f~1 ((Vl,Vz)—(Bl,Bz)) is Ng open in (Uy,U,). Therefore,
f~(By,B,) is Ng closedin (U;,U,). Hence fis Ng- contra continuous.
(i) = (iii) Let (B4,B;) be a Ny closed set such that f(x,,%x,) € (By,B;). By assumption,
(x1,%) € f71(B4,B,), which is Ny open. Let (A;,A,) = f~1(By,B,). Then f(A,A,) C
(Bli BZ)
(i) = (ii)) Let (B1,By) be a N closed set in (V;,V,) with f(x4,%x;) € (By,B;). Then
there exists a Ny open set (A;,A,) in (U;,U,) such that f(A{,A,) € (By,B,). Therefore,
f71(B1,B2) =U {(A1,A3): (A, Az) € (B, By)} is Ng openin (U, Uy)

Remark 3.4: The concept of Ny - continuity and Ny - contra continuity are independent as



5001
NANO BINARY CONTRA CONTINUOUS FUNCTIONS

shown in the following example
Example 3.5: Let U, = {a,b,c},U, = {1,2} with (U"Y2)/0 = (({a,b}, (2], ({c}, (1))} and
(X1, X5) =({b},{2}). Then tR(X1,X;) ={(®, D), (U;,U,), ({a, b}, {2D}. Let V; = {x,y,2},V, =
fe.fy with VV2/0, = (23, e}, (W} D} and (Yo, ;) =({2},{e}). Then tpi(Yy,1y)
={(D, D), (V;, V), ({x,2},{e})} . Define f: (Uy, U, 1r(X1,X3)) = (Vi, Vo, trr (Y1, Y2)) as
(fa}, (13) = (63, (), f({a), (23) = (6, fe}), £ (b, £13) = ({2, ), £ (B, 2)) = ({2, fe),
({ch{1}) = @I, £ ((h{2)) = (¥}{e). Here (ByB,)=({x7),{e}). Then

fr({x,z},{e}) = ({a,b},{2}). Here fis Nz-continuous function, but not Ng- contra continuous.
Because ({a,b},{2}) is not Nj closed in (U, U,), where ({(x,z},{e}) is Ny open in
(V,, V). Therefore, f  is Np- continuous but not Ng- contra continuous.

Example 3.6: Let U, = {a,b,c},U, = {1,2} with (VvU2)/0 = ((Ga,b}, (2D, (e}, (1)} and
(X1, X,) =({b}, {2}). Then tr(Xy,X5) ={(®, ®), (U;,Uy), ({a,b}, {21)}. The Nj closed sets are
(@), (U, Up), () (1) Lot Vi={wyzVa={ef} wih 212/ =
{({Ixz}{eD), {y}{tH} and (Y, Y;) =({y},{f}). Then 1/ (Yy,Yz) ={(D, @), (Vy, Vo), ({y}, {fH}.
Define f: (Up, Uy, tr(X1,X2)) = (Vi Vo, tor (Yy, ¥2)) as f (fa},{1}) = ({x}{fh), f({a},{2}) =
(xh{eh), £ {b}{1) = {z}{H, £ (b}, {2} = ({z},{eD), f {c}, {1} = {y}{), f {c},{2}) =
({y}, {e}). Therefore, F~1({y},{f}) = ({c}, {1}), which is Nj closed in (U, U,) but not Ny
open in (Uy, Uy). Hence fis Np- contra continuous but not Np- continuous.

Note 3.7: Every Ng-continuous is Ng- contra continuous if every Ny open setis Np closed.
Definition 3.8: A function f: (Ul,Uz,tR(Xl,Xz)) - (Vy, V,, trr (Y4, Y2)) is said to be
(1) Ny perfectly continuous, if f~1(A;,A,) is Ny clopen in (Uy,U,) for every
Ny openset (A, A,) in (Vy, V).
(ii)  Np strongly continuous, if f~1(A;,A,) is Ny clopen in (U;,U,) for every
subset (A{,A,) in(Vy,V,).

Definition 3.9: A function f: (Ul, U,, (X4, Xz)) - (Vy, V,, trr (Y4, Y2)) is said to be
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Ng contra a- continuous, if f~1(By,B,) is Ny a-closed in (U;,U,) for
every Ng open (By,B,) in (V;,V,).

