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Abstract. Hybrid contraction of single and multi-valued fuzzy mappings in Hausdorff fuzzy metric space is
discussed in the present article. Here, we introduced the concept of o* — 1, — Wy —hybrid contraction for single and
multi-valued fuzzy mappings and prove the common fixed point results in Hausdorff fuzzy metric space.
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1. INTRODUCTION

The existence of fixed points [FP] of set-valued contractions in metric spaces was initiated by
Nadler [28] and subsequently results in (see [27, 29, 31, 42]). Zadeh [45] was first to introduced
the notion of fuzzy set [FS] in 1965. After that a number of researchers work on FS and prove
fixed point theorems [FPT] with fuzzy mappings [FM]. For some results on FPT (see [3, 6, 7, 9,
16, 16, 25, 34, 44] and references therein). Kramosil and Michalek [20] first to introduced the
concept of fuzzy metric space [FMS], which was modified by George and Veeramani [10]. The

Banach [4] contractive FPT extended by Gregori and Sapenal [13] to fuzzy contractive mapping
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[FCM] of complete metric space. Recently more results in FMS (see [1, 8, 11, 15, 17, 18, 23,
24).

In nonlinear analysis the FPT play a key role. For the existing of FP in FMS, the contractive
conditions and implicit function play a key role (see[S, 30, 37]). Samet et al. [39] first intro-
duced the concept of admissible mapping [AM] for single valued mapping [SVM] and Asl et
al. [2] extended the concept of admissible for SVM to multi-valued mappings [MVM]. Latter,
Salimi et al. [38], defined an a-AM with respect to 1 on MS. Afterwards, a number of au-
thors investigated FPT for a* and 1. type’s AM’s in FMS (see [32, 43]). Recently, Hong [19]
introduced the concept of @* — 1, —admissible for set valued mappings in FMS. Motivated by
result of Phiangsungnoen [33] as some new fuzzy FPT’s for FCM’s in Hausdorff fuzzy metric
spaces [HFMS], we introduce the concept of a* — 1, — y—hybrid contraction [HC] of SVM

and MVFM in HFEMS. We also give illustrative examples to support our main results.

2. PRELIMINARIES

Recall that a continuous triangular norm (t-norm[40]) with unit 1 is an associative and
commutative binary operation ® : [0,1] x [0,1] — [0,1], if a® 1 =a and a < ¢, b < d then
a®b<c®odforall a,b,c,d € [0,1]. The typical examples of continuous t-norm are a © b = ab

or a®b = min(a,b), and a® b = for 0 < A < 1. For Lukasievicz t-norm that is,

ab
max{a,b,A}’
a®rb =max{a+b—1}.

Definition 2.1. [10] For a non-empty set 2 and a continuous t-norm ©, an ordered triple

X, M) is called a FMS such that, # is a FS on 2" x Z % (0,00) with conditions,

(

(GN) M (0,2,t) >0,VO,EXec 2 andt >0,

(GY) M (0,0,t)=1,Vt>0, and #(0©,E,t) =1, for somet >0 = O =E,
(G3) M (©,Et)=H#(E,0,t), V>0,

(YY) M (O,E,t)0 M (EL,s) < M(OLt+s)Vs,t>0,

(GYs) M(0O,E,.):(0,00) — [0,1] is continuous.

According to Kramosil and Michalek [20], A is a fuzzy set on & x X~ x (0,4o0) which
satisfies (973) and (9 Va) while (971), (972) and (9 Vs) replaced by (X M), (A M>) and
( M5), as follows:
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(A M) M (0,E,0) =0,

() M(O,E,1)=1,¥1>0, iffO=E

(A Ms) M (O,E,.)=0,:[0,00) — [0, 1] is left continuous
(J M) lim M (©,Z,1) =1,V O,E € 2.

Remark 2.1. [26] It is worth pointing out that 0 < .#(0,ZE,t) < 1,Yt > 0, provided ©® # E.

