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Abstract. The First Entire Zagreb Index (FEZI) of a (molecular) graph was introduced by Alwardi et al. [2] as the
sum of the squares of degree of all the vertices and edges of the given graph. In this paper, the exact expressions
for the FEZI of two graphs of several types of Corona products are established. Finally, the obtained results are
applied to compute the bounds for the FEZI of two graphs.
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1. INTRODUCTION

In this paper, we use only molecular graphs. Molecular graphs [16] are simple, connected
graphs and in which nodes and edges are assumed to be atoms and chemical bonds compounds,
respectively. we consider the notations V(G) and E(G) as the node and edge sets of a graph
G, respectively. The degree of a vertex u € V(G), d(u/G), is the cardinality of the set of edges
which are incident to u. In chemical graph theory, a topological index of a graph could be repre-
sented by a single numerical number that characterizes the some properties of the corresponding
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molecular graph. Relationships like quantitative structure-property relationship (QSPR), quan-
titative structure-activity relationship (QSAR) of molecules or the biological activity with their
structure are to be predicted by using the topological indices. The two most popular and exten-
sively studied vertex-degree-based topological indices are the first and second Zagreb indices
introduced by Gutmam et al. [6] in 1972, denoted as M| (G) and M>(G), respectively and are
defined as follows

Mi(G)= ), d*u/G)= ) [du/G)+d(v/G)
uev(G) weE(G)

and

My)(G)= Y, d(u/G)d(v/G).

uveE(G)

In the paper [7], another vertex-degree-based topological index was introduced. It was denoted
as F(G) and was defined by
F(G)= Y &w/G)= Y [d*u/G)+d*(v/G).
uev(G) weE(G)
This index was not further studied for a long time but it was studied by Furtula et al. in 2015
[4] in which this index was named as forgotten topological index or F-index.
In 2004, Milicevic et al. [15] introduced the first reformulated Zagreb index in terms of edge

degrees instead of vertex degrees. The first reformulated Zagreb index of a graph G is defined
by
2
EM\(G)= Y d*e/G)= Y (d(u/G) +d(v/G) - 2) ,

ecE(G) e=uveE(G)
where the degree of the edge e = uv is defined as d(e/G) = d(u/G) +d(v/G) — 2.
We refer our interested readers to [3, 8, 12, 13, 17] for some more study of the topological
indices of graph operations. The readers interested in more information on bounds for various

topological indices can be referred to [1, 5].

2. PRELIMINARIES

The chemical relations (forces) of the inter-molecular forces of molecules subsist between

the atoms as well as the atoms and bonds in the corresponding molecular graphs. Using this
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chemical reason, Alwardi et al. [2] introduced a new graph invariant, namely, the First Entire
Zagreb Index (FEZI).
Definition 1. [2] The FEZI of a graph G = (V,E) is defined by M5 (G) = Y d*(u/G),

ueV (G)UE(G)
where d(u/G) is the degree of a vertex or an edge u in G.

The following Proposition is very important for computing the expressions of the FEZI.

Proposition 1. [2, 5] For the graph G, the following formulas are
(i) M{ (G) = My (G) + EMy(G)
(if) M§ (G) = 4|E(G)| — 3M(G) 4+ 2M>»(G) + F (G).

d(vs/G) =3
d(es;/G) =2

d(ea)G) — 4 d(vs/G) =1

d(v1/G) =1
d(e3/G) =3

d(e1/G) =2

e =3 d(va/G) = 2

G

FIGURE 1. A graph(G) with M{(G) = 66

@ O O ) oU—O0—0

R(G)

(@i)(RVCP) (ii)(RECP)

(iv)(RENCP)

(iii)(RVNCP)

FIGURE 2. An example of various types of Corona products based on R-graphs
of two graphs P4 and P such as (i) RVCP, (ii) RECP, (iii) RVNCP and (iv)
RENCP
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3. MAIN RESULTS AND DISCUSSIONS

Throughout this section, we present some explicit expressions of the FEZI of two graphs
for some graph operations in which one is based on R-graphs (triangle parallel graphs) such
as R-Vertex Corona product (RVCP), R-Edge Corona product (RECP), R-Vertex Neighborhood
Corona product (RVNCP) and R-Edge Neighborhood Corona product (RENCP) and another
one is based on S-graphs (subdivision graphs) such as S-Vertex Corona product (SVCP), S-
Edge Corona product (SECP), S-Vertex Neighborhood Corona product (SVNCP) and S-Edge
Neighborhood Corona product (SENCP). We obtain the expression of FEZI for the Vertex-Edge
Corona product (VECP) of two graphs. Also we compute some bounds for the FEZI of the nine
different types of Corona product of graphs. It is to be noted that the subdivision graph S(G)
of a graph is the graph obtained from G by inserting a new vertex into every edge of G and the
triangle parallel graph R(G) is constructed from G by adding a new vertex v, on each edge of G
and then joining every newly inserted vertex to the end vertices of the corresponding e € E(G),
respectively. There are two simple, connected graphs G and H having ny,n, vertices and mj,my
edges, respectively. To illustrate, we assume the familiar notations P, and C, as a path and cycle
graph with n number of vertices, respectively. The maximum and minimum vertex degree of
G and H are denoted by Aj, 6; and A;, &,, respectively. For each u € V(G) and v € V(H), we

have

Ay >d(u/G),6 <d(u/G),
Ay >d(v/H) and 6, < d(v/H).

6]

The equality holds if and only if G and H are regular graphs.

3.1. The R-Vertex Corona product(RVCP). The RVCP of two graphs is a new graph oper-

ation based on R-graphs and it was introduced by Lan et al. [9] in 2015.

Definition 2. [9] The RVCP of G and H, denoted by G x H, is the new graph obtained from
vertex disjoint R(G) and |V (G)| copies of H by joining the ith vertex of V(G) to every vertex in
the ith copy of H.

It has the number of vertices (\V(G)\ +|E(G)| + \V(G)HV(H)\) and the number of edges
(3E@)| + V(G E®H)| + V(G)|[V ()

), (see Fig. 2). Let V(G) = {uy,uz,...,un, }, I(G) =
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V(R(G))\V(G) = {ue,  Ue;- . e, } and V(H) = {v1,v2,...,vn, }, so that V(R(G)) = V(G)U
I(G). Let V(H') = {V},V}, ...V}, } be the vertex set of the i"" copy of H fori=1,2,...,ny. Thus
the vertex set and edge set of R(G) x H are given by V(G+xH) =V (G)UI(G)U <U?;1 V(Hi)>
and E(GxH) = E{ UE; UE; UE}, where E} = {uju; € E<G*H) \ui,up € V(G)i#kandi k=
1,2,...m} E5 = {ue, € E(G*H)|u,- € V(G),ue, € I(G) for i = 1,2,....n; and | =
1,2,...,m}, Ej = {uivi. € E(G*H)|u,- € V(G),v§~ € V(HY) for i =1,2,...,n] and j =
1,2,...,m} and Ej = {viyi € E(G*H)M',,vg € V(H) for i = 1,2,....n1 and p,q =

1,2,...,n2}. The degrees of the vertices of G+ H are given by

d(u;/GxH) =2d(u;/G) +ny fori=1,2,...,ny,
() d(ue,/GxH)=2forl=1,2,...,my,
d(vi/G+H) =d(v;/H)+1fori=1,2,...,ny and j=1,2,...,n.

We establish a formula of the FEZI for RVCP of two graphs.

Theorem 1. The FEZI of G H is given by
Mf <G>X<H) = SF(G) + I’llF(H> + 4(4112 - 1>M1 (G) + 2n1M1(H) + 8M2(G) + 2)11M2(H) +
IOmln% +4myniny +ninp(ny+ 1)+ (dmy +nyny) (np — 1)2 +4my(4my+1).