Ng  contra pre- continuous, if f~1(B;,B,) is Ny pre-closed in (Uy,U,)
for every Ny open (B4,B,) in(Vy,V,).

Ng contra semi- continuous, if f~1(B;,B,) is Ny semi-closed in (Uy,U,)
for every Ny open (B4, By) in  (Vy, V).

Ng contra B- continuous, if f~1(By,B,) is Ny f-closed in (Uy,U,) for

every Ny open (B4, By) in (V,V,).

Every Ng- contra continuous is Ny contra a- continuous.
Every Ny contra a -continuousis Ng contra pre- continuous.
Every Ny contra a -continuous is Ny contra semi- continuous.
Every Ng- contra continuous is Ny contra pre- continuous
Every Ng- contra continuous is Nz contra semi- continuous.
Every Ngp contra pre- continuous is Np contra - continuous.
Every Ny contra semi- continuous is Nz contra - continuous.
Every Ng- contra continuous is Nz contra - continuous.

Every Ny contra a -continuous is Ny contra - continuous.

Proof: (i) Given f is Ng- contra continuous. Let (B;,B,) be Ny open in (V;,V,). Since f is

Ng- contra continuous, f~1(B;,B,) is N closed in (Uy,U,). Since every N closed is Ng

a —closed, f~1(B;,B,) is Ng a -closed in (U;,U,). Therefore, f is Ng contra «-

continuous.

Similarly we can prove (ii), (iii), (iv), (v), (vi), (vii), (viii) and (ix).

Remark 3.11: The concept of Np contra pre- continuous and Ny contra semi- continuous are

independent as shown in the following examples.

Example 3.12: Let U, = {a,b,c}, U, = {1,2} with (U"Y2)/0 = (({a,b},(2}), ({c}, (1))} and

(X1'X2) :({b}, {2}) Then TR(XLXZ) :{(CD' CD), (Ull UZ)' ({a, b}, {2})} Let Vl = {x' Y Z}r VZ =
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fe.fy with VV2/0, = (23, e}, (W} D} and (Yo, ¥y) =({2},{e}). Then tpi(Yy,1¥y)
={(D, D), (V;, V), ({x,2},{e})} . Define f: (Uy, Uy 1r(X1,X3)) = (Vi, Vo, tpr (Y1, Y2)) as
(fa} (1)) = (03, {ed), f({a, 2) = (O, (), £ (b}, 1) = (v, fe}), £ (b}, {2) = (v}, i),
({h{1}) = {@eD, £ ({3{2}) = (@D Here (By,B,) = (fx,z},{e}) . Then
F1({x z}, {e}) = ({a,c}, {1}). Here f is N contra pre-continuous, but not Ny contra semi-
continuous. Because ({a,c},{1}) is Ny pre-closed and not Ny semi-closed in(Uy, U,), where
({x,z},{e}) is Ng open in (V;,V,). Therefore, f is Ny contra pre-continuous but not Ng

contra semi-continuous.
o — — : (UllUZ) —
Example 3.13: Let U; ={ab,c d e}, U, ={1,234} with /g = {{a, b}, {2}),

({C}! {4}), ({d}, {3})! ({e}, {1})} Let (Xlﬂ XZ) :({a' C d}' {2:3:4})
Then TR(XIJ XZ) :{(CDI CD)) (U1; UZ)) ({C, d}, {3;4‘}): ({a, b' c d}, {2'3'4})1 ({a, b}, {2})}

Let V; = {x,7,2}, V, = {e,f} with (V2 p, = ({2}, e}, ({y}, (D).