Example 2.1. [10] Let (2 ,d) be a metric space. Define a©b = ab or a ® b = min(a,b),V
a,b € [0,1] and define My : X x X x[0,00] = [0,1] as M4(®,E,t) =t/(t+d(©,E) ), for all
©,E € 2 and t > 0, then fuzzy metric M, induced by the metric d and (X, M, ®) is called

a FMS

Example 2.2. [12] Let (2 ,d) be a metric space. Define 4 : #* — (k,o0) an increasing
continuous with d(©,E) < k, VO,E € 2 and k is a fixed constant on (0,00). Define .4y :
2 X 2 x[0,00) = [0,1] as My(0,,1) = 1 - 455, VO, E € 2" and 1 > 0. Then (2, M4,0)
is called a FMS on 2" wherein © is a Lukasievicz t-norm.

Song [41] gives two important facts that A (., .,t) is continuous function on Z x 2" fort €

(0,00) and . (0©,Z,.) is non-decreasing for all V®,E € Z .

Definition 2.2. [10] Let (2", .# ,®) be a fuzzy metric space. Then

(@) IfIneN,s.t. #(0,,0,t)>1—€,Vngen,e>0,t>0, then a sequence {®,} in Z is
said to be convergent at ® in 2.

(b) A sequence {@©,} in 2, called Cauchy sequence if In € N, & Ve >0, t >0 s.t.
M(0,,0,,,1) >1—¢€,Vn,m>nyeN.

(¢) A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

Lemma 2.1. [36] Let (2", # ,®) be a fuzzy metric space and {E,} be a sequence in 2" with
(A M). If Tk € (0,1) s.t. M (Ep,Epsr1,kt) > M (Ep_1,Z4,t), Vt>0and n €N, then {E,}

is a Cauchy sequence in 2 .

Lemma 2.2. [35] Let (2", # ,®) be a fuzzy metric space and {E,} be a sequence in 2" with
(:%///6) If dk e (0 1) S.1. .//( n+1, n+2,k[) > .//(@n,®n+1 kl) Vt>0andn=0,1,2,3....,
then {®,} is a Cauchy sequence in Z .
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Lemma 2.3. Let (2°,.#,0) be a fuzzy metric space. Then # is said to be continuous func-
tion on X x Z x[0,), "frfi’?///@"ﬁm’") = #(0,E,1), whenever {(®,,E,,1,)} is a
sequence in & x X x [0,00), which converges to a point (0,E,t) € 2" x X % [0,0), i.e.
Lim #(0,,0,1) = A (Z,E.1) = 1 and lim .4(0,0,1,) =.4(2,E,1) = 1.

Lemma 24. [35] IfV ©,E € 2", t > 0 and for a number k € (0,1) in fuzzy metric space
(2, M ,0O) then M (©,Z,kt) > M (©,E,t) implies © =

Definition 2.3. [41] Let 2" be a non-empty set and o, : 2" x Z X (0,00) — [0,00) be two
functions. A mapping and 7 : X — 2% is said to be o — N.—admissible mapping if for
all ®,2 € 2" we have a(0,2,1) <n(0,E,f) = o (T0,TEt) <N (T0,7Et),VO,Ec
2, t >0, where
o (70,78 t)= sup  a(®,E,t) and N.(T0,TEt) = inf  n(©,Et)
BT O,EeTE PcI0,EcTE

Let (Z,d) be metric space, a set E(®) : 2" — [0,1] is a fuzzy set. For any fuzzy set and
® € 2, E(O) called the membership grade of E in Z". The A—cut of fuzzy set E represented
asEy ={®:E(®)>A}if A €(0,1] also Ey ={® : E(®) > 0}. Let F(Z") be the collection of
all fuzzy set in a metric space Z. Forall E,.% ¢ F(X),E C # = E(Z) C #(Z). Let us

consider W (Z") be a compact sub-collection of all roughly value in Z". A fuzzy set E in 2" is

said to be an roughly value iff E;_is compact and convex in Z’¥A € (0,1] and sup E(®) = 1.
OcZ

Definition 2.4. Let (2", .# ,©®) be a fuzzy metric space. Then
VE,Z e W (X)), HyE,F,t): W (X)X W (Z)x(0,00) is a HFM function defined as

OcE \Ze.¥ Ee.# \O€E

(1 %//(E,f,t):min{inf (sup,///( ROW )),inf (sup///(E,@,t))}

Lemma 2.5. [35] Let (2", .# ,®) be a fuzzy metric space. Then the 3- tuple (W (X)), 7 y,©)

is a Hausdorff fuzzy metric space.