Proof. Applying the Definition 1, we have

ME <G*H> - y d*(u/G+H)

u€V(GxH)JUE(GxH)
- ¥ <d(u/G*H)+d(v/G*H))+ Y (d(u/G+H)+d(v/GxH)—2)
uveE (GxH) uveE(G+H)

= A| + A, (say), where A| and A; denote the sums of the above terms in order.
NowA = Y (d(ui/G*H) +d(uk/G*H)> + ¥ (d(u,-/G*H) +d(ue,/G*H)) +
ujur €EY Ujlle, €E;
Y (dw/G+H)+d(vi/G+H))+ ¥ (d(vh/GxH)+d(v,/G+H))

) * i *
quj€E3 vl,vqu4

= ¢ {2(dw/G)+dw/G)) +2m} + zG){2d<ui/c>+<nz+2>}d<u,~/c>

uju €E(G) uieV(

+ L% (2d@/G) i/t D)+ YL ((@lvp/H)+dv/H)) +2)
H)

u; €V (G)v;eV( i=lv,v,€E(H)
=2M; (G +2nomy + 2M1(G) + 2(1’!2 + 2)1’1’11 +4dmyny +2nymyp —I—I’lﬂlz(ﬂz + 1) +m (Ml (H) +

2m2> .
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o= ¥ (d(ui/G*H)+d(uk/G*H)—2>2+ L (/G H) + d{ue |G H) —

) uju €E] | ) uiueZEEi‘ i | )
2) tE (d(ui/G*H)+d(vj/G*H)—2> + L <d(vp/G*H)+d(vq/G*H)—2)
V=3 2P q="4 5
= ¢ {2(dw/G)+dw/G)) +20m -1} + ¥ (2d(w/G)+m) d(ui/G)
uju,€E(G) u;eV(G)

2 n 2
+ ¥ ¥ (2d@/G)+awiH)tm—1) + X E (dly/H)+d(v/H))

u;€V(G)v;eV(H) i=lv,v,cE(H)

- ¥ (6)4{(01(”,-/6) + dw/G))? + (m — 1)? + 2(m — 1)(d(w/G) + d(m/G))} +
)3 <4d3(ui/G) + 4md*(ui/G) + nfa’(u,-/G)) + ¥ X {40'2(%'/(;) +
u;€V(G) w;€V(G)v;eV(H)

(vj/H) + (2 = 17 + 4n2 — 1)d(w/G) + 2(m — 1)d(v;/H) + 4d(ui/G)d(v;/H) } +

YL (Pl H)+d g /H) 2 H)d (v 1))
i=lv,v,€E(H)

= 4(F(G) + 2My(G) + my(ny — 1)+ 2(ny — 1)M1(G)) + 4F (G) + 4maM, (G) + 2myn3 +
4noMy(G) + niMy(H) + mna(ny — 1) + 8my(ny — Dny + 4ny(ny — 1)my + 16mymy +
+ni (F(H) +2M,(H)). By summing A; and A;, we have the required result. O

Applying the Theorem 1, we illustrate some examples below.

Example 1. (i) ME(P, * Py,) = (m*n+ 17m*n+ 94mn — 14m* — 104m +30n — 144).
(ii) M§(Cp % Cyp) = n(m> + 17Tm* + 98m + 88).
(iii) ME(Cy % By) = n(m® + 17Tm* + 94m + 46).

We compute the bounds of the FEZI for RVCP of two graphs.

Theorem 2. The bounds for the FEZI of G x H are given by

A > M{(G+H) > B, where A = 2m) (2A1 + n2) (6A| + 3ny — 2) + 2man; (203 + Ay + 1) +
niny (2A1 + As +n) (2A1 + Ay + ny — 1) +2nyny + 8my and B = 2my (28, + ny) (68 + 3n —
2) +2mon (2522+52—|— 1) +n1n2(251 +52+n2) (251 +6&+ny— 1) +2n1ny+8my. The equality
holds if and only if G and H are regular graphs.

Proof. From the Proposition 1 and using the Equation 2, we have
ME(GxH) =M (G+H)+EM,(G+H)
- ¥ {2<a’(u,-/G) +d(uk/G)> + 2n2} + ¥ {2d(u,~/G) +(n +2)}d(u,~/6)

ujuy€E(G) u;eV(G)
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Y r (2dw/6)+ i) + D)+ X L ((@dp/H) + dlvg/H)) +

u;€V(G)v;eV(H) i=lv,v,cE(H)

2)+ y {2<d(u,-/G)+d(uk/G))+2(n2—1)}2+ ZG)(Zd(ui/G)—i—nz)zd(ui/G)

uiukGE(G) uiEV(
2 ny 2
+ L ¥ (2d/G)+dl/H) 1) + X L (dlvp/H)+d(vg/H))
u;€V(G)v;eV(H) i=lv,v,€E(H)
Also, from the Equation 1, we can write

< 2m <2A1 +n2> +2m <2A1 Yyt 2) + (2A1 YAty 1) 4 2nimy (A2 + 1) +
4y (2814 1>2—|—2m1 (241 +n2)2 o+ mima (281 + Ag 12— 1)2 +dnymyA2
=2m (2A1 +n2> +2my (2A1 +n2> +4m; +niny <2A1 + Ay +n2> +niny +
2n1my (A2 + 1) +dmy <2A1 +n2)2 —8my (2A1 +n2> +dmy +2my <2A1 —l—n2>2 +
nins (2A1 + Ay +n2>2 —2n1ny (2A1 + Ay +n2> +niny +4n1m2A%
= 2my (2A1 +n2) (6A1 +3np — 2) + 2mon; (203 4+ Ay + 1) +ninp (241 + Ax + 1) (2A1 + Ar +
ny — 1) +2n1ny + 8my.

Similarly, for the reverse bound we can do that M¥{ (G x H ) > 2my <251 + n2> +2my (251 +
n2+2> +niny (261 +0+ny+ 1) +2n1myp (62+ 1> +4my <251 +ny— 1)2+2m1 (261 +n2>2+

2
niny (251 + 6 +ny— l) +4n1my 522. After simplification we get the desired result. O

Corollary 1. If G and H are ry and ry-regular graphs ( i.e. A = 0 = d(u/G) = r; and
Ay = 8 =d(v/H) = ry) with the orders ny, ny and the sizes my, my respectively, then
M{(G+H)=2m (2r1 +n2) (6r1 +3n, — 2) +2mony (Zr% +ry+ 1) +niny (2r1 +r +n2) (2r1 +
ry+ny — 1) +2n1ny + 8my.

3.2. The R-Edge Corona product(RECP). The RECP of two graphs is a one kind of graph

operation based on R-graphs. It was introduced by Lan et al. [9] in 2015.

Definition 3. [9] The RECP of two vertex-disjoint graphs G and H, denoted by G+ H, is a new
graph obtained from one copy of the semi-total point graph R(G) and also connected |I1(G)|
copies of graph H by joining the I'* vertex of I(G) to every vertex in the I'" copy of H.

The graph G xH has (|V(G)| + |E(G)| + |[E(G)||V(H)|) vertices and (3|E(G)| +
|[E(G)||E(H)| + |[E(G)||V(H)|) edges (see Fig. 2). Let V(G) = {uj,uz,...un, },I(G) =
{uel,uez,...,ueml} and V(H) = {vi,va,...,vp, }. Also, for | = 1,2,...,m; let V(H') =
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{vl],vlz,...,vﬁlz} be the vertex set of the I'"" copy of H. So, V(R(G)) = V(G)UI(G) and
V(GxH) =V (G)UI(G)U (V(HI)UV(HZ)U...UV(H’”I)> andE(G*H) — EXUEjUESUE,
where ET = {ujuy, € E(G*H>|u,-,uk e V(G)i #k and i,k =1,2,....m}, Ej = {uu, €
E<G*H)|ui € V(G),uy € I(G) for i =1,2,...,m and | = 1,2,...,m1}, E§ = {ugv; €
E(G*H) ey € 1(G),vj € V(H) for L =1,2,...,my and j=1,2,...,m} and Ef = {v, v, €
E(G*H) vy v € V(HY) forl =1,2,...,my
and p,q =1,..,my}. The degrees of the vertices of GxH are given by

d(ui/GxH) =2d(u;/G) fori=1,2,...,ny,
3) d(ue,/GxH) =2+ny forl =1,2,...,my,
d(V/GxH) =d(vj/H)+1for| =1,2,...,myand j=1,2,...,n).

