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Abstract. In this paper, we derive recurrence relations for moment, conditional moment generating
functions and product moments of generalized order statistics based on exponentiated family of distribu-
tions. Recurrence relations for moment, conditional moment generating functions and product moments
of ordinary order statistics and ordinary record values are obtained as special cases. These recurrence

relations are also used to characterize this family.
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1. Introduction

A concept of generalized order statistics (gOSs) was introduced by Kamps [10,11].
Ordinary order statistics (0OSs), ordinary record values (0RVs), sequential order statis-
tics, ordering via truncated distributions and censoring schemes are special cases of the
gOSs. Keseling [12] characterized some continuous distributions based on conditional dis-
tributions of gOSs. Ahsanullah [4] characterized the exponential distribution based on

independence of functions of gOSs and presented the estimators of its parameters. Cramer
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and Kamps [8] derived relations for expectations of functions of gOSs within a class of
continuous distributions. Pawlas and Szynal [14] derived recurrence relations for single
and product moments of gOSs from Pareto, generalized Pareto and Burr distributions.

In recent years, a large number of publications have dealt with recurrence relations for
single and product moments of gOSs. Ahmad and Fawzy (3] derived recurrence relations
for moments of gOSs within a class of doubly truncated distributions. Athar and Islam
[7] obtained recurrence relations for single and product moments of gOSs from a general
class of distribution. AL-Hussaini et al. [5] obtained recurrence relations for moment
and conditional moment generating functions of gOSs based on random samples drawn
from a population whose distribution is a member of a doubly truncated class of distri-
butions. Ahmad [2] derived recurrence relations for single and product moments of gOSs
from doubly truncated Burr type XII distribution. Abdul-Moniem [1] obtained recur-
rence relations for moments of lower gOSs form exponentiated Lomax distribution and
its characterization.

Consider the cumulative distribution function (cdf) F(z) as
Fla)=(1— @), 23>0, 1)

where A\(z) is a non-negative, continuous, monotone increasing, differentiable function of
x such that M\(xz) — 0 as  — 0% and A\(x) — oo as © — oo and the parameter 6 > 0.
We call this class the exponentiated family of distributions. This family contains many
exponentiated distributions such as exponentiated Weibull, exponentiated exponential,
exponentiated Rayleigh, exponentiated Pareto distributions,...etc.

The probability density function (pdf) corresponding to (1) is given by
flx) = 0N (@) e MO [1 = eNOPL, (2)

Eq. (2) can be rewritten as
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2. Characterizations Based on Recurrence Relations for Single

Moment Generating Functions of gOSs

Let Xinmiks Xoonimiky s Xnnem: & b€ 1 gOSs from the pdf (2), ( m and k are real
numbers, n > 1 and k& > 1). The pdf of X, ,.;m.k, 1 <7 < n, is given by Kamps [10] as

follows:

Pt sl) = o P (@) (F(@), 0 € x ()

where x is the domain on which fx, . (z) is positive,
Croq = H%, Vi =k+ (n—1i)(m+1),
i=1

and for z € (0, 1),

gm(2) = ()
—In(1-2), m=-1.
The single moment generating functions (mgf) of gOSs can be obtained, for a > 1, from
(4) as

(a) C,_q

(t) = Ble!Frimm] = -1 /Ooo ¢ [F ()]~ f(2)gy, ' (F(x)) dw. (6)

Theorem 2.1. Let X be a random wvariable. Then for integers a such that a > 1, the
following recurrence relation is satisfied iff X has the cdf (1).