Let (Y,Y) =({x}h{e)). Then tw(Yy,Ys) ={(®d),(Vy,V,),({x7}{e}))}. Define f:
(U, Up, T (X1, X)) = (Vi, Vi, Tr (Y0, Y2)) s £ (fa}, {13) = (03, (e}, £ ({a), (2) = (0, {e), f
({a}, 3) = (O3, {0), f(fa), (43) =(0<, (), A}, (1) = ({23, {eD), £ ({b},(2)) = ({2}, {e)),
F({b}, 3D = ({2}, {0, £ (b}, (4)) = ({23, (H).F (e, (1) = (I} e, £ (e}, {2) = ({y}, e,
£ ({c3) = @I, £ ({,4) = @I, £ ((d{1}) =y} ), F{d} {2 =
O} LD, FUL 3D = (LI, FU @) = @I f (@1 ) =
() (e, F (e}, 2D = Iy} {ed), F ({e}, (3D = (I, (7). (e}, (4) = (), (D)
fr({x,z},{e}) = ({a,b},{1,2}). Here fis Ny contra semi-continuous, but not Ny contra pre-
continuous. Because ({a,b},{1,2}) is Nz semi-closed and not Nz pre-closed in(Uy,Uy),
where ({x,2},{e}) is Ny open in (Vy,V,). Therefore, fis Ny contra semi-continuous but not

Np contra pre-continuous.
Theorem 3.14: Let f: (Ul,UZ,TR(Xl,XZ)) - (Vy, V,, TR (Y1,Y2)) be the function. If fis N

strongly continuous then fis N perfectly continuous.

Proof: Given fis N strongly continuous. Let (B;,B;) be Np openin (V;,V,). Since fis Ng
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strongly continuous, f~*(By,B;) is Ny clopen in (Uy,U,). Hence f is Np perfectly
continuous.

Remark 3.15: The converse of the above theorem need not be true by the following example.
Example 3.16: Let U, = {a,b,c}, U, = {1,2} with (U1"Y2)/0 = (({a,b},(2}), ({c}, (1))} and

(X1'X2) :({a! C}!{l}) Then TR(XPXZ) :{(CI), CI)), (Ull UZ)I ({C},{l}), ({a,b}, {2})} The NB
closed sets are (Uy,Uy), (P, d),({a, b}, {2}), ({c},{1}). Let V, ={x,y,z},V, ={e, f} with

Vo2, = (3D, @D} Let (% ) = ({Zh{e) . Then tp(Yy¥y)
={(D, D), (V;,V,), ({ x,2},{e})}. Define f: (U, Uy, Tr(X1,X5)) = (Vi, Vs, 1o (Y1, Y,)) as
£ (@L{1}) = @D £ {ahi2h) = @hie), £ (b)) = ({@ e, f (b}{2}) =
{2 (eD, £ ({c} 1) = (3D, £ (b2 = (yhded. F1 (b fed) = ({c} (2D, which is
not Ny clopen in (Uy,Uy) and f~'({xz},{e}) = ({a b}, {2}), which is Ng clopen in
(U,,U,). Therefore, fis Ny perfectly continuous butnot Ny strongly continuous.

Theorem 3.17: Let f; (Ul,UZ,TR(Xl,XZ)) - (V,V,,trr(Y4,Y2)) Dbe the function. Then f is

Ng perfectly continuous if and only if fis Np- contra continuous and Ng- continuous.

Proof: Let (B;,B,) be Ny openin (V;,V,). Since fis Ny perfectly continuous, f~ (B, B,)
is Ng clopen in (U;,U,). Hence f~1(B;,B,) is both Ny closed and Ny open in
(U4,U,). Hence fis both Ng- contra continuous and Ng- continuous. Conversely, let fbe Np-
contra continuous and Ng- continuous. Let (B;,B,) be Ny open in (V;,V,). Since f is Np-
contra continuous, f~1(B;,B,) is Ny closed in (U;,U,). Since f is Ng- continuous,
f~Y(By,B,) is Ng open in (Uy,U,). Therefore, f~1(By,B,) is both Ny closed and Ng
openin (Uy,U,). Hence fis Ny perfectly continuous.

Remark 3.18: The above theorem is true if f is both Ny -continuous and Ny -contra

continuous otherwise it is not true by the following example.