Throughout this paper, let (% (2"), 5 4,©) be a compact HFMS and % (Z") be a compact
sub-collection of all roughly values. Then for all VE,.% € #'(Z"),t > 0and A € (0, 1], we have
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t
5\ = -—-————
Ky (o) (E, F 1) = 1+ p,(E. 7) aeEiL,th% {AMy(a,b,1)}
t
T+ — _ :
jf///(ﬁﬂ( i) )_ t—|—6),(E,y) aeE;’:ll‘feﬂl {%d<avb7t)}
and
A yip )= ! !
ADy)N=r 08 t+D,(E, %) t—l—,%ﬂ(E,l,c/’,l)

= min (lnf {///da a,Fy,t)}, inf {//fd,l Elabt)})

acE; be.F, beFy ack)

or J— oL
A (p)(E, F 1) —U;f {«%”///(m)(E ,l)}
Ky 5)(E, F 1) lezf {«7@//(51)(5,%#)}

It is noted that p;, is non—increasing function of A and thus

%///( )(E,g,l‘).

)(E,f,t) = ‘%ﬂ///(pl

pr

In particular if E = {@}then%j{ ({@}Jt) g (@,ﬁ’,t):ji’f%(dl)(G,ﬁ,t).IfE

P1)

is a singleton i.e. E = {a} we write
jf///(p)({a},ﬁ,t) = %%(pl)(a,ﬁ,t) = %%(dl)(a,ﬁ,t).
If .7 is a singleton i.e. # = {b} we write
Ao (EABY1) = Ay (Ebt) = H gy (E.b1).

It follows immediately from the definition that (; \(E, #,t) = H y (5 (E, F ,1).

8) 5)
(E,ﬁ,t) Z%///(5)(EaG7t)+¢%’ffl(5)(Gvﬂ‘7t)'

E,Zf)=1E=%={a.
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Note that .# (p) is a non-increasing function for p and .7 (,
induced by fuzzy metric .# on # (Z").

is a Hausdorff fuzzy metric

)

Definition 2.5. Let E,.7 € W (Z") and ¥ includes E, then E C F iff E(®) < .%#(0),V0 €
Z.

Lemma 2.6. [35] Let (W (X)), 7 y,©®) be a Hausdorff fuzzy metric space and E € W (Z"). a
set {®} denotes the membership grade of ® € 2, then {®} C E iff

’}f///( (@,E,t)ZI,V)LG(O,l].

Pi)

Lemma 2.7. Let (W (Z"), 5 y,®) be a Hausdorff fuzzy metric space. Then for any ©,E €
X, t>0,andF e W (Z).

jf///( (@,ﬁ,t)Z%///( (@,E,I)—F%J//( (E,y,l),VAG[O,I]

Pa) Pa) Pa)

Lemma 2.8. [33] Let (W (), 7 y,®) be a HFMS and E € W (Z). If ® € 2" {®¢} CE

then 7 (g, F,t) > ,%”///(DA)(E,ﬁ,t) VF eW(Z),t>0and A €[0,1].

pa)

Proposition 2.1. Let (# (Z"),7 y,®) be a Hausdorff fuzzy metric space and ¥ : X —
W (L) be a fuzzy mapping and @y € 2. Then 30 € 2 s.t. {®} C .7 (0y).

Remark 2.2. Let (W (X)), X y,®) be a HFMS and let 7 : & — 2 be a single valued
mapping and F : X — W (Z") a multi-valued mapping s.t. J{.F Z }, C _Z(Z), VA €]0,1].
Suppose 7 (") is complete. By 2.1, 301 € 2 for Oy € Z s.t. {0} C .F(0y).

Proposition 2.2. Let (W (Z), 7 y,©) bea HFMS. IfE,.7 € W (Z") and e € E then 3f € 7,

S.L.

%d(afvt) > %///(D (E7yvt)

)

Lemma 2.9. [33] Let (W (Z"), 7 y,®) be a Hausdorff fuzzy metric space. IfE € W (Z") then
® € E if and only if

%ﬂ(g)(@,E,t) =1, fort>0.
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3. IMPLICIT RELATIONS

Let y € W(setofallcontinuous functions) and y : [0,00)° — [0,00) s..
(1) v is non-increasing in 2nd, 3rd, 4th and 5th variables.
(ii) If w,v € [0,00) are s.t. u > y(v,v,u,u+v,1)oru>y(v,u,v,1,u+v), then u > hv,
where 0 < i < 1, is a given constant.