In the following Theorem, we determine the FEZI for RECP of two graphs.

Theorem 3. The FEZI of G* H is given by
ME (G*H) — 4EM,(G) +4F (G) +m F(H) +4(no +3)My(G) + 2m1 My (H) + 2m M (H)
+myny(ng +1)% + 3m1n% +4mimy(ny + 1) + Smyny + 4mymy — 8my.

Proof. To calculate the FEZI of Gx H, we follow the Definition 1 and the Equations 1 and 3.
Let us consider 7; = The contribution of M;(GxH) and EM|(GxH) in Ef

2
- ¥ (d(ui/G*H) —f—d(uk/G*H) vy (d(u,-/G*H) +d(ug/GHH) — 2)

uju, €EY uju €EET
kel k=5 5
= ¢ (2dw/6)+2aw/6)+ ¥ {2(d(w/G)+d(w/G)~2)+2}
u;ukGE(G) u[ukGE(G)

=2M,(G) +4EM,(G) + 8M,(G) — 12my.
Next, let 7, = The contribution of M| (GxH) and EM,(G*H) in E}
2
- ¥ (d(ui/G*H) +d(uel/G*H)> + ¥ (d(ui/G*H) +d(ute, |G+ H) —2)

Uille, €E3 Uille, €LY

- ¥ 2d(ui/G) + o +2) + ¥ o (2d(u,-/G) +n2>2

i€V (G),ue, €1(G) ( w€V(G),ue, €1

1

- ¥ <2d(u,~/G)+n2—i—2>d(u,~/G)+ y <2d(u,-/G)+n2>2d(u,-/G)
u;€V(G) u;€V(G)

= 2M(G) +2m (ny +2) +4F (G) + 4noM, (G) + 2myn3.
Similarly, let us consider 73 = The contribution of M| (GxH) and EM(GxH) in E}

= % (dle/GrH) +d(/Gm)) + (d(ue,/G*HHd(vg/G*H)_2)2

Ue, v§€E3* U, v§€E3*
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ny m| 2
-y ¥ (d(vj/H)+n2—|—3)+ Yy ¥ (d(vj/H)+(n2+1))
=1 V_,EV(H) l:leEV(H)
= 2mymy +myny? +3myng +miMy(H) 4 4mymy(ny 4+ 1) + myna (ny + 1)2.
Finally, let 7 = The contribution of M;(GxH) and EM|(GxH) in E}

- ¥ (d(v;/G*H)+d(vg/G*H))+ y (d(vf,,/Gujl)er(vg/G*H)—2)2

VZPVQEEI vﬁ,véeE}

mj nmy 2
=L L (dp/H)+d(vy/H)+2)+ X L (dlvp/H)+d(v/H))
I=1vpv eE(H) I=1v,v,cE(H)

=mM;(H)+2mimy +m F(H)+2m M, (H).

We get the desired result by summing the above four expressions. 0

Applying Theorem 3, we have the following results.

Example 2. (i) M(P,xP,) = (m*n+9m?n+ 50mn —m> — 9m? — 58m +38n — 110)
(ii) ME(Cy*Cy) = n(m> +9m? + 54m + 88)
(iii) M§(Cpx Py) = n(m?® 4 9m* 4 50m +38).

In the following Theorem, we compute the bounds on the FEZI for RECP of two graphs.

Theorem 4. The bounds for the FEZI of GxH are computed as C > M§(GxH) > D, where C =
16m1A%+2m1(2A1 +ny)(2A1+ny+1) +m1n2(A2+n2)(A2+n2+3)+2m1m2(2A§+A2+ 1)—
12mAy +8my +4myny and D = 16m1512 +2m1 (261 +n2) (281 +no+ 1) +mny (6 +nz) (6 +
ny+3)+ 2m1m2(2522 + 0+ 1) — 12m 61 + 8m| + 4myny. The equality holds if and only if G

and H are regular graphs.

Proof. Using the Definition 1 and the Equations 1 and 3, we have M? (G*H )
2
= ¢ (2dw/6)+2aw/6)+ ¥ {2(d(w/G)+dw/G)~2)+2}

u;ukGE(G) u;ukGE(G)

2
+ y (2d(ui /G)+m+ 2) + y (2d(u,- /G) +n2)
ui€V(G),ue, €1(G) w€V(G),ue, €1(G)

w8 x (doymema3)+ 8 5 (o +men)’

I=1v;€V(H) I=1v;eV(H)

£E Y @) rdl/H) D+ Y (dvy/H) +d(vy/H))

I=1v,v,cE(H) I=lv,v,cE(H)
< X (4Aa)+ X {2a-1)?
uju €E(G) uiur€E(G)
2
n y (2A1 I 2) + y <2A1 —|—n2)

ui€V(G),ue, €1(G) ui€V(G),ue, €1(G)
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2
+ Y Y (Mtm+3)+ ¥ X% (A2+(n2+1)>
ue, €1(G) v,;€V(H) ue, €1(G) v;€V(H)

2

+ L L (@ani+ T ()
ue,; €1(G) vpvg€E(H) ue, €1(G) vpvy€E(H)

= dmy (472 — 3A; + 1) +2my (2A1 +np +2) +2my (2A1 +np)?

+m1n2(A2 “+ny + 3) —+ mlnz(Az +ny+ 1)2 + 2m1m2(A2 + 1) —|—4m1m2A%

= 16miA} +2my (2A1 +12) A1 + 1y + 1) + mina(Ay +12) (A + 12+ 3) +

2m1m2(2A% + Ay + 1) — 12m1A1 4+ 8my +4mny= C (say).
Analogously, using the equations 1 and 3, one can calculate the following M{(GxH) > D.

The equality holds if and only if G and H are regular graphs.

3.3. The R-Vertex Neighborhood Corona product(RVNCP). The RVNCP introduced by

Lan et al. [9] is a one type of Corona product of two graphs based on R-graphs.

Definition 4. [9] The RVNCP of G and H, denoted by G @& H, is a novel graph made of one
copy of R(G) graph and connects n| copies of H, all vertex-disjoint, and joining the neighbors
of the i'" vertex of G in R(G) to every vertex in the i'" copy of H.

Let G and H be two simple connected graphs with ny, ny vertices and my, my edges,
respectively and the vertex sets V(G) = {ur,uz,...,un,}, 1(G) = {ue,,ttey, ... Ue, } and
V(H) = {vi,v2,...,vn,}. Also, let V(H') = {V{ vh,... Vi }, i =1,2,....n1 be the vertex
set of the i'" copy of H. Then V(G® H) =V(G)UI(G)U (V(Hl) UV(H?)U... UV(H’“))
and E<G@H> = EPUEYUEy UE] UES, where E{” = {ujuy € E(GEBH) |uj,up € V(G)},
EP = {uiu,, € E(G@H) u; € V(G), g, € 1(G)}, EY = {viyi € E<G@H> Vi, vi € V(H)},
E} = {ukv; € E(GEBH>|uk € V(G),vi- € V(H")} and ES = {uekvj- € E(G@H>|uek €
I(G),v; € V(H"}. The graph G® H has ([V(G)| + |[E(G)|+ |V(G)||V(H)|) vertices and
BIE(G)|+ |V(G)||[E(H)| 4+ 4|E(G)||V(H)|) edges, (see Fig. 2). The degrees of the vertices
of G® H are given by

dui/GoH) = (np+2)d(u;/G) fori=1,2,...,ny,
4) d(ue,/GOH)=2(1+ny) fork=1,2,...,my,
d(vi-/G@H) =d(vj/H)+2d(u;/G) fori=1,2,...,nyand j=1,2,...,n,.