Example 3.19: Let U, = {a, b, c},U, = {1,2} with (Ul’UZ)/R = {({a, b}, {2}), ({c},{1})} and

(X1,X5) =({b},{2}). Then tr(Xy,X,) ={(P, D), (U, U,), ({a,b},{2})}. The Ny closed sets are

@,®), Uy, U, (1 (1) Let  Vi={xyzVa={ef}  wiv vV, =
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{({x,z}, {e}), (v}, {f)} and (Y1, Y2) =({y}, {}). Then 1/ (Y, Yz) ={(P, P), (V1, V2), ({y}, {fD}.
Define f: (Uy, Uz, tr(X1,X2)) = (Vo, Vo, Tr (Y1, Y2)) as  ({a},{1}) = ({x},{f}), f({a},{2}) =
({x}{e}), £ ({b} {1} = {z}{f), f (b} {2}) = ({z},{e}), f {c},{1) = ({y}L{D), £ {c}{2}) =
({y}, {e}). Therefore, £~1({y},{f) = ({c},{1}), which is Ny closed in (U, U,) but not Ny
open in (U, U,). Hence fis Ng- contra continuous but not Np -continuous. Also f is not Ng

perfectly continuous.
Result 3.20: Let f: (Ul,UZ,TR(Xl,XZ)) - (Vy,V,, trr (Y4, Y2)) be the function.

) If fis Np perfectly continuous then fis Ny contra a-continuous and Ny «a -
continuous.
i) If fis Ny perfectly continuous then f is Ny contra pre-continuous and Ny pre
— continuous.
11)) If fis Np perfectly continuous then f is Ny contra semi-continuous and N
semi- continuous.
iv) Iffis Ng perfectly continuous then fis Ny contra B-continuousand Ny f —
continuous.
By theorem 3.17 and definition 2.6, the above result is true but none of these implications is
reversible as example 3.19.
Theorem 3.21: Every Np strongly continuous function is both Ng- continuous and Ng- contra
continuous.
Proof: Let (B;,B,) be a subset of (V;,V,). Since fis N strongly continuous, f~1(B;,B,) is
Ng clopen in (U;,U,). That is, f~1(B;,B;) is both Ny open and Ng closed in (U, U,).
Since it holds for every subset of (V;,V,), it is also true for all the Ny open sets in (V,V,).
Therefore, fis both Ng- continuous and Ng- contra continuous.
Remark 3.22: The converse of the above theorem need not be true by the following example.
Example 3.23: In example 3.19, the function f: (U, Uy, TR(X41,X3)) = (V1, Vo, 1rr (Y1, Y2)) is
N — contra continuous. Consider ({x,y},{e}) is any subset of (V;,V,) . Then
F1{x vy} {e}) = ({a ¢}, {2}), which is not Ny open in (U, U,). Therefore, f is Ny —contra
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continuous. But f is neither Ny strongly continuous nor Ng- continuous.
Result 3.24: Let f: (Uy, Uy, tr(X1,X5)) = (Vy, Vo, 1o (Y, Y2)) be the function.

i) If fis Ny strongly continuous then f is Ny contra a-continuous and Nz «a -
continuous.
i) If fis Np strongly continuous then fis Nz contra pre-continuous and Ng pre
— continuous.
iii) If fis Ng strongly continuous then f is Ny contra semi-continuous and Ny
semi- continuous.
iv) If fis Ng strongly continuous then f is Ny contra B-continuous and Nz 8 —
continuous.
By theorem 3.21 and definition 2.6, the above result is true but none of these implications is
reversible as example 3.23.
Remark 3.25: Composition of two Ng- contra continuous functions need not be Ng- contra

