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Abstract. Let G = (V,E) be a (p,q) graph.
Define

g, if p is even

-, if pisodd
and L = {41,42 43 --- +p} called the set of labels.
Consider a mapping f : V — L by assigning different labels in L to the different elements of V when p is even
and different labels in L to p-1 elements of V and repeating a label for the remaining one vertex when p is odd.
The labeling as defined above is said to be a pair difference cordial labeling if for each edge uv of G there exists

a labeling | f(u) — £(v)| such that ’Aﬁ —Age

< 1, where Ay and Age respectively denote the number of edges
labeled with 1 and number of edges not labeled with 1. A graph G for which there exists a pair difference cordial
labeling is called a pair difference cordial graph. In this paper we investigate the pair difference cordial labeling
behaviour of some graphs like slanting ladder SL, , mobius ladder M,, , triangular ladder T'L,,.
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1. INTRODUCTION

In this paper we consider only finite, undirected and simple graphs.The concept of cordial
labeling was introduced by Cachit[1]. In the similar line the notion of pair diference cordial
labeling of a graph was introducedin [4]. The pair difference cordial labeling behavior of
several graphs like path, cycle, star, wheel,triangular snake,alternate triangular snake, butterfly
etc have been investigated in [4,5]. In this paper we investigate the pair difference cordial
labeling behavior of some graphs like slanting ladder SL,, , mobius ladder M,, , triangular ladder
TL, ,M,®2K;,SL,®2K;, , TL,®2K;. Terms not defined here are follow from Gallian[2]
and Harary[3].

2. PRELIMINARIES

Definition 2.1. [4]. Let G = (V,E) be a (p,q) graph.
Define
’2—’, if p is even
p =
2

el ifpisodd

and L ={£1,£2,£3,--- . +p} called the set of labels.

Consider a mapping f :V — L by assigning different labels in L to the different elements
of V when p is even and different labels in L to p-1 elements of V and repeating a label for
the remaining one vertex when p is odd. The labeling as defined above is said to be a pair
difference cordial labeling if for each edge uv of G there exists a labeling |f(u) — f(v)| such

that

Afl _Aff

< 1, where Ay, and Aye respectively denote the number of edges labeled with
1 and number of edges not labeled with 1. A graph G for which there exists a pair difference

cordial labeling is called a pair difference cordial graph.

Definition 2.2. [3]. The subdivision graph S(G) of a graph G is obtained by replacing each

edge uv by a path uvw.
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Definition 2.3. [2]. The graph G| ® G, is the graph obtained by taking one copy of G and n
copies of G and joining the i'" vertex of G| with an edge to every vertex in the i'* copy Go,

where G is graph of order n.

Definition 2.4. [3]. The ladder L, is obtained from two copies of the paths aya;---a, and
b1b, - - - by, by joining each a; with b;,1 < i < n.Clearly L, has 2n vertices and 3n — 2 edges.
That is V(L) = {ai,b; : 1 <i<n} and E(L,) ={a;ib; : 1 <i<n}U{aiajt1,bibiy;:1<i<
n—1}

Definition 2.5. [2|. The slanting ladder SL, is obtained from two copies of the paths
ayaxas - --a, and b1bybs - - - by, by joining each a; with bi1 1,1 <i <n.
That is V(SLn) = {a,‘,bi 1 <i< l’l} , E(SLn) = {aiai+1,b,~bi+1 1<i<n— 1} U{ain_l 1<

i <n—1}. Itis easy to ver that SL, has 2n vertices and 3n — 3 edges.

Definition 2.6. [2]. The mobius ladder M, is obtained from the ladder L, by joining the vertices
ay with b,, and a, with by.
That is V(M,) = {a;,b;: 1 <i<n}, E(My) ={aiai+1,bibi+1: 1 <i<n—1}U{ab;: 1 <i<

n}U{a\bp,a,b;}. Note that My, has 2n vertices and 3n edges.

Definition 2.7. [2|. The triangular ladder TL, is obtained from the ladder L, by adding the
edges aibji1 for1 <i<n—1.