In the following Theorem, we obtain the FEZI for RVNCP of two graphs.
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Theorem S. The FEZI of G ® H is given by

M$(G®H) = (13 +6n3+20ny +8)F (G) +n1 F (H) + (913 — 4ny +40m, +4many — 4)M; (G) +
(20my —3n1)My (H) +2(ny +2)(5n2 +2)Ma(G) +2n My (H) + 4myn3 (2ny +3) + 16myna (my +
1) +4myn; — 32mymy + 8my.

Proof. Applying the Proposition 1 and the Equation 4, we have
M{(G®H)=M(GOH)+EM(GDH)

= Y dz(ui/G@H)-f-{ Y (d(ui/G@H))+d(uk/G@H)—2>2+
u;€V(G®H) uiug€EY

y (d(ui/G@H))+d(uek/G@H)—2)2}+ Y (d(v;‘,/GeaHHd(v;/G@H)—z)z

; P i i cES
Uille) €E, vpquE3

+{ y (d(uk/G@H)+d(v;/G@H)_2)2+ y (d(uek/G@H)+d(v;/G@H)_

v €Ey U Vi€ES
2) 2} = C| +C, 4+ C3+Cy4 (say), where Cy,(C,,C3 and Cy4 denote the sums of the above terms in
order.

Next, we compute the above terms separately.

Firstly, Ci= Y d*(u/G®H)
ucV(GeH)

= 3 (meaw@) sy () s ¥ x (2d/0) o)

u; €V ( ue, €1(G) u;€V(G)v;eV(H)
= (nz + 2)2M1 (G) —|—4(n2 + 1)2m1 +4ny M, (G) +ni M, (H) + 16myms.

G= T (dw/Gom) +duw/GoH)~2) + T (dw/GoH) +dlu/Go

M"ukeEiﬁﬁ uiuekEESB
H)—z)2
2
= ¥ {m+2)(dw/0)+dw/G)) -2} + ) {2 +2)d(ui/G) +
uiu€E(G) uveE(GBH)

u=u;€V(G),y=ue, €I(G)
2
21’12}

= ¥ {m +2(Ew/6) + d*w/G)) + 2(m + 2)%d(wi/G)d(w/G) — 4> +
uiu €E(G)

2)(dw/G) + d(w/G)) + 4} + ¥ ((n2 + 2)2d>wi/G) + 4ma(my + 2)d(wi/G) +
u;eV(G)

4n%>d(ui/G)
= (ny +2)°F(G) + 2(na + 2)*M»(G) — 4(ny + 2)M1(G) + 4my + (na + 2)*F(G) + 4na(ny +
2)M1 (G) +8m1n%.
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. . 2
Also,C3= ¥ (d(v;, /G H)+d(vi /GEH) — 2)
v;vgeEgD

ni 2
=% ¥ ((dop/H)+d(vg/H) ~2) +4d(ui/G))

=1 v,v,E(H)
= mEM, (H) + 16myM, (G) + 16m M, (H) —32mmy = l’ll{F(H) — 4M, (H) + 2M2(H) +
4m2} + 16myM; (G) + 16m; M, (H) —32mimy.

Co= Y (d(uk/GeaH)+d(vf,~/G@H)—2>2+ Y <d(uek/G@H)+d(v§./G@

uVGEEy ey ViEES
2
H)—2>
2
= ¥ Y {(na+2)d(w/G)+2d(wi/G) +d(v;/H) 2 |
u;€V(G) viEV(H)
wiENg(u;),w; €V (G)
2
+ Y )3 {Zd(ui/G)+d(vj/H)+2n2}

u; eV (G) vieV(H)
W,'EN(;(Mi)7WieI(G)

- ¥y ¥y ¥ {(m + 222 (u;/G) + Ad2(wi/G) + d2(vj/H) + 4 + 4(ny +
u;€V(G) wi€Ng (u;) v;eV (H)

2)d(u;/G)d(wi/G) + 2(na +2)d(u;/G)d(vi/H) — 4(na + 2)d(u;/G) + 4d(w;/G)d(v;/H) —

8d(wi/G) —4d(v; /H)}

+ L X <4d2(u,~/G) + d*(vj/H) + 4n3 + 4d(u;/G)d(vj/H) + 8nd(u;/G) +
v;€V(H)u;eV(G)

4nad(v;/H) ) d(us/G)

= ny(ny + 2)’F(G) + 4nyF(G) + 2miM (H) + 8mny + 8na(ny + 2)Ms(G) + 4my(ny +
)M (G) —4ny(ny +2)M1(G) + 8maM i (G) — 8noM (G) — 16mymy +4ny F(G) + 2m My (H) +
8m n% +8myM, (G) + 8n%M| (G) + 16mymyn,.

Adding C;,C,,C3 and Cy4 and taking simple calculation, we get the desired result. 0

The following results are direct consequence of the Theorem 5.

Example 3. (i) M (P, ® Py,) = (16m*n+ 168m?n + 440mn — 22m> — 270m* — 716m — 272n +
168)

(ii) ME(Cy ® Cp) = n(16m> + 168m> +472m + 88)

(iii) ME(Cy @ Py) = n(16m> + 168m?* +440m — 176).

Theorem 6. The bounds for the FEZI of (G ® H) are given by
K > Mf(G @H) > L, where K = n1n2(2A1 + A2>2 + dmony (2A1 + Ay — 1)2 + (n1 +
6m1) (l’lz +2>2A% +8my(np—1)(ny+2)A1 +4miny(3ny +2) 4+ 2mny <(l’12 +4)A + Ay — 2)2 +
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(2A1 —|—A2—}—2n2)2> +8my, and L=nn; (251 —|—52)2—|—4WL2111 (251 +6 — l)z—i— (nl —|—6m1) (ng—f—
2)2512+8m1(n2 — 1)(?12—1—2)61 —|—4m1n2(3n2 —|-2> —|—2m1n2<(n2 —|—4)61 +52—2)2—|— (251 +52—|—
2n2)2> + 8m.

The equality holds if and only if G and H are regular graphs.

Proof. The proof is similar to the Theorem 2. U

3.4. The R-Edge Neighborhood Corona product(RENCP). Lan et al.[9] defined four new

graph operations based on R-graphs. The RENCP is a one of the four new graph operations.

Definition 5. [9] The RENCP of G and H, denoted by G Q H, is a new graph which is achieved
from one copy of R(G) graph and also it adjoins |I(G)| copies of H and joining the neighbors
of the i'" vertex of 1(G) in R(G) to every vertex in the i'" copy of H.

Let V(G) = {uy,uz,...,un, }, I(G) = {uel,uez,...,ueml} and V(H) = {vi,v2,...,vn, }. For
i=12,....,my, let V(H) = {V},...,vi,} be the vertex set of the i'" copy of H. So, V(G)U
1(G)U (u;’QIV(Hi)> is the partition of V(R(G) @ H) and E <G®H> — EPUEY UES UEY,
where E{’ = {ujuy € E<G®H> lui,up € V(G)}, ES = {ujte, € E(G@H) lui € V(G),ue, €
1(G)}, EY = {v;vﬁl € E(G@H) \vi,,vﬁl cV(H)} and EY = {ukvg- € E(G@H) |uy € V(G),vi- €
V(H")}. Thus the graph G H has (|V(G)|+ |E(G)|+ |E(G)||V(H)|) vertices and (3|E(G)|+
|[E(G)||[E(H)|+2|E(G)||V(H)|) edges, respectively (see Fig. 2).

From definition, the degrees of the vertices of G ® H are follows as
dui/GRH) = (np+2)d(u;/G) fori=1,2,...,ny,
) d(u,, /GOH)=2fork=1,2,...,my,
d(vi/GeH)=d(v;/H)+2fori=1,2,...;m and j=1,2,...,n;.
Here we calculate the FEZI for RENCP of two graphs.
Theorem 7. The FEZI for G R H is given by

Mf(G@H) = (l’l2 +2)3F(G) +m1F(H) + (l’lz —|—2)(n2 +4my — 2)M1(G>
+ Tm M, (H) —{-2(1’12 —|—2)2M2(G) +2m1M2(H) + 12mymy 4+ 4mny + 8my.