continuous as shown in the following example.
Example 3.26: Let U, = {a,b,c}, U, = {1,2} with (U"Y2)/0 = (({a, b}, (2]), ({c}, (1))} and
(X1, X,) =({b},{2}). Then tr(Xy,Xz) =((®, ®), (Us,U,), ({a,b}, {2])}. The Ny closed sets are
(@,®),U, U, (ch{1})  Let  Vy={abchV,={1,2}  with (V2
{({a,c}, {1}), (b}, {21} and (Y, Y2) =({b}, {2}). Then tpr (Y, Vo) ={(®, ®), (V3, Vo), ({b}, {2})}.
The Ny closed sets are (®,®),(Vy,Vy),({a,c}{1}) Define £ (Uy, Uy ta(Xp,X,)) =
Vi, Vo, e (Y1, 12)) as £ ({a},{1}) = ({a}, {2}, f({a},{2}) = ({a}{1}), f ({b},{1}) =
({c}, 2D, £ (b} {2 = ({1 {1, f {c} {1} = (b} {2D, f ({c},{2}) = ({b},{1}). Therefore,
F1((b}, {2)) = ({c}, {1}), which is Nj closed in (Uy,U,). Hence f is Ny- contra continuous.
Let Wy = {a,b, W, = (1,2} wih WVoW2)/ = (), 20, (o, 3, (1)) and (24,2,)
— (b}, {1}). Then - (Z1,Zs) ={(®,®), (W, Wy),({b,c},{1})}. The Ny closed sets are
(@, ), Wy, W), ({a}, {2})  Define  g: (Vy, Vo, T (Yo, Vo)) = Wy, W T0(Z1,2))  as
g({a} {1} = (b} {2h, g({a}, {2}) = ({c}, {1}, g({b}, {1}) = ({a}, {2}), g({b}, {2}) =
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(fa}, {1}, g({c}, {1}) = ({a}, {2}), g({c}, {2}) = ({a}, {1}D). Therefore, g~'({b,c},{1}) =
({a},{2}). Hence f~(g7t({b,c},{1})) = f~*({a}, {2}) = ({a},{1}), which is not a N closed
set. Hence composition of two Ny —contra continuous functions is not a Nz —contra continuous
function.
Theorem 3.27: Let f: (U, Uy, TR(X1,X5)) = (Vi, Vo, 1o (Y1, ¥2)) and g: (V4, Vy, 1o (Y1,Y,)) =
(W, Wy, T (Z4,Z;)) be the functions then gof is Np —contra continuous if g is Np —
continuous and f is Np —contra continuous.
Proof: Given that g is Np —continuous and f is Nz —contra continuous. Let (B;,B,) be
Ng open in (W;,W,). Since g is Ny —continuous, g~*(B;,B,) be Ng open in (V;,V,).
Since f is
N —contra continuous, f (g *(By,B,)) is Ny closed in (U;,U,) . That is,
(gof)1(B4,B;) is Ny closed in (Uy,U,). Hence gof is Ny —contra continuous.
Remark 3.28: Let f:(Uy, Uy, tr(Xq,X2)) = (Vy, Vo, trr(Yq, Y2)) and g: (Vy, Vs, trr (Y1, Y2)) =
(Wy, Wy, T (Z4,Z;)) be the functions then
i) gof is Ny perfectly continuous if g is Np perfectly continuous and f is
Ny —contra continuous.
i) gof is Ng strongly continuous if g is Ng strongly continuous and f is
Ny —contra continuous.
iii) gof is Ng perfectly continuous if g is Ng-continuous and f is Np
perfectly continuous.
iv) gof is Np perfectly continuous if g is Ny -continuous and f is Ng
strongly continuous.
V) gof is Ny -continuous if g is Ny —contra continuous and f is Np
-continuous.
vi) gof is Ng -continuous if g is Np -continuousand f is Ny -continuous.
vii)  gof is Np perfectly continuous if g is Ny perfectly continuous and f is

Njg strongly continuous.
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viii)  gof is Ny strongly continuous if g is Ny strongly continuous and f is Ng
perfectly continuous.

Note 3.29: The above remark follows from theorems 3.14, 3.17, 3.21 and 3.27.

4. NANO BINARY D — CONTINUOUS

Definition 4.1: A nano binary subset (A;,A,) of a nano binary topological space
(U, Uy, tr(X1,X,)) is called nano binary dense if  Ng (A;,A;) = (U, Uy) and it is
denoted by Np-dense.

Definition 4.2: Let (Uy, Uy, tr(Xy,X3)) and (Vy, V,, TR/ (Y1, Y2)) be nano binary topological
spaces. Then a mapping f: (Ul, UZ,TR(Xl,XZ)) - (Vy,V,,1x7(Y4,Y,)) is nano binary

D - continuous function if the inverse image of every Ny open in (V;,V,) is N -dense in

(Uy,U,) and it is denoted by N D -continuous.