(iii) If p € [0,0) is such that u > y(u, 1,1, u, 1) or > w(l,u,u,1,1), then u = 1.

4. MAIN RESULTS

Let 7 : 2 — W (Z") be a multi-valued mapping of Hausdorff fuzzy metric space (# (2"),
Hy,®) If ©® € .70 then an element ® € 2" is called a fixed point of .7.
In this section, we introduced an a* — 1, — y—hybrid contraction for single valued map-

ping’s and multi-valued mapping’s and proved the two results of fixed point theorem in HFMS

W(Z), Hn,©)

Lemma 4.1. [32] Let (2", #,®) be a Hausdor{f fuzzy metric space such that ®,2 € 2t >

Oand s > 1

) lim & .4 (E,5,t5') = 1.

n—00j=p
Suppose {E,} is a sequence in Z s.t. Vn e N,o € (0,1), #(E,,Eps1,0t) > M (E,—_1,Ep,1),
then {&,} is CS.
Proof. : Forall ¢ € (0,1), k€ NU{0}, and t > 0, we have

- - —_ - I — - t t
M(Eg, Egr1,t) > //(5k—17~5k75> > M (Ek—2,Zk—1,—5 H

For each n € N, we get, 4 (Ey,Egy1,1) > M (E0,Z1, 5i=1), Yk €N, and t > 0. Letting s > 1

and j =1,2,...s.t.

w1 1
sc<1,Zi:j;: S5 <L
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Now Vn > m,n,m € Nand ¢t > 0, we get

M (B )>.///<:n,5m,(i.+ I )

o/ Gj+] G]+m

= = ! = -
> M (Yn,Yn+1,— )QJ//(dnH,&nH,F)@ ----- Q%(dm—laimyw)

t t t

> & M (B, By, —
== ( 0,—1 (sG)l_1

> M (Z0,Z1,

Letting m,n — oo, we have

lim M (En,Eyt) > lim O M (Eg,E1,——) = 1.

m,n—»o0 nM,n— j=p (SG)

Hence {E,} € 2" is a Cauchy sequence. O

Definition 4.1. Let X be a non empty set in a Hausdorf fuzzy metric space (W (X)), 7 y,®)
and F\,Fy: X — W (X)) be two MVFM’s. Let a,n : & x Z x (0,00) — [0,00) be two
functions. We say that % and.%, are said to be o* — n.—admissible mapping’s if VO,E €

2t >0, we have

where

o*(F10,%,E,t) = sup o(®,8,t) and N.(F10,.F7E,1) = sup n(®,E,1).
Oc 10,575 Bc710,5€.%,8

Definition 4.2. Let (W (Z"), 7 y,®) be a Hausdorff fuzzy metric space, y € ¥ and %, 7 :
X — X be self mappings. The multi-valued mapping’s 7\, %, : X — W (X") are called o* —
N« — Y—hybrid contraction with single valued mapping’s ., 7 if the following implication

takes place:

3) OC( )<T](® ,t)é%j/(ﬁl@),ﬁz&qt)z%j/( (9\1@,923,1‘)21[/(1’}1(@,3,1‘))

D)

VO,E € 2 ,t >0, where

m(©.2,1) > (M ya) (7O, FE),H ) (FO,F10,0), K () (I & ToZot), Koy

p)

(f@,%z,t),%,//(p)(jz,%@,t)) .
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We prove the following theorem:

Theorem 4.2. Let (W (X)), 7 4,®) be a Hausdorff fuzzy metric space with a ®b = ab and
veVY. Let I, 7 : X — X be self mappings and F, % : X — W (Z) are multi-valued
mapping’s. Suppose Fand.F, are o* — N — W—hybrid contraction with single-valued map-
ping’s I, ¢ satisfying conditions (i)-(iii) of implicit relations and the following assertions:
(i) F1,F, are a* — 1N.—admissible mapping’s,

(ii) (a) U{ Z1(Z )}, C Z(Z) and (b) H{ Fo (X )}, C I(X) foreach A € [0,1]

(iii) there isa y € ¥ 5.t VO, E € X"t > 0, then from (3)

Kot () F1OFE 1) 2 (A (50, FE1), H ) (50, T10,1),

) p)
Ko (I B TaZ), Ko, (IO, ToE1), Koy (FE F10,1))

(iv) for any sequence {E,}inZ", converging to X € 2" and o.(E,,E,+1,t) < N(Ep, Epyi1,t), we
have
o(E,,2,1) <n(E,,X,1)

Vne NU{0},Z € Zandt >0, s.t. L C FLand JX C F¥ satisfy the condition (ii),

ielim & 4 (E1,Ey,ts') = 1.

