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1. INTRODUCTION

Menger space is a generalization of metric space in which distribution functions are used instead
of nonnegative real numbers as value of metric. K. Menger [6] introduced the notion of
probabilistic metric space and studied some properties of it. A Menger space is a space in which
the concept of distance is considered to be a probabilistic, rather than deterministic. For more
details of Menger spaces, we refer to [9,10]. The theory of Menger space is fundamental
importance in probabilistic functional analysis.

In 1986, Jungck [2] introduced the concept of compatible mappings in metric spaces. Later,
Mishra [7] extended this concept to probabilistic metric spaces. This concept was further

weakened by Jungck and Rhoades [3, 4] by introducing weakly compatible mappings. Recently,
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Al-Thagafi and Shahzad [1] weakened the notion of weakly compatible maps by introducing
occasionally weakly compatible maps and proved some fixed point results for these mappings.
The purpose of this paper is to prove common fixed point theorems for four maps and five maps

using compatibility and occasionally weakly compatibility in Menger spaces.

2. PRELIMINARIES

We begin with

Definition 2.1[10]: A probabilistic metric space, shortly PM-Space, is an ordered pair (X, M)
consists of a non empty set X and a map M from X x X to L, where L is the collection of all
distribution functions .The value of M at (u,v) € X x X is represented by M,,,, . The function
M, ,, is assumed to satisfy the following conditions;

(a)My, (x) = 1 forallx > 0,iff u=v;

(b) My, (x) = 0,ifx =0;

(€) My () =My (2);

(d)if My, (x) = 1and M,,,, (y¥y) = 1thenM,,, (x + y) = 1.

Definition 2.2[10]: A mapping = or t:[0,1] x [0,1] — [0,1] is a t-norm, if it satisfies the
following conditions:

(a) t(a,1) = aforevery a € [0,1];

(b) £(0,0) =0,

(c) t(a,b) = t(b,a) forevery a,b € [0,1];

(d) t(c,d) =t(a,b)forc >aandd = b

(e) t(t(a,b),c) = t(a,t(b,c)) where a,b,c,d € [0,1].

Example 2.3: t(a, b) = min{a, b} is a t-norm.

Definition 2.4[10] : A Menger space is a triplet (X, M, t), where (X, M) is a PM-Space, X is a

non-empty setand a t -norm satisfying M,,, (x + y) >t (Mu_v(x),Mv_W(y)) forall x,y > 0.

Example 2.5[10]: Let X = [0, ) and d be the usual metric on X.For each t € [0, 1],define
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t
t+|u-v|

Mu,v (t) =

ift > 0and M, (t) = 0ift=0. Then (X, M, t) is a Menger space.

Definition 2.6[7]: Two self mappings A and B of a Menger space (X, M, x) are said to be

compatible if Mypy,, pax, (t) = 1forall ¢ > 0, whenever {x,} is a sequence in X such that

Ax, - x, Bx, » xforsomexinXas n — oo.

Definition 2.7 [5]: Let (X, M,*) be a Menger space and A, B be self maps of X. A point x € X is
called a coincidence point of A and B if and only if Ax = Bx. In this case w = Ax = Bx is called a
point of coincidence of A and B.

Definition 2.7[5]: Two self mappings A and B of a Menger space (X, M, «) are said to be
weakly compatible if they commute at coincidence point.

Definition 2.8 [5,8]: Two self mappings A and B of a Menger space (X, M, x) are said to be
occasionally weakly compatible if there is a point x € X, a coincidence point of A and B at

which A and B commute.

t
t+|u—v|

Example 2.9. Let (X, M, * ) be a Menger space, where X =R and M,,,, (t) =

t>0and M, (t) =0ift=0.Define A, B: R — Rby Av=2vand Bv=v2forallveR.
Then ‘0’ is a coincidence point of A and B and also AB(0) = BA(0). Hence A and B are OWC
maps.

Lemma 2.10[5]. Let A and B be occasionally weakly compatible self maps of a Menger space
(X, M, %) . Suppose A and B have a unique point of coincidence, then w is the unique common

fixed point of A and B.