(a-1)  tx{®
t X o e rin;m; k
M(a) t _M(a‘) t — a E r,n,m,k’ 1_ )‘(Xr;n;m;k)
T;n;m;k( ) r—l;n;m;k( ) Q’Y'r /\/(Xr;n;m;k) €

(7)

+ eA(X'r;n;m;k) [1 _ efA(X'r; n; m,k)]19>] , M Z _1

Proof. If X has the cdf (1), then the mgf of the a* power of the 7" gOSs, X2, . .., is

given, from (6), as follows
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Integrating by parts, we obtain

MOl = S [T e (B g ()
Y (r =1 Jo
(T’ — 1) Cr—l /OO tx? [F(x)]’yrﬂfl f(l') riQ(F(l’)) dl‘ (9)
Vr (7” - 1)! 0 ‘ Im '
The second term in the right hand side is Mff)l;n; m: (1), SO we obtain
M(a) (a) atCT*1 - a—1 tx[ Yr o r—1
r;n;m;k(t) - Mrfl;n;m;k(t) = ~ (1) r € [F(Z’)] Im (F(I’))dl’ (1())
Y (r=1! Jo
By rewriting [F(z)]" = [F(x)] "' [F(z)], in (10), then making use of (3), we get
Mﬁan m k<t> - Mfi)l n;m k(t)
_ atc?"—l a—1 tx®[1 Yr—1 r—1 (1 — 6)\(@)
il P g (Pl 1+ Sy £@)] da
; 11)
CLtCT_l 00 ga—=ltx (1 _ 6)\(:0)) B R (
—= F Yr r F
s T P g (@) ) da
atCr /Oo 1 tzo[F 1 r—1
et | F(x)]" g, (F(z))dT
=1 [F (@) g5 (F ()

Since, [em) f(x;[;,_(z)_k(m)]l_g — 1] . So, we can rewrite (11) in the form

M(a m,k(t) - M1Ea—)l;n;m;k(t)

—1 (a)
KO X (1~ M)

E ;
DN C—

= 9’77'

e)\(z) f(:L‘) [1 _ e—/\(a;)]l—é)
O N ()

+L1'/ 2P (@) g (F () o
- JO

Yr(r — 1)

or equivalently,

M15:17)1; m; k(t) - Mﬁ‘i)l; n;m; k(t)

ryn;m;k e

N (XT; n;m; k)

+ atCyy /Oo @ etr" @) [ — g7 M @)]1-0
70 (r =1 Jo N ()

= nyr

[F ()]~ gp H(F(2)) f (=) da,
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which can be written as

M1£;a7)1; m; k(t) - Mﬁi)l; n;m; k<t>

a— (a)
at E X’I’(‘;R;L)’L;k‘ etXT;mm;k (1 — eA(XT;n;m;k))
N 0%“ X<Xr;n;m;k)
L at xen e X s A XKrimimii) [T — g M X mk)] 10
0 N (Xrinsmsk)

So, we have the result.

Conversely, if the characterizing Condition (7) holds, then from (10) and (11), we have

o [t e P (Pl da

Yr (r -1
T T (L) N
N O, (r—1)! /o N () [Fa(@)]" " gy, (F(2)) f(z) d (12)

CLtOT_l /OO —1 txr —1 —1
+ — e [F(x)]" g, (F(x)) de,
e | ) g ()

which can be written as

f(@) (1 = @)

Fla)-1- o\ (x)

dz =0. (13)

O [T e ) g ()

The extension of Miintz-Szasz theorem,[Hwang and Lin [9]] can be applied to obtain

(1 — er@)

F(a:) = 1+Wf($)

Remark 2.1. By differentiating both sides of Condition (7) with respect to ¢ and then

setting ¢t = 0, we obtain the following recurrence relation for single moment of gOSs

(a—1)

X
(a) _ (@) _ Y5 rin;m; k 1 — A Xrinimi)
:ur; n;m; k Iur—l;n; m; k 0 Y [)\/ (Xr;n; . k) ( e

+ eA(Xr;n;m;k) [1 _ e_A(X'r;n;m;k)]l_a)] , m Z _1’

where 71" = E[X©

rin;m; k r;n;m;k]'
If we set @ =1 in (7) and (14) we get
y [Xw—n X

Mfaimk(t) - Mgi)lnmk(t) = — T%”im;k e
o T Vr N (Xoimimik)