N— j=p

If S (X )or #(X) is complete, then ¥ is a common fixed point of %, ¢, % and ;.

Proof. : Let ®g € 2" and suppose that _# (Z") is complete. Taking Z¢ = .# ®¢. Then by remark
2.1 and (ii)(a) 30,5 € Z s.t. {E;} ={_70;} C .#10¢. Thus from the assumptions, for all
t>0
o(Zo,E1,1) <N (Ep, E1,1).
Again by proposition 2.1, for the point =1, 3 &, = {.%,0, },. But, by (ii)(b), 30, € 2" s.t.
{2} ={70,} C .%,0,. Then o(&;,E,,t) < N(Ey,E2,t) for each 7 > 0. By using (iv) and

proposition 2.2, we obtain
M (E2,85,1) 2M (E1,E2,1) 2 Ay (0,) (7101, 7200,1) 2 Ay () (F1O1, 720,1) >

W(m(®1a®2=t))
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jff///d)(je)la/@%t)v%p//(p (‘ﬂG)l?ﬁl@lut)?%///(p)(j@Zaﬁ2®27t)7

)
Hou(,) (IO, F202,1), Ay () (F ©2,7101,1)

2y

>y (%/fld)(gla{32}71‘)7%//1@(317{EZ}at%%//ld)({EZ}v {33}7t)7%//1d)(317{33}7t)7
Ay a)({E2},{82},1))

ZW(%(EI7EZJ)?‘%(EI7327t)7%(327E3ut)7%(317327t>+%(327337I)7 1)

which, by (ii) gives A (E,,Z3,t) > h..# (E,Z,,t). By ongoing action and conditions of propo-
sition 2.2 and (a) & (b) of (ii), a sequence {&;} € 2" developed for each k =0,1,2,...... Thus

{Eut1t ={7On+1} € F1(On) , {Exur2} ={IOnt2} C F2(Ont1)
we get
M (EisrsErsast) > hol (Ba, B 1)
and
A (Zxt1,Zxt2,t) < N(Eki1, Exyast)

From lemma 2.1, lim ® M(Z1,Z),ts) = 1, implies that {Z;} € 2 is a CS.

Now since ¢ (Z") is complete. Then # @y — X = ¢vforsomeve 2.
M(I O, Jvit) > M(I O, IO i1,t) + (I Oniy, Fvit) — 1

,as k — oo.

Hence . @y — v, as k — o. By condition (iv), lemma 2.7 and lemma 2.8, we have
Ot(f@z/c, /V,I) < Tl(j@zk, jv,l‘),Vk e N,z > 0.

also

Ky (p)(Zs Fovit) 2 g a)(Z, I Oniy1,t) + Iy () (F 100k, Fovyt)
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> Hua)(Es I Oorr,t) + Y (e%”///(d)(f(azk, It), Iy (p) (I O, F1O, 1),

1 0) (I Vs T ), A iy () (I Oty Fav, 1), H g ) (I v, T O 1) )
> Hna)(Es I Oorrst) +y («%”///(d)(f®2k,27t),ff//(p)(Ezk,EzkH,t),

Ky (p)(Zy T2, t), K gy () (I O, Fov,t), Ky () (5 By 151) )
letting k — oo it implies,
jff///(p)(z,f/\zv,t) > l//(l, 1,%///(17)(Z,ﬁzv,t),%j/(p)(z,yzv,t), 1)

which, by (iii), yields that 7 ,) (X, #2v,) = 1. So by lemma 2.6, we get L C Fvie. Jve
{Z2v},. Since by (ii)(b), {F2(2)} CI(XZ") and _Fv e {F,v},, therefore Ju € 2, s.t.Su=
Fvu=Ye{Fp},.