Proof. With the help of the Definition 1 as well as the Proposition 1 and also the Equation 3,

we have



THE FIRST ENTIRE ZAGREB INDEX OF VARIOUS CORONA PRODUCTS 6031

ME(G®H)
= © (dw/GoH) +dw/GeH))+ L (dw/GoH)+d(u,/GEH))+
uiuk€E1® Miuek€E2®

¥ (d0h/GoH) +d(,/GaH))+ ¥ (du/GEH)+d(V/GoH))+
V},VZEE? ukv’jeEf}

y (d(ui/G®H)+d(uk/G®H)—2)2+ Y (d(ui/G®H)+d(uek/G®H)—2)24—
uiugEEY ujtte, €E3’

x (d(v;,/G@HHd(v;/G@H)_2)2+ r (d(uk/G®H)+d<v;/G®H)_z)2
vf,,v’CIEE? MkV}EEf
= ¥ ((n+2)dw/6)+dw/6))+ T ((n2+2)d(w/G)+2)d(u;/G)+
ujur€E(G) u;€V(G)

Y X (dop/H) +dy/H) +4) + X Y ((n + 2)d(w/G) + d(vi/H) +
i=1lv,v,€E(H) u;€V(G)v;eV(H)
2>d(u,-/G)+

Y {(m+2)(d(ui/G)+d(u/G)) =2} + ¥ (m+2)*d*(ui/G)
uju €E(G) u;€V(G)

2 my
+ L% ((n4+2)dw/G)+d(vi/H)) dwi/G)+ X X (d(vp/H)+d(ve/H)+
v;eV(H)u;cV(G) i=1lv,v,cE(H)

2
2)
= mi My (H) + 8mymy +4myny +4my + (o +2)*M1(G) + (ny +2)*F (G) +2(n2 +2)°M> (G) +
4my —4(ny +2)M(G) +mF(H) 4 2m My (H) + dmymy + 4m My (H) + (n2 +2)?F (G) +
no(ny +2)*F(G) 4 2m M (H) + 4ma(ny +2)M (G).

After simple calculation, we get the desired result. 0

From the Theorem 4, we have the following results.

Example 4. (i) M{(P,®P,) =2(4m’n+38m>*n+102mn —Tm> — 65m* — 158m — 14n— 14)
(ii) ME(Cy ®Cp) = 4n(2m> + 19m? + 55m +22)
(iii) M§(C, ® Py) = 4n(2m® 4+ 19m* +51m —17).
Theorem 8. The bounds for the FEZI of G ® H are given by
U>ME(GRH) >V, where U = 2miAj(ny +2) (3(n2 +2)A; — 2) +2mymy (202 + 54, +
4) +2m1n2(((n2 +2)A1+ M)+ (my +2)A1 + A, +2> +8my and V = 2m; 8 (n2 +2) (3(n2 n
2)8 —2) +2mymy (283 + 58, +4) +2m1n2<((n2+2)51 +8)°+ (m+2)8 +82+2) +8mj.

The equality holds if and only if G and H are regular graphs.

Proof. The proof is similar to the Theorem 4. U
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3.5. The Subdivision-Vertex Corona product(SVCP). The SVCP of two graphs was intro-
duced by Lu et al. [11].

Definition 6. [11] The SVCP of G and H, denoted by G ® H, is a new graph. It is obtained from
S(G) and ny copies of H, all vertex-disjoint, by joining the i'* vertex of V(G) to every vertex in
the i'" copy of H.

From definition it is clear that the G ® H has (m) + ny + nyny) vertices and (2m + nyn, +
nimy) edges, (see Fig.3). Also, let V(G) = {u1,u2,...,um }, 1(G) = V(S(G))\V(G) =
{ute ttey - - s tte,, } and V(H) = {vi,v2,...,vp, }, s0 that V(S(G)) = V(G) UI(G). Let V(H) =
Vi v, ... ,vilz} be the vertex set of the i'" copy of H, i=1,2,...,ny, so that V(GOH) =V (G)U
HG) U (UL, V(H)) and E(G®H) = EP UES UES where EY = {u}, € E(GOH ) |u €
V(G),vj- ceV(H) fori=1,2,....,nand j=1,2,...,m},

ES = {uiug, € E<G®H) i € V(G),ute, € (G) fori=1,2,...,n and k =1,2,...,m1} and
EY = {vévfn €E<G®H> |v§,v£n cV(H) fori=1,2,...,nyandl,m=1,2,...,n}. The degrees
of the vertices of G® H are:

dui/GoOH) =d(uj/G)+ny fori=1,2,...,ny,
(6) d(ue,/GOH)=2fork=1,2,...,my,
d(v:/GOH)=d(vi/H)+1fori=1,2,....nyand j=1,2,...,n.

In the following theorem, the FEZI for SVCP of two graphs is computed.

Theorem 9. The FEZI of G ® H is given by
Mf(G@H) = F(G) + I’llF(H) + (3]12 -+ 1)M1 (G) + 2n M, (H) -+ 2n1M2(H) —f—4n2(m1n2 +

mony) —|—n1n2(n% —m+2)+ 2m1n% + 8mymy +4my.

Proof. Using the Definition 1 and the Equation 6, the FEZI for GO H is
M{(GOH) =M (GOH)+EM(GOH)=S;+35 (say), respectively.
Now, S| =M (GO H)
= £ (dw/(Gom)+dvi/(GoM))+ T (dw/(GOH))+d(u/(GOH)))

i © R ©
u,vjeE1 Uille, €E;

+ ¥ (a0i/(Gom)+dt,/(Gom)

ivi cF©
ViV €EES

-y ¥ (d(ui/G)+n2+d(vj/H)+l)+ Y (d(ui/G)+n2+2)>d(ui/G)
u;€V(G)v;eV(H) u;€V(G)
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ny

+yY ¥ (d(ul/H) 4 d(vp/H) +2)
i=1vyv,€E(H)

= 2(m1n2 —|—m2n1) +n1n2(n2 + 1) + M, (G) +2my (n2 +2) +ni M, (H) +2n1my.
Finally, S, = EM (GO H)

= 5 (dw/(@on) +dw/Gom) ~2) + % (dw/(GoH) +dlu/(Go

o] ' ®
u,vjeEl Uillg €E;

2 . . 2
H)-2) + ¥ (d0i/(GoH)+d(,/(GoH)) ~2)

ivi cF©
ViV €EES

2 2
= ¥ (dw/0) +d(/H)+=1)) + T (dw/G)+n2) dw/G)
H) G)

u,€V(G)v;eV( weV(

ny 2
+Y L (dw/H)+dn/H))

i=lvyv,€E(H)
= M (G) + mM(H) + niny(ny — 1)2 + 8mymy + 4(np — 1)(mny + mpny) + F(G) +
2n,M1(G) +2myny® +n1F(H) +2n1My(H).

By adding S; and S with simple calculation, we have the desired result. 0J

Using Theorem 9, we calculate the FEZI of several chemically interesting molecular graphs

Example 5. (i) M£(P, ® P,,) = (m*n+9m*n +42mn — 6m* — 26m — 34n — 16).
(ii) M§(C, © Cy) = n(m?® +9m* + 46m + 16).
(iii) ME(Cy © Py) = n(m® +9m?* +42m — 34).

Theorem 10. The bounds of the FEZI for G ® H are determined as

Wi > M{(GOH) > W,, where Wi = nina(A1 + Ay +n2) (A + Ay +np — 1) +2my (Ay +
n2) (A1 +na+ 1) +2many (205 + Ay + 1) +2n1np +4my and Wa = nyna (81 + & +n2) (81 + & +
ny—1)+2m (01 +ny) (61 +m+ 1)+ 2m2n1(2522 + &+ 1)+ 2n1ny+4m.

The equality holds if and only if G and H are regular graphs.