Obviously TL,, has 2n vertices and 4n — 3 edges.

Thatis V(TL,) ={ai,b;: 1 <i<n}, E(TL,) ={aiai+1,bibit1:1 <i<n—1}U{abiy; : 1<

i<n—1}.

3. MAIN RESULTS

Theorem 3.1. The slating ladder SL,, is pair difference cordial for all values of n > 2.
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Proof. Take the vertex set and edge set from definition 2.5. There are two cases arises.

Case 1. n is even.

Assign the labels 1,2 to the vertices ay, a; respectively and assign the labels —3, —4 respectively
to the vertices az,as. Next assign the labels 5,6 to the vertices as,ag respectively and assign
the labels —7, —8 respectively to the vertices a7, ag.

Proceeding like this until we reach to the vertex a,.Secondly assign the labels —1,—2 to the
vertices by, b, respectively and assign the labels 3,4 respectively to the vertices b3, bs. Next
assign the labels —5, —6 to the vertices bs, bg respectively and assign the labels 7, 8 respectively

to the vertices b7,bg. Proceeding like this until we reach to the vertex b,,.

Case 2. n is odd.

As in case 1, assign the labels to the vertices a;,b;,1 <i < n— 1. Next assign the labels n, —n
respectively to the vertices a,, b, when n =3 (mod 4) and assign the labels —n, n to the vertices
an,by whenn=1 (mod 4).

The Table 1 given below establish that this vertex labeling f is a pair difference cordial labeling
of SL,,n > 2.

1

Nature of n | A e A,

. 3n—3 | 3n—1
n1s even 5 >
: 3n—2 | 3n—2
nis odd == 55T
TABLE 1

Theorem 3.2. The mobius ladder M,, is pair difference cordial for all values of n > 2.

Proof. Take the vertex set and edge set from definition 2.6.There are four cases arises.
Case 1. n=0 (mod 4).
Subcase 1. n = 4.

Assign the labels —1,—2, -3, —4 to the vertices ay,a», a3, a4 respectively and assign the labels
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1,2,3,4 respectively to the vertices by, bs,b3,b4.

Subcase 2. n > 4.

Assign the labels —1,—2,—3,---,—n to the vertices aj,as,a3,---,a, and assign the labels

1,2,3,--- "+2 respectively to the vertices by, by, b3, - bn+2 Now assign the labels "+6 n—0—2107

#,---,n—l respectively to the vertices bm,bm,bﬂ,---,biﬂ and n,n — 2,n —
1

4. .. n+8 n+4
)

e respectively to the vertices b3n+4 b3n+8 b3n+12, - by_1,by.

Case2.n=1 (mod 4).
Subcase 1. n = 5.
Assign the labels —1,—-2, -3, —4, -5 respectively to the vertices aj,a»,a3,as,a5 and assign

the labels 1,2,3,4,5 to the vertices by, b>, b3, b4, bs respectively.

Subcase 2. n > 5.

Assign the labels —1,—2,-3,.--, —n respectively to the vertices ay,a,as,---,a, and as-
sign the labels 1,2,3,--- ,% to the vertices by,by,bs3,-- ,b% respectively. Now assign
the labels #’%ﬁ?%,... ,n respectively to the vertices bm,bm,bﬂ7--- ,b% and
n—1,n—3,n—5,--- "J2“7 ”f respectively to the vertices b3n+5 b3n+9 b3n+13, - by_1,by.

Case 3. n=2 (mod 4).

Assign the labels —1,—2,—-3,.---,—n to the vertices aj,ap,as,---,a, respectively and

assign the labels 1,2,3,--- ,% respectively to the vertices by,by,b3,--- ,baia. Next as-
2

sign the labels &67n+210,n+214 --,n respectively to the vertices bm,b@,bﬂ,“' ,b%

andn—1,n—3,n—5,---, ”38 ";4 respectively to the vertices b3n+6 bzn+1o bzn+14, - by_1,by.