3. MAIN RESULTS

We first prove a common fixed point theorem for five self mappings in a complete Menger space.
Theorem 3.1: Let A,B,S,T and P be self maps on a complete Menger space (X, M,*) with
continuoustnormandt = t > tforall t € [0, 1], such that

3.1.1 P(X) € AB(X),P(X) € ST(X);

3.1.2 there exists a constant k € (0, 1) such that
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Mpy,aBx (£)*Mpy, sty (t) .
Msty,aBx (1)

Mp, py (kt ) = Mygy px (t) * Mpy 57y (t) * Mgy s7y (t) *

Mgy py(3 —a)t forall x,y € X,a € (0,3)and t >0,
3.1.3 PB=BP,PT =TP,AB = BAand ST =TS,
3.1.4 Aand B are continuous, and
3.1.5 the pair (P, AB) is compatible. Then A4, B, S, T and P have a unique common fixed point
in X.
Proof: Since P(X) c AB(X), for x, € X, we can choose a point x, € X such that Px, =
ABx;,.Since P(X) c ST(X), for this point x,, we can choose a point x, € X such that Px, =
STx,. Thus by induction, we can define a sequence y,€X as follows;
Yon = Pxgp = ABXyp4q aNd Yopi1 = PXopiq = STxppeq for n=1,2,...from 3.1.2,

Now for ¢ > 0and a = 2 — g with q € (0, 2), we have M, (kt) =

2n+1,Y2n+2

MPx2n+1,Px2n+2 (kt) = MY2n+1»YZn+1 (t) * MY2n1y2n+1 (t)

M (t)*M. ®
t) * y2n+1.Y2n Y2n+1.Y2n+1 M 1 n ;
( ) Myon+1.92n ® YonYan+2 ( Q)

MY2n+1J/2n+2 (kt) = MJ’sz/an (t) * ManJ’zn+2 (1 + Q)t

* M

YonYan+1

= Man»Y2n+1 (t) * MYZnJ’ZnH (t) * MY2n+1r3’2n+2 (qt)

= Myzn’y2n+1 (t)* MY2n+1J/2n+2 (t) as q- 1.

Since = is continuous and M, ,,(*) is continuous, letting g — 1 in above equation, we get

M * MY2n+1J’2n+2 (t) (1)

Yon+1,Y2n+2

(k) 2 My, y00., (O
Similarly, we have
My 2 yanss (RO Z My, gy () % My, v (0 (2)
Thus from (1) and (2), it follows that

My yne, KO =M, o (&) * M, o () for n=12,..

and then for any positive integers n and p,we have

t
MYn+1.J’n+2 (kt) = MJ’nJ’nH (t) * MJ’n+1,J/n+2 (k_p)

. t
Thus, since My, , ., .. (k_v) —->lasp->cowehave M, ., (kt)=M, , (t).
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This shows that {y,,} is Cauchy sequence in X and since X is complete, the sequence

converges to a point z € X. Since Px,, ABx,, 1 and STx,,,, are subsequences of { y,}, they
also converge to the point z. Now since A4, B are continuous and pair {P, AB} is compatible and
also weak compatible, we have lim,,_, PABx,,,1 = ABz and lim,_.(AB)? x,,,.1 = ABz.

From 3.1.2 with a = 2, we get

MPABx2n+1, PXan+2 (kt) = M(AB)2x2n+1, STX2n+2 (£) * MPABx2n+1, STXon+2 (©)

MPABXZn.'.L(AB)Z xZn+1(t)*MPABx2TL+1, STx2n+2 (t)

* M, oz (1)
AB)?*x , STx
(AB)*X2n+1 2n+2 MSTx2n+z, (4B)? x2n+1 (©)

* Map)2xyn .y, Py, (&) Which implies that

Myg, ,(kt) = lim, oo Mpapy,,,, (kt)

1xM 27,7 ()

=1 Myp,, (t) = Magz,2 () * My Az (t)

* MABZ,Z,Z (t)
Thus, we have ABz = z,and STz = z, since M, sr, (t) = M, 45,(t) = 1forallt > 0. Again
by 3.1.2 with a = 2, we have