To show that .#u € {#u},. By lemma 2.8 and condition (iv), we have

o Iu, Fru,t) < nN(SFu, Fu,t),Yue 2t > 0.
Also

%J//(p)(fu,ﬁlu,t) zji”///(p)(ﬁlu,fu,t)
>y (py)(F1u, Fov,t) > Ay ) (F1u, Favit).
>1[/(<%”/// W(Iu, J,t), gy () (I s Frust), H gy () ( IV, Fav,t),

Iy A (p )(fu Fan,t), :%ﬂ/// (/vflu l‘))
yielding thereby
jf%(p)(fu,§1u,t) > l[/(l,,}ff///(p)(fu,gﬁu,t),1,1,%///(1,)(%%?114,1‘))

which, by (iii), gives %”///(p)(ﬂu,ﬁlu,t) = 1. Thus, by lemma 2.6, fu C Fui.e.%u €

Thus by the above assumption of a* — 1, —admissibility and a* — 1., — y—hybrid contraction
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in the pairs {.#,.# } and {%,, 7}, we have
o(SFu, Fiu,t) < N(Su, Fu,t) =

Ay (I{LFul AF1 I upy 1) 2y (m(Fu{Fru}y,1) =1
and

a( fgv, Fov,t) <n( Fv,Fvt) =
Iy (/{sz}l,{ﬁzz/v}l,t) >y (m( fv,{Fw},1) =1

which gives I{Fu}, = {F 1 Su}, = {F X}, and _F{Fw}, ={F _Fv} = {FL}, re-
spectively.

But Su € {Fu}, and v = {Fv}, implies SIEL =9I Iuc I{Fu}, ={FZL} and
AL= 7 Fve J{Fw} ={FL}.

Hence X C .7 Xand #X C .%,X. This completes the theorem. O

Corollary 4.1. Let (W (Z'), 7 y,®) be a HFMS with a®b = ab and w € W. Let .9, 7 :
X — X be self mappings and F\,F, : X~ — W(Z') are MVFM’s. Suppose #| and %,
are o, — Y—hybrid contraction with SVM’s ., ¢ satisfying conditions (i)-(iii), (3) and the
following assertions:,

(v) F1,.F are a* — Ny—admissibel mapping’s with n = 1,

(i) (a) H{F (X )}, C FZ(Z) (D) H{Fo(X)}y C I (L) foreach A € [0,1]

(vii) thereisay e ¥ 5s.t. VO, E€ 2, t >0,

}\1(“),3223,1‘) > (%///d)(ﬂ®7/‘E;Ov%///(l,)(tﬁ@?}\l@vt%
Ko I B FrZ), Ko, (IO, TE 1), Koy (FEF10,1) )

(viii) for any sequence {Z,}inZ", converging to ® € 2" and a(&,,E,41,t) < 1, Vn € NU
{0}, e Z andt >0, st. ILC F\Xand Y C FX and satisfy the condition (2), i.e.
r}glolo 5 M(E1,Bouts’) = 1 If I (X )or F(Z) is complete, then ¥ is a common fixed point of
f,}r:fflandﬁz.

If 9= 7 : 2 = 2 be self mapping and .\ = Fp : X — W (Z') is multi-valued fuzzy

mapping’s. Then we have following corollary.
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Corollary 4.2. Let (W (Z), 7 y,®) be a HFMS witha®b = ab and y € Y. Let .9 : 2" —
2 be self mapping and F| : X — W(Z") is multi-valued fuzzy mapping. Suppose F| is
o — W—hybrid contraction with single valued mapping %, satisfying conditions (i)-(iii), (2)
and the following assertions:

(ix) F is & — w—admissible mapping,

(x) H{F(X)}, C I(Z) foreach A € [0,1]

(xi) thereisay e VY s.t. VO, Ec 2, t >0,

(yl®73?137t) > (%///d)(j®7jEJ)ajf///(p)(j@?yl@at%

(JEHEIE,I);%///([, (f@,ﬁ@,t),%’f%(p)(f&ﬁ1®,t))

)

(xii) for any sequence {E,} € 2, converging to ® € X and a(E,,E,11,t) < 1, for all

ne NU{0},X € Z andt > 0, we have a(E,,X,1) < 1,¥n € NU{0},X € Z'andt > 0, s.t.

JL C Z X and satisfy the condition (2) i.e. lijll o M(Z1,Ep,t5)) = 1 If I () is complete,
n—0j—p

then X is a common fixed point of . and 7.