], m>—1, (1)
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(a) (a) ¢ X
o e 8 p| Drmmik | m > —1. 16
Hosmsms ke = Hr—tim;m: b Vr A (Xr;n;m;k) ( )

Egs. (15) and (16) agree with the results given by AL-Hussaini et al [5].
Remark 2.2. If we put m = 0 and k£ = 1 in (7) and (14), we obtain the recurrence

relations of 00Ss, [y, =n —r + 1 and X, . im;x = X, 5] in the form

t X(.afl) etXﬁ?zl
M@ @) = M@ (1) = a4 rin
r,n( ) r—1 n( ) 9(%—7’+1) )\/(Xr;n>
(17)
X <]_ _ 6/\(XT'; n) + eA(Xr; n) [1 _ e_A(XT; n)]l_9>] ,
(@) _ (@ a 5 XY (1 M) 4 MXrin) ] g=MXr )}1—9) (18)
1) _ ) — - —e ™n ™n _ ™n .
:ur,n ILL'I‘—l,TL 0 (n —r4 1) )\ (Xr;n)
Remark 2.3. If we put m = —1 and & = 1 in (7) and (14), oRVs, [y, = k and
Xoinmik = Xu(ry] we have
(a)
X(a—l) etXU(r)
(a) (a) _at U(r)
MU(T) <t> - MU(Tfl) (t) - 0 E \ (XU(T'))
(19)

% (1 — M Xum) + e Xue)) (1 _ e_/\(XU('r))> 10)] ’

a—1
(a) a X((J(S) ) NX AMX (X 1-0
(a) _ Bl —2% 1 - AMXuw) +e (Xu () (1 — e U(r))) ) (20)

e e = g P N Xug)

3. Characterizations Based on Recurrence Relations for Condi-

tional Moment Generating Functions of gOSs

The joint density function of the gOSs X, .. m. 1 and X .. , § > 1 is given by Kamps
[10], as follows

Cs1
fX(s;n;m;k)7X(T5"3m5k)(x’y) - (r=1!(s—r—1)

X f) [F@)]" [F@)] " fo) g (Fly) (2D

X [h(F(2)) = ha(F@)) " 2>y,
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—(1—2 m—+1
S mA L

hm(2) = (22)
—In(l —2), m=-1.

Using (4) and (21), the conditional distribution function of X (s; n; m; k) given X (r; n; m; k)
is given by

F(Xs5 s s WX s 5 s ) = y) = B f) [P o (F () = (),

where

(24)

Theorem 3.1. Let X be a random variable, r,s be two integers such that 1 <r < s <n,
m and k be real numbers such that m > —1, k> 1. Then for integers a such that a > 1,

the following recurrence relation is satisfied iff X has the cdf (1).

Mxea Xy (HY) — Mxa Xk ()

S;mym; s—1;n;m;
(a-1)  ¢x@
= at Xs;n;m;k: © et 1 _e)‘(Xs;n;m;k)
0 Vs )‘,<Xs;n; m;k) (25>
_|_ eA(Xs;n;m;k) [1 _ efA(Xs;n; m;k)]19> ’ Xr;n;m;k — y] .
Proof. From (23) we get
MX:;n;m;k‘XT‘;n;m;k(t|y)
(a)
— E[@tXS;mm;k|X7‘;n;m;k‘ — y]
(26)

=B [ F @ ) i (F) — b)) d

B
Vs

e P @) (G ] = FE],

where B is given by (24).
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Integrating by parts, yields

MXG« k'Xr,n,m,k(t|y)

s;n;m;