Case4. n=3 (mod 4).
Assign the labels —1,—2,—3,--- ,—n to the vertices a;,az,as, - ,a, respectively and assign
the labels 1,2,3,--- ,”2i1 respectively to the vertices by,by,b3,--- ,b%. Lastly assign the

labels #,%,%,m ,n — 1 respectively to the vertices bni3,bnis,bniz, - ,banss and
2 2 2 4
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nyn—2,n—4,-- L 153 respectively to the vertices b7, bt ,bansis, -+, by—1,by.
2 1 7

The Table 2 given below establish that this vertex labeling is a pair difference cordial labeling

of M,, for all values of n > 2.

Nature of n Ap | Age
n=0 (mod4)| 3 | &
n=1 (mod 4) 3n2—l 3n2+1
n=2 (mod 4) 37” 32"
n=3 (mod 4) | -1 | 3t

TABLE 2

Theorem 3.3. The triangular ladder TL,, is pair difference cordial for all values of n > 2.

Proof. Take the vertex set and edge set from definition 2.7. Assign the labels 1,2,3,---.n
to the vertices ay,ap,as, - ,a,. Finally assign the labels —1,—2,—3,--- —n to the vertices
b1,by,b3,--- ,b,. This vertex labeling gives that TL, is pair difference cordial,since Af] =

m—2,Afi=2n—1.

Theorem 3.4. M,, © 2K is pair difference cordial for all values of n > 2.

Proof. We use the vertex set and edge set of the mobius ladder M,, from the definition 2.6.

Let V(Mn ©O) 2K1) = V(Mn) U {xi,yi,ui,vi 1 < i < n},E(M,, ® 2K1) = E(Mn> U
{aixi,ajui,bvi,biy; : 1 <i<n}.Clearly M,, ® 2K, has 6n vertices and 7n edges.
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Case 1. n=0 (mod 4).

Define amap f:V(M,®2K;) — {£1,£2,--- ,£3n} by

flar) =2,

fOn) =3,

flai) = flai-1) +3,

fxi) = flxio1) +3,

fOi) = Fic)+3,
flawms) = flaz)+2,

fosnga) = floesn) +4,
f(ymea) = f(yan) +3, f(@snsaica)
f(anssiza) = f (Xansa) 431,

S(anesies) = f(yamea) + 31,

f(bi) = —f(ai),
fui) = —f(x),
fi)=—f(i),

Case2.n=1 (mod 4).

Define amap f:V(M, ®2K;) — {£1,£2,---
f(al) =2,
f(yl) =3,

l<icz?
S 4
n—4
1<i<
_l_ 47
1<i<n,
1 <i<n,
1<i<n
,+3n} by
f(x1)
3n+1
2
i < 1
) l§3n+l,
4
) l<3n+1

6111
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flass) = flama)+2,
fans) = f(xamn) +4,
S(yamgs) = fyame) +3,
flasmsaiss ) = flasg) +3i,
fanisiss ) = f (Xanr) 431,

Smsie) = f (yaner) + 31,

f(bi) = = [f(ai),
Sfui) = = f(x),
fi) = =1 (i),

Case 3. n=2 (mod 4).

Define amap f:V(M, ®2K;) — {£1,£2,---

flar) =2

fOn) =3,

flai) = flai-1)+3,

fi) = flxio1) +3,

o) =fi-1)+3,
flana) = flanz)+2,

7

f(xame2) = f(x3m2)+4,

4 1

fma) = f(yauz)+3,
f<a3n+2¥i+2) = f(a#) + 3i,
f(X3n+ji+2) = f()C%n%z) + 3i,

f(y%ﬁ)Zf(yzn%z)Jr%,

,+3n} by

3n—2
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f(bi) = —f(ai),
fui) = —f(xi),
fvi)=—f),

Case4. n=3 (mod 4).

