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Abstract. This paper studies qualitative properties such as existence-uniqueness of solutions for nonlinear bound-
ary value problems involving y-Caputo fractional derivative. Comparison result is proved for differential equations
involving w-Caputo fractional derivative. Monotone iterative technique coupled with method of lower-upper solu-
tions is used to establish the existence and uniqueness of solutions for nonlinear boundary value problems involving
y-Caputo fractional derivative.
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1. INTRODUCTION

Theory of fractional differential equations occur frequently in different research areas and
engineering, such as Chemistry, Biology, Physics, fields of control, electromagnetic etc.(see in
[12, 15, 19, 21]). Literature includes several collection of work on distinct fractional derivatives
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Riemann-Liouville [12, 21], the Caputo [22], the Hadamard [1] and the y-Caputo derivative
and integrals [2, 3, 4, 5]. During last decade, many researchers paid attention to the study of
existence and uniqueness of solutions of initial value problems [6, 8], boundary value problems
[2, 10] for nonlinear fractional differential equations . On the other hand, monotone iterative
method combined with the method of upper and lower solutions for nonlinear fractional differ-
ential equations have been used by several researchers [6, 13, 14, 16, 17, 18, 23].

In 2020, Derbazi et al. [7] developed monotone iterative technique to study the existence and
uniqueness of solution for initial value problem of nonlinear fractional differential equations
including y-Caputo derivative. Dhaigude et. al. [11] have proved the existence and uniqueness
of solution of nonlinear boundary value problems for y-Caputo fractional differential equa-
tions by applying monotone iterative technique. Abdo et. al. [2] investigates the existence
and uniqueness of solutions of boundary value problems for y-Caputo fractional differential
equations.

Motivated by their works, we consider in this paper, the existence and uniqueness of solu-
tions of the following nonlinear boundary value problems [BVP] involving y-Caputo fractional

derivative

CDZ;wz(r) = f(r,z(r)), reJ=]la,b],
(1.1)

where CDf; 2V is the w—Caputo fractional derivative of order 0 < u <1, f:JxR = Risa
given continuous function and a*,b* € R. Monotone iterative technique combined with cou-
pled lower-upper solutions is developed for nonlinear BVP (1.1) and qualitative properties of
solutions such as existence-uniqueness are obtained.

The rest of the paper is organized as follows: In second section, some basic definitions and
useful lemmas are given. In third section, lower-upper solutions of boundary value problem for
y-Caputo fractional differential equation are introduced. Monotone technique is developed and

successfully applied to obtain existence-uniqueness of solution of nonlinear BVP (1.1).



6310 J.A. NANWARE, MADHURI N. GADSING

2. PRELIMINARIES

In this section, we deduce some preliminary results required in the next section to attain
existence and uniqueness results for nonlinear BVP (1.1) involving y-Caputo fractional deriv-
ative. Let J = [a,b], where 0 < a < b < o, be a finite interval and y : J — R is an increasing

differentiable function such that y’'(r) # 0,for all r € J.

Definition 2.1. [4] The left-sided y-Riemann-Liouville fractional integral of order 1 > 0 for

an integrable function z : J — R with respect to function  is defined as follows

1Y) = o [ VOO -y s
where I'(.) is the gamma function.

Definition 2.2. [4] Let n € N and let v,z € C"(J,R) be two functions. The left-sided y-
Riemann-Liouville fractional derivative of function z of order n —1 < U < n with respect to

another function y is defined by

1 d\" ,_
D¥el) = (i g2 ) 100

1

_ 1 i noer S P — wi(s) -1 $)ds
~ ot (o) [ VOO vor s as

where n =[] + 1 and [i] denotes the integer part of the real number L.

Definition 2.3. [4] Let n € N and let y,z € C"(J,R) be two functions. The left-sided y-Caputo
fractional derivative of z of order n — 1 < U < n with respect to another function y is defined

by

_ 1 4d\"
C LW n—p,y
Da7L 2(r) Ia+ (l///(r) dr) (r),

where n =[]+ 1 for u ¢ N, n=p for u € N.

To simplify notation, we will use the abbreviated symbol

IRE
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From the definition, it is clear that

gy n—p—1_[n| .
2.1 CDZJJ.WZ(}’): ﬁ/a W(S)[l//(r)—l//(s)] H Iqu (S)dS, if ugN

(), if peNl.
Note that if z € C"(J,R) the y-Caputo fractional derivative of z(r) of order u is defined in terms

of left-sided y-Riemann-Liouville fractional derivative as

N R N TR _n_lzgﬁ(“) B k
D Pz(r) =D, ;" |z(r) k;) T [y (r) —w(a)]"|.

Lemma 2.1. [4] Let u,v > 0, and z € L'(J,R). Then
MY Ye(r) =1""VYz(r)ae., re .
In particular, if z € C(J,R), then I"VIV-Yz(r) = I*TV-¥z(r), r € J.