Proof. The proof is analogous to that of Theorem 2. 0

3.6. The Subdivision-Edge Corona product(SECP). The SECP of two graphs is a new type
graph operation among different types of Corona product and it was introduced by Lu et al.

[11].
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Definition 7. [11] The SECP for G and H, denoted by G S H, is a novel graph based on the
subdivision graph S(G) and |I(G)| copies of H and by connecting the i'" vertex of I(G) to every
vertex in the i'" copy of H.

The graph G S H has (|V(G)|+ |[E(G)||V(H)| + |[E(G)|) vertices and |E(G)|(|E(H)| +
\V(H)|+2) edges, (see Fig. 3). Let V(G) = {ui,ua,...,un, }, 1(G) = V(S(G))\V(G) =
{ttey ey, - - stte, } and V(H) = {v1,v2,...,vn,}, so that V(G) = V(G)UI(G). Let V(H') =
{v’i,vé,...,vilz} be the vertex set of the i'" copy of H for i = 1,2,...,n,, so that V(GO H) =
V(G)UI(G) U (u;ﬁl V(Hi)) and E(G@H) — E(G) UM, E(H') U {uY : u,, € I(G).V, €
V(H") fori=1,2,...,myand j=1,2,...,ny}. The degree distributions of the vertices of GO H

are given by

d(ui/GOH) =d(u;/G) fori=1,2,...,ny,
(7) d(u,,/GEH) = (2+ny) fori=1,2,...,my,
d(v:/GOH) =d(v;/H)+1fori=1,2,...,m and j=1,2,....n.

Now we reckon the FEZI for SECP of two graphs.

Theorem 11. The FEZI for G© H is given by
Mf(G@H) = F(G) + mlF(H) + (2]’12 + 1)M1<G> + 2m1M1(H) + 2m1M2(H) “+ my (n% +
Sn% +4nymy + 61y + 8my + 4).

Proof. From the Proposition 1, we get M{ (GO H) =M\ (GOH)+EM(GSH) =R +R,
(say), respectively.

Now, Ry = M|(GOH)
=Y ¥ (dwy/H)+m+3)+ X £ (dwi/H)+du/H)+2)

i=1j=1 i=1 VijEE(H)
+ X (d(ui/G) +ny+ 2>d(u,~/G) (Using the Equation 7)
u;€V(G)
= MI(G) —+my (Ml (H) +4m; —|—n2) —|—m1(n2 —|—2)2.
Finally, R = EM; (GO H)
mp; np m 2
= Y Y (@oy/H) +1+mP+ L L (dy/H) +dw/H) + T (dw/G) +
i=1j=1 i=1vv€EH) u;€V(G)
m)*d(u;/G)

= (L (@0y/H) = (174 2t DOy H) + L {00/ H)+ 0 H)) +
j= Vv €
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2d(vj/H)a’(vk/H)})+ Y (d*(ui/G)+n3d(ui/G) +2n2d? (u;) G)).

u,-EV(G)
—m, <M1 (H) +n2(na+ 1%+ dma(na +1) + F(H) + 2M2(H)> + F(G) +2myn3 +2nM; (G).
Adding R and R,, we get the desired result. 0

Using Theorem 11, we obtain the following results.

Example 6. (i) M¢(P, ©Py) = (m*n+ 13m*n+ 38mn —m> — 13m* — 42m — 30n +22)
(ii) ME(Cy©Cp) = n(m? 4 9m* 4+ 46m + 16)
(iii) M§(Cp© Py) = n(m® +9m* +42m — 42).

Theorem 12. The upper and lower bound of the FEZI for GS H are given by

X1 > M{(GSH) > X,, where Xi = mina(Ay+n2)(Ay +ny+3) + 2m1m2(2A% +A+1)+
2my (A1 +n2) (A +na+1) +4my(ny+ 1), and Xo = mina (8 +m2) (8 +np +3) +2mymy (283 +
0+ 1)+2m (61 +n2) (61 +na2+1) +4my(ny +1).

The equality holds if and only if G and H are regular graphs.

Proof. Similar proof to the Theorem 4. U
o—0o——0—0 o— o © ® o—o—o
G(= P)) S(G) H(= P;)

()(SVCP) (i1) (SEC'P)

(i) (SVNCP) (iv)(SENCP)
FIGURE 3. An example of various types of Corona products based on S-graphs
of two graphs P, and P; like as (i) SVCP, (ii) SECP, (iii) SVNCP and (iv)
SENCP.
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3.7. The Subdivision-Vertex Neighborhood Corona product (SVNCP). Liu et al. [10] in-

troduced the SVNCP of two vertex-disjoint graphs.

Definition 8. [10] The SVNCP of G and H, denoted by G[JH, is the graph obtained from S(G)
and ny copies of H, all vertex-disjoint, and joining the neighbors of the i'" vertex of V(G) to
every vertex in the i'* copy of H.

The graph GO H has (n) + my +nyny) vertices and (2my +nymy + 2mny) edges (see Fig.
3).

Let V(G) = {ur,uz, ... ,un, },1(G) = {tte) , tes, .., e, } and V(H) = {v1,v2,..., v, }. Also,
let V(H") = {viv,... ,vzz} be the vertex set of the i'" copy of H, fori=1,2,...,n;.

So, V(G)EH) = V(G)UI(G)U (V(Hl) UV(H?)U...U V(H"1)> and E (GDH) = EPU
EP UES, where EP = {vivi ¢ E(GBH) iV € V(H)Y, ED = {uuy, € E(GDH) lu; €
V(G).ute, € I(G)} and ES = {ue,v' € E(GDH) lue, € 1(G), Vi, € V(H)}.

The degrees of the vertices of GLJH are given by

d(u;/GEOH) =d(u;/G) fori=1,2,...,n,
@) d(ue,/GEH)=2(np+1) fori=1,2,...,my,
d(vi-/GDH) =d(vj/H)+d(u;/G) fori=1,2,....,nyand j =1,2,...,ns.

In the following Theorem, we obtain the FEZI for SVNCP of two graphs.

Theorem 13. The FEZI of GLJH is given by
ME(G D H) = mEM (H) + (np + D)F(G) + (4n3 + 12my + ny + 1)M(G) + (10m; +
n )My (H) +4myn3(2ny +3) +4my (2ny + 1) +8mymy(2ny — 1).

Proof. From the Definition 1 and the Equation 8, the first entire Zagreb index of GJH is
M{(GHH) =M(GELH)+EM,(GEH)
= ¥ (a4/(GEH)+d(i/(GBH)) + ¥ (dw/(GEH))+d(ue/(GEH)))

vé-vf(eElm ujldgkeEzD
+ L (A /(GO +d(/(GOH))+ E (d0}/(GOH)) +d(/(GOH)) -

i~ ii -l
uekvj€E3 vjvkeE1

2)2+ ¥ (d(u,-/(GDH))+d(uek/(GDH))—2>2+ Y (dlu/(GOH)+d(v/ (GO

Uilte, €E2D uekvj-EE3D

H))—2>2
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ni
=¥ © (24/G)+d(v;/H)+d(v/H))
i=luv€E(H)

+ ¥ (d(/G) +2m+2)d(w;/G)+ £ ¥ (di/G)+d(v;/H) +2m +2)d(ui/G)
i=1 i=1j=1

P38 (2006/6) + v/ H) +d (i /H) ~2)) + § (d(w/G) +2ma)d(wi/G) +
i=lujvcE(H) i=1

b j"_fl (ds/G) +d(v; )+ 2m) d(;/G)

= dmymy + M (H) + M (G) + 4mi(ny + 1) + noM(G) + 4mymy + 4minp(ny + 1) +
4maM\ (G) + n EMy (H) + 8miM; (H) — 16mymy + F(G) + 4maM; (G) + 8mn3 + nmoF (G) +
2mM(H) + 8m1n% +4myM, (G) +4n%M1(G) + 16mymony

= mEM\(H) + (np + )F(G) + (4n3 + 12my + ny + 1)M{(G) + (10my + ny)M,(H) +
4min3(2ny +3) +4my (2ny + 1) +8mymy(2ny — 1). O

Using the Theorem 13, we determine the following results.