Define amap f:V(M, ®2K;) — {£1,£2,---

f(al) =12,
f) =3,
flai) = flai—1) +3,

Fleaga) = ) +4

flamesies) = flazm) +3i,
fxsnesies) = fxamo) + 31,
S ) = f(ya1) +3i,
f(bi) = —f(ai),
flui) = —f(xi),
fi) ==,

1<i<n—1,
1<i<n—1,
1<i<n-—1.

fun) = —f(an),

,+3n} by

6113
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The Table 3 given below establish that this vertex labeling f is a pair difference cordial labeling

of M,, ® 2K, for all values of n > 2.

Nature of n | Ap | Age
n=0 (mod 4)| 2 o
n=1 (mod 4) | Iotl | In1
n=2 (mod4)| 2t | I
n=3 (mod 4) | 1ol | In-l

TABLE 3

Theorem 3.5. SL, ® 2K is pair difference cordial for all values of n > 2.

Proof. Take the vertex set and edge set of the slanting ladder SL,, from the definition 2.5.
Let V(SL, ® 2K;) = V(SL,) U {x;,yi,uj,vi : 1 < i < n},E(SL, ® 2K;) = E(SL,) U
{aixi,ajui,bvi,b;y; : 1 <i<n}. Clearly SL, ® 2K; has 6n vertices and 7n — 3 edges.

Case 1. n =0 (mod 4).
Define amap f: V(SL, ®2K;) — {£1,£2,--- ,+3n} by

flar) =2, fla) =1,
fn) =3,

Fla) = flai 1) +3, r2<ic MY
Fx) = Fxio1) +3, 2<i< 3"4_4,
1) = F0i-1) 43, r<ic MY
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flasmp) = flam) +3i,
fanai) = f (s ) + 30,

S(anear) = f(yan) + 30,

f(bi) = —f(ai),
fluwi) = —f(xi),
fvi) =—=f),

Case2. n=1 (mod 4).

Define amap f: V(SL, ©®2K;) — {+1,£2,---

flar) =2,

fon) =3,

flai) = flai-1) +3,

fxi) = f(xie1)+3,

fOi) = fie1) +3,
flazma) = flamns)+2,
fes) = floas) +4,

f(ya) = fyas) +3,

flamesiar) = flama) +3i,
fxsnesiar) = f(xama ) + 31,
Smsie) = f(yane) +31,
f(bi) = —f(ai),
flui) = —f(xi),
fi) ==,

IN
IN

—
IA
IA
IS AIS AIS

IN
IN

N
N
3

,+3n} by

6115
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Case 3. n=2 (mod 4).

Define amap f: V(SL, ®2K;) — {£1,£2,-

fxi) = fxie1) +3,
i) = f(yi-1)+3,
flazma) = flamz)+2,
fleamp) = fxam2) +4,
fma) = f(yaz)+3,
flamsn) = flama)+3i,

f(X3n+£ti+2) = f(X3n47+2) + 31,

Smeaia) = f(ya2) + 31,

f(bi) = —f(a),
f(ul) = _f(xl)7
fvi) =—=f(i)s

Cased4. n=3 (mod 4).

Define amap f: V(SL, ©®2K;) — {£1,+£2,--

,+3n} by

,+3n} by

flx) =1,
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@) = flai1)+3, 2<ic
F6) = i) +3, 2<ic ¥
F0i) = 1) 43, 2<i< M2
flazmea) = flams) +2,
fxagr) = flrames) +4,
fmea) = f(yas) +3,
flamssn) = flasms) +3, 1§i§”;7,
f(nsgr) = f(xsa) + 3, 1zis
S(yameair) = f(yans) + 31, 1§i§n;7a
f(bi) = —f(ai), 1<i<n—3,
fui) = —f(x:), 1<i<n,
fvi) =—=f(i), 1<i<n,
f(bn—2) =—f(an) f(bn-1) = —f(an-1),

f(bn) — _f(an—Z)-

The Table 4 given below establish that this vertex labeling f is a pair difference cordial labeling

of SL,, ® 2K for all values of n > 2.