If 9= ¢ =1and ¥ =% : X = W(Z) is MVFM. Then we have following corol-

lary.

Corollary 4.3. Let (W (Z"), 7 y,®) be a Hausdorff fuzzy metric space with a© b = ab and
yeW. Let 7,: 2 — W(Z') is MVFM. Suppose %\ is o0 — Y—contractive and satisfying
conditions (i)-(iii), (2) and the following assertions:

(xiii) F is o« — Y —admissible mapping,

(xiv) thereisay e ¥ 5.t. VO,E€ 2, t >0,

%//[(D (§1®79137t) > lI/(‘%///d)(®7Eat)7%//(p)(®7yl®at)7%/[(p)(gﬁylgﬂt)a

)

%///(p (®7§1‘E>t)7%///(p (3,9]@,[))

) )

(xv) for any sequence {E,} € X, converging to ¥ € Z and a(E,,E,.11,t) <1, Vn € NU
{0},X € Z andt >0, we have a.(E,,X,t) < 1,Yn e NU{0},X € Z and t > 0, then %\ has a
FP.
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Corollary 4.4. Let all hypothesis of corollary 4.3 hold except (xv) changed into the following
one as (xvi)foray e ¥s.t. VO,E€ 2, t >0,

(xvii) foray e ¥ s5s.t. VO,E€ 2,1t >0,

F10,71E1) )W%'%d) (O.F:0): A u(,)(0,5100),H 1, (B, F1E:1),

(0(©,8,1) + 1) > (144

%///(p)(G)"9\1371‘)7%///(11)(3,%1@,1‘)71 >0
(xviii) foray e ¥ s.t. VO, E€ 2, t >0,

> Il/(%«%d)(®7E?l)J%%(p)(G)?‘gl@?l)?

(®7y137t)7'%’f///(p)(37yl®7t)> +A’7)L >0
Then Fy has a Fixed Point.

Corollary 4.5. Let (W ('), 7 y,®) be a Hausdorff fuzzy metric space with a® b = ab and
yeW. Let 7, : & — W(Z) is an N — admissiable MVFM with o« = 1. Suppose %1 is ) —
y — contractiveandsatis fyingconditions(i) — (iii), (2)andthe followingassertions :
(xix)thereisay € ¥ 5s.t. VO,E€ 27, t >0,

TI(G)EJ) > 1 j%//l(l) (§1®7913;t) > W(%//ld)(®7E‘7t)7%///(p)(®7y1®7t)7

)

Ao, (& FI0), Ko (O, F1 1), H oy (B, F10,1))

p) )

(xx) for any sequence {E,} € Z, converging to X € X and N (E,,E,11,t) > 1, Vn € NU
{0}, >0, and t > 0, we have n(E,,L,t) > 1,Yn € NU{0},X € Z andt > 0, then 7| has a

fixed point.
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Example 4.1. Let 2 = [1,00) be endowed with the usual fuzzy metric #(©,E,t) = m,
VO,E € 2, t > 0. Define a,n : £ x Z — [0,00) by
4 4
1, if®,Ec{0,1} 1, if®,Ec{0,1}
a(®,5,,1) =191, if0,Z>1 and  MN(O,E1)=42 if©®,Z>1
\O’ if otherwise 0, if otherwise

Let us consider the sequence {@©,}7_, where ®, =1—1 Yne N, and 2 = {®, : n € N}.

We also define l[/:,%+—>9?by yr = (1—exp 1-0,) ) a>0.Let 710, =1-— and

n— 1’
P50, =1— 2 with lim ©®,, = lim (1 ) =1, and
n—oo0 n—oo
. . — . —a —
nll_>nzol[/r(®n) :,fL”Zo (1—exp(1—0,)") :nanZO <l—exp(1 —1+15 ) =1-—exp(0) “<1.
Alsolet 7@ =1+% and 7O =1+9, then 0, =4— 3 and 7O, =3— 5, so that the

condition of theorem 4.1 satisfied

5. CONCLUSIONS

In this chapter we introduced the concept of a* — 1, — w—hybrid contraction for single and
multi-valued fuzzy mappings and prove the common fixed point results in Hausdorff fuzzy
metric space. Our result helps in the applications of integral equation, which is significantly

contributed to the existing literature for fixed point theorem.
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