Example 7. (i) M{(P,EDP,) = (8m*n+44m>n+92mn — 8m> — 52m* — 116m — 100n + 100)
(ii) ME(C,EDCy) = 2n(4m® +22m* + 54m + 8)
(iii) ME(C, D P,) = 2n(4m> 4 22m* 4+ 46m — 50).

Theorem 14. The bounds for the FEZI of GL1H are given by Y1 > M (G H) > Y,, where

Yi = 2mon; (Ay + Ay) <2(A1 +A) — 3) 4 2mna(Ay + Ay + 2m2)(Ay + Ag + 2y + 1) +
2mi (A +212) (Ar + 2n3 + 1) + 4(mins +many ) +dmy and Ya = 2man; (8, + 8) (2(51 &)
3) 4 2mina (8 + 8 + 2m0) (81 + & + 2my + 1)+ 2my (8 + 212) (81 + 2n2 + 1) + A(myny +

mgl’ll) +4m,.

Proof. In a manner analogous to the proof of the Theorem 4, we can establish the above Theo-

rem. O

3.8. The Subdivision-Edge Neighborhood Corona product(SENCP). Liu et al. [10] de-
fined four new graph operations based on S-graphs. The SENCP of two graphs is one out of

four operations.

Definition 9. [10] The SENCP of G and H, denoted by GHH, is a new graph achieved from
S(G) and |I(G)| copies of H, all vertex-disjoint, and by adjoining the neighbors of the i'" vertex
of I(G) to every vertex in the i'"* copy of H.
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It is clear that the graph GBH has (|V(G)| + |E(G)| + |E(G)||V(H)|) vertices and
(IE(G)[|E(H)|+2|E(G)| +2|E(G)||V (H)]) edges, (see Fig. 3).

Let V(G) = {uy,uz,...,un, },1(G) ={e1,e2,...,em t and V(H) = {vi,v2,...,vp, }. Also, for
i=1,2,...,m letV(H) = {v’i,vé,...,vflz} be the vertex set of the i'"* copy of H.

So, V(G) = V(G)UI(G) and V(GEH) = V(G) UI(G) U (V(Hl) UV(H?)U...UV(H™ ))
and E(GBH) = EFUEP UEY where EC = {v’]v;( € E(GEH)’V?-,V}; € V(HY) for i =
1,2,....myand j,k=1,2,... ,n},

E2EI = {uju,, € E(GE]H)]M,’ e V(G),ue, € I(G) fori=1,2,...,ny and k =1,2,...,m;} and
EF = {up € E(GEH) e € V(G), Vi, € V(H) fori=1,2,....n1 and j=1,2,...,n}.

The degrees of the vertices of GEHH are given by

d(ui/GEIH) = (n2+ l)d(ui/G) fori=1,2,...,nq,
) d(eij/GBH)=2fori=1,2,...,my,
d(vi/GBH)=d(vj/H)+2fori=1,2,...,n and j=1,2,...,n).

We obtain the FEZI for the SENCP of two graphs.

Theorem 15. The FEZI for the SENCP of G and H is given by
ME(GBH) = (ny+1)*F(G) +mEM\ (H) + (n2 + 1) (n2 + 4my + )My (G) + 11m My (H) +

8mimy +4mny +4m,.

Proof. Using the Proposition 1, we obtain
M{(GBH)=M(GBH)+EM,(GBEH)
= ¥ (d04/(GBH)+d(i/(GBH))+ L (dw/(GBH))+d(u,/(GBH)))

v;v};EEIB "‘i”ekEEzEl

. . 2
+ X (dw/(GBH)+d(u,/(GBH))+ L (d(}/(GBH))+d(v/(GBH))-2)
u,-uekGESE v.’]-v}(EElE

+ X <d(u,~/(GBH))—i—d(uek/(GEH))—2>2+ £ (dw/(GBH))+d(u,/(GB

Ujlte, 6E2E Uilley EESE
H)-2) =% ¥ (dlv/H)+d0/H) +4)+ 8 (4 Dd(wi/G) +2)d(/G)
i=1vv€E(H) i=1

+ 3 % ((n+ 1)d/G) +d(v;/H)+2)d(w/G)
k=1 j=1
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+Y % (d/H) +d(n/H) 42+ (2 1) ¥ B (vi/G)
i=1vw€E(H) i=1

LY "_22 ((nz—i—l)d(uk/G)+d(vj/H)+2> *d(1,/G) (Using the equation 9)

:kl;allﬁ\jlll(H) + dmymy + (np + V)M (G) + 4my + na(ny + V)M (G) + 4mymy + 4miny +
mEMy(H) +8m M (H) + (na + 1)?F(G) +

na(ny +1)2F (G) 4 2m My (H) + 4ma(ny + 1)M (G)

= (np + 1)’F(G) + mEM (H) + (ny + 1)(ny + 4my + 1)M;(G) + 11m M (H) + 8mymy +

dminy +4m;. O

Applying the Theorem 15, we have the following results.

Example 8. (i) M{(P,BP,) = (8m’n+44m>n+92mn — 14m> — 72m> — 114m — 84n + 84)
(ii) M§(C,BCy) = 4n(2m> 4+ 11m? +27Tm +4)
(iii) M§(C, B Py) = 4n(2m> + 11m* +23m — 21).

Theorem 16. The bounds for M (GBH) are calculated as

71 > ME(GBH) > Zo, where Z) = 2mymy(2A2 + 5A +4) + 2my (ny + 1) <(n2 T 1A+
1)A1 +2mnay ((n2 +1)A +A2> <(n2 + DA +A+ 1) +4my(np + 1), and for the lower bound
7, = 2m1m2(2512—|—552 +4)+2my(np+1) ((n2+ 1)6; + 1> 01 +2mny <(n2—|— 1)8 —|—62> ((nz—i—
1)6 + 6+ 1) +4my(ny+ 1). The equality hold if and only if G and H are regular graphs.

Proof. The proof is analogous to that of the Theorem 2. 0

3.9. Vertex Edge Corona product(VECP). The VECP of two graphs was introduced by
Malpashree [14] in 2016.

Definition 10. [14] The VECP of two graphs G and H is denoted by G e H, is a new graph

created by taking one copy of G, |V (G)| copies of H and |E(G)| copies of H, along with joining

i'" vertex of G to every vertex in the it" vertex copy of H and also joining end vertices of j'"

edge of G to every vertex in the j™ edge copy of H, where i=1,2,... .njand j=1,2,...,my.
Let V(G) = A{uiuz,...,un, },E(G) = {er,er,....em} and  V(H) =
{vi,v2,...,vn,} and E(H) = {e},e3,...,e,,}. We denote, the vertex set of the i" vertex

copy of H by V,,(H) = {vii,vii,... V2 } and the vertex set of the j edge copy of H by

* Ving
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G(= Py H(= P3)

(HVECP

FIGURE 4. An example of various types of Corona products of two graphs Py

and P; like (i) VECP.

Ve,(H) = {V]p 12’ . jnz} Also, we denote by E,;(H) and E,,(H), the edge set of j" edge
and ' vertex copy of H, respectively. Then V(GeH) =V (G) U V,,(H) UTzll Ve, (H) and
E(GeH) = E} UES UES UES UES, where Et = {uu; € E(G0H>|u,-,uj € V(G)i #

x
ViKY ji ]l

Ee(H),j = 1,2..m and k # Lkl = 1,2,...m}, E§ = {un] € E(GoH)|ul- c
V(G), vt € Vey(H),i = 1,2,..mi5j = 1,2,...omy and k = 1,2,...,m}, Ej = {V/ivy

E(GoH>|vU,vlk€VVl(H) or Vil € Ey(H),i=1,2,...,n1 and j#k; jk=1,2,...,n,} and
E: = {uyvy € E(GOH)|u,~ € V(G),vy € Vy(H),i = 1,2,...,n1 and j = 1,2,...,m}.