Example 4.3: Let U, = {a,b,c},U, = {1,2} with (U2 = (((a,b}, {2}), ({c}, (1)} and
(X1, Xz) =({b}, (2)). Then r(Xy,X,) ={(®,®), (U1, Uy), ({a,b}, {2D)}. Let Vi = {x,7,2},V, =
e} with VV2)/p, = (6,23, (e}), (3, (D)} and (Y1, %) =(0x,93, (). Then 14 (Y, 1)
={(®, ®), (V;, Vo), ({x 2}, {e}), ({y}, {fD)}. Define f: (Uy, Uy, (X1, X2)) = (Vi, Vo, Trr (Y1, Y2))

as f{ah{1}) = yh i), f{a}l{zh) = {y}{eD, fF({b}, {1} = (X} {1, f({b}{2}) =
({3 {eD), fAch{1) = {21, f({c}2) = ({z}{e}). Then f7({y}{fH) = ({a}. {1}
and f1({x,z},{e}) = ({b,c},{2}), which is Ny -dense in (U;,U,). That is, the inverse image
of every Ny openin (V;,V,) is Np -densein (U,,U,). Therefore, fis Ny D-continuous.
Definition 4.4: A nano binary topological space (U;,U,, Tr(X4,X;)) is called a nano binary
submaximal space if every Ng-dense subset of (U, U,) is Ng open in (Uy,U,) and it is
denoted by Ny submaximal space.

Definition 4.5: A nano binary topological space (Uy,U,, Tr(Xy,X5)) is called a nano binary
hyperconnected space if every Ng open subset of (Uy,U,) is N —dense in (Uy,U,) and it

is denoted by Np hyperconnected space.
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Remark 4.6: Every Nz D-continuous is not Ng-continuous as shown in the following example.
Example 4.7: In example 4.3, f is Nz D-continuous. But f~({y},{f}) = ({a},{1}) and
f1({x,z}, {e}) = ({b,c},{2}), which is not Ng open in (U;,U,). Therefore, fis not  Ng
— continuous. Hence fis N D-continuous but not Nz —continuous.
Note 4.8: Similarly we can say the following:

i) Every Ny D-continuous isnot Nz a — continuous.

i) Every Np D-continuous is not Ng semi-continuous.

iii) Every Ny D-continuous is not Nz pre —continuous

Iv) Every N D-continuousisnot Nz S — continuous.
Remark 4.9: In Np submaximal space, every Ny D-continuous is Ny —continuous.

Note 4.10: In Ny submaximal space,

)] Every Ny D-continuousis Nz a —continuous.
i) Every Np D-continuousis Nz semi—continuous.
iii) Every Ny D-continuousis Ng pre—continuous.
iv) Every N D-continuousis Nz S —continuous.

Remark 4.11: Every Ny —continuous is not Ny D-continuous as shown in the following

example.
Example 4.12: Let U, = {a,b,c}, U, = {1,2} with (U"Y2)/0 = (({a,b},(2}), ({c}, (1))} and

(X1'X2) :({a, C}!{l}) Then TR(Xl'XZ) :{(CD' (D), (Ull UZ)' ({C},{l}), ({a,b}, {2})} The NB
closed sets are (Uy,Uy), (@, ®),({a, b}, {2}), ({c},{1}). Let V; ={x,y,2},V, ={e, f} with

Vo Va) /o, = (%2, (), (3, (D} and (Yo% ) = (yh{B) . Then (Y ¥y)
(@, ®), (V,, V), ({2}, e}, ({y}, (D).

Define f: (Uy, Uy, Tr(X1,X2)) = (Va, Vo T (Yo, 1)) as £ ({a), (1) = (09, {6, £({a), (2) =
(© feD, £ (b} (1)) = ({28, £ (b (2D = [ {eD, £ (c}, 1) = (v} M), f ({2 =
(@} ed). Then F2({y}h{H) = ((c},{1) and F1({x,7},{e}) = ({a, b}, {2}), which is Ny
open but not Ny dense in (U, U,). Therefore, fis Ng-continuous but not Nz D-continuous.

Remark 4.13: In N hyperconnected space, every Np —continuous is Nz D-continuous.
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Note 4.14: 1) Every Ny a — continuous is not Np D-continuous.
i1) Every Np semi-continuous is not Nz D-continuous.
iii) Every Np pre-continuous is not Ng D—continuous.

iv) Every Ny B D-continuous is not Nz D- continuous.

5. CONCLUSION

In this paper, we have defined Np- contra continuous function in nano binary
topological spaces and their characterizations were studied. Also we have explored some nano
binary contra continuous functions in nano binary topological spaces and their features were

discussed. Also we have defined Nz D- continuous and some properties are discussed.
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