MPABX2n+1, PZ(kt) 2 M(AB)ZXZn.'.L, PABX3n41 (t) * MPABX'Zn.'.l, STz (t)

* M (t) * MPABx2n+1,(AB)2 X2n+1 ()*MpaBxzn4s, sT2()
(AB)*x2n41, STZ M

* M 452 (t)
STz (AB)2 xppiq (D) (AB)*X2n+1 Pz

which implies that Map;,pz,p,(kt) = limy, 0o Mpapx,,,, pz (kt)
2 1%1x1%1xMpp,p,(t)
> Magzpz (t).
Thus,we have ABz = Pz. Now, we show that Bz = z.Infact, from 3.1.2 with @ = 2, and
3.1.3 we get, Mp, , (kt) = Mpp, p, (kt)
= Mpp;,p, (kt)

> Mppy stz () * Mppp, 577 (t)

Mppz, aBBz (£)*Mppy 7z (t)
* * MPBZ,Z (t)
Mz,PBz (t)

=1x MBZ,Z (t) * MBZ,Z (t) * 1 MBz,z (t)

= Mg, , (t),which implies that Bz = z.
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Since ABz = z, we have Az = z. Next, we show that Tz = z. Indeed from 3.1.2 with a =
2,and 3.1.3 weget My, , (kt) = Myp,p, (kt) = Mp,p, (kt)
=1xM,r, (t)x Myr, () x1% M, (£)
> My, , (1).
which implies that Tz = z. Since STz = z, we have Sz = STz = z.Therefore, by combining the
above results we obtain,Az = Bz = Sz = Tz = Pz showing that z is a common fixed point of
A,B,S, T and P. Finally, the uniqueness of the fixed point of A,B,S,T and P follows from
3.1.2.
We now prove some common fixed point theorems using occasionally weakly compatible
mappings in Menger space.
Theorem 3.2: Let (X, M,*) be a Menger space and let A, B,S and T be self-mappings of X. Let
the pairs (A, S) and (B, T) be OWC. If there exists a point k € (0,1), forall x,y € Xand t >
0, such that
3.2.1 M(axpy)(kt) = @y min{ Msyry)(t), M(sxax)(£)} + atz min{ Mgy, 1) (£), Miax,ry) (8}
+as Mgy sx)(t) Where ay, az,az > 0,and (a; + a, + az) > 1.
Then there exists a unique point of w € X, such that Aw = Sw = w and a unique point
z € X, such that Bz = Tz = z. Moreover,z = w, and there is a unique common fixed point
of A,B,Sand T.
Proof: Let the pairs (A,S) and (B,T) be OWC. So there exist x,y € X such that Ax =
Sx and By = Ty. We claim that Ax = By. From 3.2.1 ,we have
M(ax,5y) (k) = @y min{ M(sxry)(£), M(sx,ax) ()} *+tz min{ M gy, 1) (), Max,ry) ()}
+ az Mgy sx)(t)
=a min{ M px,5y)(t), M(Ax,Ax)(t)} +a; min{M(By,By)(t)' M(Ax,By)(t)}
+az Mgy ax) (1)
= min{ M(Ax,By)(t), 1} + a, min{l, Max By) (t)}+a3M(By,Ax) )
= (a1 + ay + a3) M(ayy)(t) ,acontradiction, since (a; + a, + az) > 1.

Therefore Ax = By,i.e., Ax = Sx = By = Ty. Suppose that there is a another point z such that
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Az = Sz .Thenby 3.2.1 we have Az =Sz =By =Ty, so Ax = Azand w = Ax = Sx is the
unique point of coincidence of A and S. Using Lemma 2.10, we get w is the only common fixed
pointof Aand S.i.e.,w = Aw = Sw. Similarly there is a unique point z € X such that z =

Bz = Tz. Assume that w # z. We have
My z)(kt) = Maw,p2) (kt)
> aymin{Msy,r2) (), Msw,az) (0)} +azmin {M(g, 1, (), Mawr (8)}
+asM gz 5w)(t)
= aymin{My, ) (£), My, (O} +ao min{M, ,,(£), My (O} +
asMzuw)(t)