Nature of n Af | Age

=0 (mod 4) 7n2—4 7n2—2

n=1 (mod 4) 7”2_3 7"2_3

n=2 (mod 4) 7”{2 7”2’4

n=3 (mod 4) | o3 | In3
TABLE 4
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Theorem 3.6. 7L, © 2K is pair difference cordial for all values of n > 2.

Proof. We use the vertex set and edge set of the triangular ladder T L, from the definition 2.7.
Let V(TLn @2K1) = V(TLn) U {xi,y,-,u,-,vi 1 <i< n},E(TLn @2K1) = E(SLn) U {aix,-,aiu,-,
bivi,biyi : 1 <i<n}. Clearly TL, ® 2K, has 6n vertices and 8n — 3 edges.

Define amap f:V(TL,®2K;) — {£1,£2,--- ,£3n} by

flar) =2, fla) =1,
fn) =3,

flai) = flai-1) +3, 2<i<n-—1,
fxi) = fxim1)+3, 2<i<n—1,
FOi) = fi-1)+3, 2<i<n—1,

f(an) = f(anfl) +2,
f(xn) = f(xnfl) +4,

FOn) = f(yn-1) +3.f(bi) =—f(a;),1 <i<n,
fui) = —f(xi), 1<i<n,
fi) =—=fi), 1<i<n.

Clearly Af} =4n—2,Af1¢ =4n— 1, this vertex labeling gives that TL,, ® 2K is pair difference

cordial for all values of n > 2.

O

Theorem 3.7. The subdivision of triangular ladder TL,,S(TL,) is pair difference cordial for
n>2.

Proof. Let V(S(TLy)) = {ai,bi,u; : 1 <i<n}U{vix,yi:1<i<n—1} and E(S(TL,)) =

{aixi,biyi,viyi : 1 <i<n—1}U{wa;,ub;: 1 <i<n}U{xiair1,yibit1,vibi+1:1 <i<n—1}.
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Case 1. n is odd.

Define amap f:V(S(TL,)) — {£1,£2,---,£3n—1} by

fla) =2i—1,
fxi) = 2i,
fw) = flay)+2i,
flunmgimr) = = f (w),

fvi) =2n+2i,

f(V%) =—(2n+2i-2),

f(bi) = —f(ai),

fOi) =—Fx),
fn—1) = f(va-1)

f(un) = 2n.

Clearly Af; = Afi€ = 4n — 3, this vertex labeling yields that S(T'L,) is pair difference cordial

for all odd values of n > 2.

Case 2. n is even.

Define amap f:V(S(TL,)) — {£1,£2,--- ,4£3n—2} by

flaj)=2i—1,
f(xi) - 217

f(ui) = f(an) +2i,

fungia) = = f (i),

fvi) =2n+2i,
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f(V%) =—(2n+2i-2),

fi) = —f(x),
fn1) = f(va-2)

1<i<

Clearly Af; = Afi€ = 4n — 3, this vertex labeling yields that S(T'L,) is pair difference cordial

for all odd values of n > 2.

O

Theorem 3.8. The subdivision of slanting ladder SL,, S(SL,) is pair difference cordial forn > 2

Proof. Let V(S(SLy)) = {ui,vi,xi : 1 <i<n}U{ap,bj: 1 <i<n-—1} and E(S(SL,)) =

{aiui,aix,-,bivi 01 S i S n— 1} @) {uiai+1,v,~bl~+1,x,~b,~+1 01 S i S n— 1}

Case 1. n=0 (mod 4).

Define amap f: V(S(SL,)) — {£1,£2,---, £} by

f(a,') =2i— 1,

f(ul) = 217

f(a%) =n+4i—1,
f(a%) =n+4i+1,
Fluniza) = n+4i=2,
f(u%) =n+4i+2,

flxi)=2n+i—1,

floengeai) = = f(x),

f(xn) =2n.