— a,l;sB /yoo 201 gt [F(x)]% [hm(F(x)) — hm(F(y))]s_r_l d

Cy_o [F(y)|Tm=r [ t BN Ys—1—1 s—r—2
G [ @ ) B (P = b (P

The second term in the right hand side is Mxa |x. .  (t|y), so we obtain

MXG k|Xr;n;m; k (t’y) - MXSafl; n;m; k‘X'r;n; m; k (t‘y)

am 0 . (27)
=2 [Tt R B (FE) ~ b))
By rewriting [F(z)]"* = [F(x)]~! [F(x)], in (27), then making use of (3), gives
Mxa Xk (1Y) = Mxa 5 (UY)
_atB [y sea ye—1 s—r—1 (1 _e/\(x))
- / o P i (P@) = b (PO 1+ Sy )] o
_atB [ ot te " (1 - @) o Nl o)) — =1 g
- / T @ @ () = () d
28 [Tt (B o (F) ~ (P d
y (28)

Since, [em) f(x;[;,_(z)_k(x)]l_g = 1] . So, we can rewrite (28) in the form

MXG k‘XT%’ﬂ;m? k (t|y) B Mngl; n;m; kIX”'i n;m; k (t|y)

s;m;m;

at Xs(?;ir)%k etxifi;m;k (1 _ eA(X‘S;TL;m;k))
- g Xo:n:m:
0s N (X nom: k) | X m;ms
at B 00 o e ) o
B / L [F ()] o (F(2) = o (F ()]
§ Y

X

@ f(z)[1 — e A@)]1-0
[ oN (z) ] d.
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Therefore,

MXQ leT,n,m,k(t’y) - MXG ‘X'r,n,m,k(t|y>

S;m;m; S—1;m;m; k
X(fl—.l). etXifi;m;k (1 _ e/\(XS;n;m;k)>
X(Xs;n;m;k:) | T k] (29)

- at
-0

at X‘gan_lrsz etxs(?’gl;m;k eA(Xs;n; m;k) []_ — efA(Xs;n;m;k)]lfe
+ I K I -
9’75 A (Xs;n;m;k)

| Xosnimik = y] :
So, we have the result.

Conversely, if the characterizing Condition (25), is satisfied, then from (27) and (28),

we have

Vs
atB /°° et (1 — @)
y N(z)

atB /OO 2 e [F ()] [hin(F () = ho(F(2))]* 7" da

=5

F@) [F@)] 7 han(F(2)) = b (F ()] d

alB - a—1 _tx® [ Ys—1 7)) — T s—r—1 x
+ 2 / e [F ()] [ (F(2)) = hon(F ()] da,

which can be written as

/ T D@ i (F@) = b (F(a) 7 | Fa) =1

Applying the extension of Miintz-Szasz theorem, we get

(1 — er@)

F(l‘) = 1+Wf(x)

Remark 3.1. By differentiating both sides of Condition (25) with respect to ¢ and then

setting ¢t = 0, we obtain the following recurrence relation for moments of gOSs

E[Xg;n;m;k|XT§n§m§k = y] - E[Xg—l;n;m;k|X7‘;n;m;k = y]

(a1

S;n;m;k A()(s'nrn ) )‘(Xsnmk')
; 1 — e\ Femimik) g Rsinims
A (Xsm;m;k) (

a
= E
Vs 0

1-6
X (1 - ei/\(XS;n;mm)> ’Xr;n;m;k =yYl, m Z —1.

(30)
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If we set # =1 in (25) and (30) we get

MX?; n;m; k‘X”“;"H m; k (t|y) - MX?*I; n;m; k|XT? n;m; k (t|y)

at X(a_l) etXS(?r)L; m;k (31)
- — s;nim;k |X7«;n;m;k:y 7 mZ—l,

Vs A (Xs;n m k:)
E[Xg;n;m;k|XT;n;m;k = y] - E[Xg—l;n;m;k|Xr;n;m;k - ?/]
= N v N IDArnymyk = , m~= —1.

Vs A (Xs;n;m;k> F y

Egs. (31) and (32) coincide with the result, given by AL-Hussaini et al [5].