€ E(G H>|v Vi e Ve,(H) or v]kv

j Cll’ld la] = 17 l’l]} E. = { jk’ ]l

S

The graph G e H has <]V(G)\ + EG)||V(H)| + |V(G)||V(H)|> vertices  and
<!E(G)\ +V(G)|([EH)|[+|V(H)]) +|E(G)|(|E(H)] +2\V(H)I)> edges, (see Fig. 4).

The degrees of the vertices of G e H are given by
(10)
d(u;/GeH) = (ny+1)d(ui/G) +ny,Yu; € V(G) fori=1,2,...,n
d(viy/GeH) =d(vi/H)+2,9 ) €V, (H) for j=12,....m and k=1,2,...,nm
dvii/GeH)=d(v/H)+ 1, W, eV, (H)fori=1,2,...,nyandk=1,2,...,n)

In the following Theorem, the explicit expression of FEZI for (G e H) is computed.
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Theorem 17. The FEZI of Ge H is given by
ME(GeH) = (np+1)*F(G) + (my +n1)F(H) + (n2 + 1)(3n2% + 6ny + 4my — 3)M; (G) +
(Tmy +2n) )My (H) +2(na 4+ 1)>M5(G) +2(my +n1 )My (H) + 8m ny? —nln%+6m1n23 +n1ng —

dminy + 2n1ny + 4mpnny + 16mymyny + 20mymy + 4my.

Proof. By the Proposition 1 and also from the Equation 10, we have
Mé(GeH)=M;(GeH) +EM1(G0H)
—( L Pw/GeH)+Y L P0G/Gem)+ T L dLU/(GeH)))

i€V (G) J=1,0 keV (H) t€V(G)vyiev,, (H)

+ X {d(u,-/(GoH))—l—d(v_,-/(GoH)—2} + r {do/Gem)+awsi/(Gem) -

ujuj€EY .
4y jkvjl €ES

z} + X { <u,-/(G.H)+d(vj;/(G.H))_2}2+ ) MZE {d(v;y/(c.y))m(v;‘,g (Go
- jkeE‘ vivii ek

2
H))— 2} + ¥ {dw/(Gem))+atli/(Gem)) -2}
u,'v?;EES'
=J1+Jr+J3+J4+Js+ Jg are denoted as the sum of the above terms in order, respectively.

n=( L Pw/Gem)+Y T L0G/(GeH)+ T F L0Y/Ge

u €V (G) J=1.¢ kEVE (H) w€V(G)Viiev, (H)
H))) o X
_ y ((nz + 1dw/G) + nz) + Y X (d(Vk/H) + 2) +
u;€V(G) jZlvkEng(H)

L% (diwmyer)

M,'GV(G) VkGVVi (H)

= X ((nz + 1)2d*(ui/G) + 2np(ny + 1)d(1;/G) + ng) + Y Y (dz(vk/H) +

u;€V(G) j=1vkevej(H)
4difH)+4) + ¥ ¥ (dP(w/H)+2d(ve/H)+1)
u €V (G) v Vs, (H)
= (ny +1)*M,(G) +4mny(ny +1) + nln% +m M (H)+4mny + 8mymy +n My (H) +nyny +

4m2n1.

2
h= % {dw/(Ger))+d(v;/(GeH) -2}

u[uj€E1'

= % {0/ (G) + (1)) () +2m 2}

u,-ujeE(G)

= | EZE(G){(I’lz—l— ) ( ( ,/G)—l—d(u]/G) ) —|—8n2(n2+1)(d(vl~/(G)+d(vj/G)—2)+
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1603}
= (ny+1)%F(G) —4(n2 +1)*M1(G) +2(n2 + 1)>M»(G) +4m (ny +1)% 48na (ny + 1)M1 (G) —

16mn,.

Also,J3= ¥ {d(vii/(GeH))+d(V]/(GeH)) -2}

7 CJ e
Vivi €ES

my 2
=% ¥ {dwym)+dm/H)+2)

j=1 ViVi EEej (H)

_ 2 £, ((P(v/H)+ P/ H)) +4(d(ve/H) +d (v /H)) +2d(ve/H)d(v1/H) +4)
= mlF(H) + 2m1M2(H) +4m M, (H) +4mm;.

Similarly, J4 = eZ {d(u,-/(GoH)—i—d(v% (GoH))—2}2

e
Uiy ji €ES

-y ¥ {d(ui/(GoH)+d(v;£/(GoH))—2}2d(ui/G)

. ej
wEVIG) v, (H)

= 1 5 {4 Dd@/G)+dm/H) +n2} d(ui/6)

u,-EV(G) VkGng (H)

= Y y {(nz + 1)2d2(u,~/G) + dz(vk/H) + n% + 2mp(ny + 1)d(ui/G) + 2(ny +
u,-GV(G) VkGVej(H)

1)d(ui/G)(d(vi/H) +2n2d (v /H) }d(ui /G)
= my(ny + 1)°F(G) + 2m1n% + 2mM,(H) + 2n%(n2 + )M (G) + 8mymyny + 4my(ny +
1)M;(G).
2
Next,Js= ¥, {d(v?;/(G.H))+d(v;;; (G.H))—z}
Vij Vi €E2
' 2
= ¥ ¥ Adly/H) +dm/H)}
uiEV(G)VjvkEEvi(H)
= an(H) +2n1M2(H).
2
Finally, Js = ¥ {d(ui/(GoH))—l—d(v?;/(GoH))—2}

-
u,-v[; €ES

= v % At 0aw/6)rdwm) sm -1}
uiEV(G)VjEVVi(H)

= ¥ ¥ {m+ 12w/G) + dP(vi/H) + (m2 = 1)? + 2(na + 1)d i/ G)d v/ H) +
u€V(G)v;eV,.(H)

2(n3 — 1)d(i/G) +2(m — 1)d(v;/H) }
= I’lz(l’lz + 1)2M1(G) + nlMl(H) + nlnz(nz — 1)2 + 8m1m2(n2 + 1) + 4m1n2(n% — 1) +

dnymy(ny —1).
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By adding J1,J2,J3,J4,J5 and Jg, we get the desired result. [

From the above Theorem 17, we get the following results.

Example 9. (i) M{(C,0Cy) =n(27m’ + 111m* + 154m + 8)
(ii) ME(P, @ Py) = (27Tm*n+ 111m*n+ 118mn — 38m> — 160m* — 136m — 142n+ 100)
(iii) ME(Cy o Py) =n(27m? + 111m* 4+ 118m — 142).

Theorem 18. The bounds for the FEZI of G e H are given by

o> M;(GeH) >, where o = 2m1((n2 + DA + nz) <2(n2 + 1)A; + 2np — 3) +
2mimy (2A§ 5, + 4) + 2m1n2<(n2 F A+ A+ nz) ((n2 YDA A+ + 1) +
2many (2A§ YA+ 1) +n1n2<(n2 F 1A+ A +n2> ((nz F 1A+ A 1y — 1) 2 +
4my(na+ 1), and B = 2m; ((nz )8 —|—n2> <2(n2 F1)8) +2m — 3) 4 2mym; (2522 158+
4) - 2mima (2 + 1)81 + 8+ 2 ) (2 + 181 + & + 1) + 2mom (283 + &+ 1) +
nlnz((nz—l— 18, +52+n2) ((n2—|— )8 + 8 + 1y — 1) 21y + dmy (my + 1)

The equality holds if and only if G and H are regular graphs.

4. CONCLUSION

In this paper, we have established some exact formulas with examples for the FEZI of several
types of Corona product of two graphs based on R-graphs and S-graphs such as RVCP, RECP,
RVNCP, RENCP and SVCP, SECP, SVNCP and SENCEP, respectively. Additionally, we have
determined the FEZI of VECP of two graphs. As an application, we have obtained the lower and
upper bounds for the FEZI of each Corona product of the two graphs. Also, we have applied our
results to find the FEZI of several chemically interesting molecular graphs. We have proposed

some possible directions for future research.
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