IN
IN

IN
IA

VAN
IA

IN
IN

IN
IN

IN
IA

N RS RS RIS PRSI NIS NS

3
|

IN
IN
S
[ \®)
[\) ~

)
IA
IN

)
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Case2.n=1 (mod 4).
Define amap f: V(S(SL,)) — {£1,£2,---,£223} by

fla) =2i—1, 1<i<"L
Flu) = 2i, 1<i<™TL
flawa) =n+4i-1, 1§i§”2%
flang) =n+4i+1, 1§i§”;{
Flunigr) = n+4i=2, 1§i§n;1,
Fltngir) = n-+4i+2, 1§i§n;5,
Fxi)=2n—+i—1, 1§i§n;1,
Flrnyn) = 1 (x), 1<i<t
Case 3. n=2 (mod 4).
Define amap f: V(S(SL,)) — {£1,£2,--- ,j:5"2_4} by
Flai) = 2i—1, 1<i<?,
Fur) =2i, 1gzgg,
fl@uga) =n+4i-1, 1§i§n;2,
flangus) =n+4i+1, 1§i§”;%
flunya) =n+4i-2, 1§i§";%
flungus) =n+4i+2, 1§i§";€
Fxi)=2n—+i—1, 1§i§n;2,
flangs) =~/ () 2<ict

f(xn) =2n.

6121
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Case4.n=3 (mod 4).
Define amap f: V(S(SL,)) — {£1,£2,---,£223} by

Flai)=2i—1, 1<i<"L
Flui) = 2i, 1§i§”;1,
flanya) =n+4i-1, 13:5"13,
flans) =n+4i+1, 131‘3”;3,
flungr) =n+4i-2, 1§i§";3,
Fltngier) = n+4i+2, 1§i§n13,
Fla)=2n+i—1, 1<i<t—,
Fltumgon) = £, 1<i<" L

From the above four cases ,clearly Af; = Af; = 3n— 3. This vertex labeling yields that S(SL,)

is pair difference cordial for all values of n > 2.

O

Theorem 3.9. The subdivision of mobius ladder M,,, S(M,,) is pair difference cordial for n > 2

Proof. LetV(S(My)) = {ui,vi,zi: 1 <i<n}U{x;,yi: 1 <i<n—1}U{ai,a}1 and E(S(M,)) =
{uixi, xiui g1, viyi, yivier 1 1 <i <n—1}U{uizg, vizi - 1 <i<n}U{uar,ayvy,azvi,a0u, }.Clearly

S(M,) has 5n vertices and 6n edges. There are two cases arises.

Case 1. n is odd.

Define amap f: V(S(M,,)) — {&1,42,--- 7i5n2_1} by

flu) =1, flug) =3,
fluz) =4, fn)=-2,
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f(Vl) = _la
f(xZ) = 57
flay) = —2n,

fuzivr) = f(uziz1) +4,
fluziva) = f(u2i) +4,
f(ipr) = fxaio1) +4,
f(xait2) = f(x2i) +4,
i) =fvie1) =2,
fOi) = fie1) =2,
f(zi) =2n+1+1,

f(zump) = = f(2),

f(xl) =2,

Clearly Af; = Af1¢ = 3n, this vertex labeling yields that S(M,,) is pair difference cordial for all

odd values of n > 2.

Case 2. n is even.

Define amap f: V(S(M,)) — {£1,£2,--- , &%} by

flur) =1,
fluz) =4,
fv) =—1,
f(x) =5,
flar) = —2n,

flu) =3,
fn) =-2,
f(xl) =2,

f(aZ) = 2”7
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fluaiy1) = fugi1) +4, 2§i§n54,
f(uaiv2) = f(uzi) +4, 1§i§n;2,
Flon) = 1) +4 1<i<"?
f(x2i42) = f(x2i) +4, 1§i§n;4,
Fi) = f(vie1) =2, 2<i<n,
FOi) = fie1) =2, 2<i<n—1,
flz) =2n+1+i, 1<i<?,
f(Z%%):—f(Zi); lgzgg.

Clearly Af; = Af1¢ = 3n, this vertex labeling yields that S(M,,) is pair difference cordial for all

even values of n > 2.
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