Remark 3.2. If we put m = 0 and £ = 1 in (25) and (30), we obtain the recurrence

relations of 00Ss, [vs =n — s+ 1 and X, ..k = Xs.0n) as follows

Mxa 1x,..(ty) = Mxe | ix,..(tly)
at XD et X
_ sn 1_ A Xs:n) A Xsin) 1— —A(Xs;n)11-6 Xr'n — )
0(n—s+1) [ N (Xin) c T [1—e I R
(33)
E[Xsa;n|Xr;n =y - E[Xg—l;n|Xr;n =]
(34)

a / 1-60
=T N(xXu )| 1= e A Xen) (1 _ fA(Xs;m) pa—
-5t ’)< e ‘ [Xrin =

Remark 3.3. If we put m = —1 and k = 1 in (25) and (30), the following relations of
oRVs, [y, =k and X n;m;x = Xu(s)] can be deduced

MX{}(S) xo () (Hly) — MX(‘}(S_I)lXU(r) (t|y)

(a—1) tx® (35)

at [ Xge) et R B _
=gl (1-Mve) 4 M@ [] = A u@I0) X = y> )

e ey | - e
E[X(C}(sﬂXU(r) =y| - E[ngl‘XU(r) =]

(=D - (36)
_a Uls) MXu(9) 4  MXu(e) ( ~A(Xu (s )) _
=-F|————[1—-—e"ve) L U6 (1 —e () Xvwy =1y|-

4. Characterizations Based on Recurrence Relations for Product

Moments of gOSs
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Lemma 4.1. Mahmoud and Al-Nagar [13]. For every absolutely continuous function

o(x,y), integers 0 <r < s <n and real m,k ,k > 1
E|:¢<Xr;n;m;ka Xs;n;m;k>:| - E|:¢<Xr;n;m;k7Xsfl;n;m;k)]
8¢ z 3/ - -1
= Fx)|™g (F 37
T / | (@) F@)" g (F@) (37

% [ (F(y)) = b F@) " [F(y)edyde, 2> 0.

Theorem 4.1. Let X be a random variable with distribution F(x), Then for every contin-
uous function ¢(x,y), some integers 0 < r < s <mn and real m, k with k > 1,k +m > 0,

the following recurrence relation is satisfied iff X has the cdf (1)

E |:¢<Xr;n;m;k7 Xs;n;m;k)] —F |:¢)(X'r;n;m;ku Xs—l;n;m;k>i|

1
= E|:£<XrnmkaXsnmk>]7
07, ik R

(38)

where

£(a,y) = lﬁﬁ/(x,y) (1 _ AW 4 A0 eA(y)]lG)]. (39)

Proof. From (37) and (3), we have
E |:¢<Xr;n;m;k7 Xs;n;m;k)] - F [¢(Xr;n;m;ka Xsfl;n;m;k>:|

~ i) [ S e g )

(1 — e W)
OX ()

X [hn(F () = hn(F@)] " [F)P |1+ f)]dyd,

or equivalently,

E|:¢<Xr;n;m;k7Xs;n;m;k>] - E|:¢<Xr;n;m;k;Xs—l;n;m;k>i|

. aquy ) (1—e®) 0( o \]m -1
S It A o) T @ F@I g (@)

X [hn(F(y)) = hn(F (@) [F(y )]Wlf( ) dy dx (40)

Cs—2 0¢xy B I
+(7”—1'(S—r—1 / / () [F'(2)]™ gy (F(2))
)

X [ (F(y)) = han (F( S”[F(y)]sldydx
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The right hand side of (40) can be written as

it [ (B G ) ) gy (R

< T (F(0) = (P [P 1f( )y o
41
— / LD ) [P g (F ) W

(r—1)! (3 —r—1)!
W f(y) 1 — eV

+

]dy dx.