= almin{M(W,Z) (), 1} +a, min{l,M(W,Z) (t)} +azM (L)

= 1My, () + a2 My 2 (t) + az Mz (1)

= (a; + ay + a3) Mg, ,(t), a contradiction, since (a; + a, + a3) > 1.
Therefore we have z = w also z is a common fixed point of A,B,Sand T. The uniqueness of
the fixed point follows from 3.2.1.
If we put A=Band S =T in the above Theorem, we get
Corollary 3.3: Let (X, M,*) be a Menger space and let A and S be self-mappings of X. Let the
pair (A, S) be OWC. If there exists a point k € (0,1), forall x,y € X and t > 0, such that
Mpx,ay)(kt) = ay min{ M sx,sy) (), M(sx,ax) (t)} +a; min{ M (4y,5y) (), M (Ax,Sy)(t)}

+as Mgy sx)(t) Where aq, ay, a3 > 0,and (a; + a; + az) > 1.

Then the mappings A4, S have a unique common fixed point.
Theorem 3.4: Let (X, M,*) be a Menger space and let A, B,S and T be self-mappings of X. Let
the pairs (4, S)and (B, T) be OWC. If there exists a point k € (0,1), V x,y € X and
t > 0 such that

Msx,ry) (), M(sx,a2) (0), Mgy, 1) (8,
3.4.1 M(Ax,By)(kt)Zmin{ (Sx,Ty) (Sx,Ax) (By,Ty) }

[M(Ax,Ty)(t) + M(By,Sx) (t)]

Then there exists a unique point of w € X, such that Aw = Sw = w and a unique point
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z € X,such that Bz = Tz = z. Moreover,z = w, and there is a unique common fixed point of
A/B,Sand T.

Proof: Let the pairs (4,S5) and (B, T) be OWC.So there exist x,y € X such that Ax = Sx and
By = Ty.We claim that Ax = By. From inequality 3.4.1 , we have

M(Sx,Ty) (t)r M(Sx,Ax) (t)’ M(By,Ty) (t);}
[M(Ax,Ty) (t) + M(By,Sx) (t)]

— min {M(Ax,By) (t)r M(Ax,Ax) (t)’ M(By,By) (t);}
[M(Ax,By) (t) + M(By,Ax) (t)]

= M(Ax,By) ().

Thus we have Ax = By,i.e.,Ax = Sx = By = Ty. Suppose that there is a another point z such

M(Ax,By) (kt) = min {

that Az =Sz .Then by 3.4.1 we have Az=Sz=By =Ty, so Ax =Azand w = Ax =
Sx is the unique point of coincidence of A and S.

Similarly there is a unique point z € X such that z = Bz = Tz. Using Lemma 6.1.9, we get w
is the only common fixed point of A and S.

Assume that w # z.

From 3.4.1 we have M, ,(kt) = M4y pw)(kt)

{ M(SW,TZ) (t)r M(SW,AZ) (t)r M(Bz,Tz) (t),}
[M(AW,TZ) (t) + M(BZ,SW) (t)]

= min {M(W,Z) (t)' M(W,z) (t)' M(z,z) (t):}
[M(w,z) (t) + M(z,w) (t)]

= M(W,z) (©).

Therefore, we have z=w and by Lemma 2.10 we get that z is a common fixed point of

>min

AB,Sand T.

The uniqueness of the fixed point holds from 3.4.1.

Corollary 3.5: Let (X, M,*) be a Menger space and let 4, B, S and T be self-mappings of X. Let
the pairs (4, S) and (B, T) be OWC. If there exists a point k € (0,1), for all x,y € X such that

M(Sx,Ty) (t)» M(Sx,Ax) (t)' M(By,Ty) (t)’}>

5. > [
3.5.1 M ax,By) (kt) = 6 (ml n{ [M(Ax,Ty)(t) + M(By,Sx)(t)]
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where 6(t) >t for all 0 <t < 1, and 6:[0,1] — [0,1]. Then there exists a unique common
fixed point of 4, B, S and T.

Proof: The proof follows from Theorem 3.4.
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