Eq. (41), can be written in the following form

1 m r 1
i [ e P F@) "
< () = b F@)F ™ PP £(2) £) dy

where £(z,y) is given in (39). We get

1
0 s

E[S <Xr;n;m;k>X5;n;m;k>]' (43)

Using (39) in (43), the result is proved. Conversely, if the characterizing Condition (38),
m > —1 is satisfied, then from (37) and (40), we get

e [ S e Fer e ()

X [ (F'(y) = ()77 1[F( )" dy dx

st [ (AR O iy P g ()

m
< raF) ~ n(FG) (PP 1f(y) bydo
t oo [ T e PE e ()

x [hm<F<y>> ~ b F(@))) 1[F<y>w Ly,
which can be written as
[ ] 25 ) (PG g () o (F ) — i ) (F )

Fly) (1 =)
IV y)

X |Fy)—1—

] dydx = 0.
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After simplifying we obtain

Setting # = 1 in (38) gives

(45)

E |:¢ (X’I‘,nﬂﬂ,k? Xs,n,m,k)] - FE [¢ (X’r‘,n,m,k7 Xs—l,n,m,k)i|

1
= E|:77<XrnmkaXsnmk) ;
07, s e,

where n(z,y) =

Remark 4.1. If we put m = 0 and k = 1 in (38), we obtain the recurrence relation of

008Ss, [vs =n— s+ 1 and X, . m.x = X;.4) as follows

o ()] - o (01

1

= gy LX) |

(46)

Remark 4.2. If we put m = —1 and k£ = 1 in (38), we obtain the recurrence relation of

oRVs, [vs = k and X, 5.1 = Xy(s)] as follows
E[¢(XU(T), XU(S))] - E[¢<XU(T), XU(5—1)>} = %E[ﬁ <XU(T)7XU(5))] (47)

Remark 4.3. If we choose ¢(x,y) = 2%y®,a, b > 0, then the relations (38), (46) and
(47) become

(a) (b-1)
(a,b) (a,b) b B [Xr;n;kaS;n;m;k (1 _ M Xsinimik)

:ur;s;n; m;k Nr;s—l;n; m;k

978 )‘,(Xs;n;m;k)
(48)
_I_ eA(Xs;n;m;k) [1 _ e_A(XS?mmﬂ‘:)]l_e)] , M Z _1
(a) 5 (b=1)
(ab) _, (ab)  _ b p| X Xsin [0 AXan) 1 Mesn) [] oM (Xen)1-0
:ur;s;n Mr;s—l;n 6 (TL — 54+ 1) [ )\,(Xs;n) € +e [ € ] :
(49)
X(a) X(b—l)
(ap) _ (ab) QE TUM) UG 1 — M Xu(s) AMXys) [1 _ o~ MXus))1-0
J T Myl = ; e +e 1—e ) . (50
; j—1 0 [ A (XU(s)) [ ] ( )

If =1 in Eq. (49) coincides with the result, given by AL-Hussaini et al [6].
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The following table (1) gives some distributions with proper choice of A\(x) as examples
on Theorems (2.1), (3.1) and (4.1).
Table (1) examples of cdf (1) distributions

Distribution cdf A(z)
exponentiated linear failure rate | [1 — e~(azts “"2)]9 (ax + gxz), a,b>0, x>0
exponentiated Weibull 11— e‘o‘f"’ﬁ]e az?, o, z, >0

exponentiated Rayleigh 11— e“”Q]@ ax? x,a>0

exponentiated exponential [1—e@2)f ax, r,a>0
exponentiated modified Weibull [1— e ae’erm]o ar’e’® x,a>0, 5,7>0
exponentiated Gompertz [1— e~ e =)0 S =1), z,a>0,c>0

exponentiated Burr Type XII [1— (14 27)=) aln(l+2%), =, a, 3>0

exponentiated Lomax 1—(1+Bz))f aln(l+pz),z, o, >0
exponentiated Pareto 1—(1+x)9) aln(l+z), z,a>0
exponentiated Gamma l—e*(1+an)| ar—In(l+az), 7, a >0

5. Conclusions

This paper deals with the generalized order statistics based on exponentiated family of
distributions. Recurrence relations for moment, conditional moment generating functions
and product moments are derived. These recurrence relations are used to characterize

this family.
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