Lemma 2.2. [4] Let u > 0. The following holds:
Ifz(r) € C(J,R) then

‘DEVIMY(r) =z(r), reJ.
Ifze C"_I(J,]R), n—1<u<n, then

. n—1 Z[k] (a)
VDY e(r) =2(n) = Y, =

lw(r)—w(a)f, rel.

Lemma 2.3. [12] Forr > a, u > 0, and v > 0, we have

(1) LY 0) = w(@)] ™ = i v () — yl@)]
(2) DY [w(r) — w(a)]" ™ = w5 [w(r) — ya)) !

r
(3) DY [w(r)— w(a)* =0, forallk € {0,1,....n—1}, n € N.

[
[

Lemma 2.4. [2] If 4 > 0 and z,y € Cla,b), then

(1) If;w(.) is linear and bounded from Cla,b] to Cla,b].

(2) I':Yz(a) =lim 15V 2(r) = 0.

Definition 2.4. [12] The one-parameter Mittag-Leffler function E,(.), is defined as

oo k

Eu(z) = Z

/7 1 1\’ ZER,,U>0 )
= T(uk+1) ( )
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and the two-parameter Mittag-Leffler function E,, v (.), is defined as

oo k
Z
Eyviz) =) =——,(zeR,u,v>0).
Theorem 2.1. (Weissinger’s fixed point theorem)[9] Assume (A, p) to be a non empty complete

metric space and let 0; for every i € N such that Z 0; converges. Furthermore, let the mapping
i=0
T : A — A satisfy the inequality

p(Ti)C, le> < 91P (X,y),

foreveryi e Nandeveryx,y € A. Then T has a unique fixed point x*. Moreover, for any xo € A,

the sequence { T"xo}:i1 converges to fixed point x*.
3. MAIN RESULTS

In this section, we develop monotone iterative scheme and prove the existence and uniqueness

of solution of the nonlinear BVP (1.1) involving y-Caputo fractional derivative.

Lemma 3.1. [2] Letn—1 < pu <n, g€ C(J,R) and y is increasing and W' (r) #0, forall r € J.
A function z(r) € C"|a,b] is a solution of the fractional boundary value problem
‘DVa(r)=g(r),  red,
zgﬁ(a) = Zf,, k=0, 1,2,...n—2;z£ﬁ_1](b) =2,

where Z’;, zp € R, if and only if z(r) satisfies the following fractional integral equation

n—2 _k a o a —n+1
)= X, 21wir) - plat+ |2 SOWOYOP ) - yiap

r)—w(a)]* ! b
N (Il[lf(l))!r(lft(—)r]l+1)/a v (s)[w(b) — w(s)[* "g(s)ds

i | YOO - ver ) as

Lemma 3.2. For a given g € C(J,R) and u € (n— 1,n), with n € N. A function z(r) € C"![a, b]
is the solution of the linear fractional boundary value problem
“Dy¥a(r) + mz(r) = g(r).r €1 = [a,b],

3.1)

ZEI];](a)Zzlg; k:0,1727"'n_2;zglr/lil}(b):Zb’
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where Z’;,Zb € R, if and only if z(r) satisfies the following fractional integral equation

n—2 _k
ar) =Y 2w (r) - w(@) +My(r) - y(@)]"!

=0 k!
(3.2) + ﬁ /a’ v () [w(r) — w(s)* g(s) — mz(s)] ds,
where,

__ % [g(a) —mz(a)|[w(b) — y(a)* "+
N e T PR [Ty (TR )
1

T L YW O e -]

Proof. First assume that z(r) € C"~'[a, b] be a solution to problem (3.1). By Lemma 2.2

2(r) = co+erly(r) = w(@)] + ey (r) = (@) +...+ ot [w(r) — y(a)"!

o + i [ WO - W) els) o)) ds.

Using (3.3) we get,

Now

d(r)=ay'(r )+202[W( )= W@ (r) + ..+ (=D [w(r) = w(@)]" 2y (r)

s [ VO '[g(s) —mz(s)]
= ¥/ (1) + 262y ()~ W@ () oo+ (0= Ve W) = wla))" 2y ()
—%w )[[w(r)—w(a)]“‘l[g(a)—mz(a)]]

6313
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-ZEIII}( )= ;//((’;))
— 1426 [W () = (@] + o (0= Dt [(r) — y(@)]"
- 7 ()~ w(@ fe(a) = ma)]
1 r _
s YO — v () —ma(s)lds
.'.ZE,l,](a) =z, =Cl=cC = i—%
Similarly,
(1] /
) = [Zq‘i,ig]
26+ 66y (r) — W(@)] + ..+ (0= 1)(n— 2 [v(r) — wla)"
- =y v = Wl el me(a)]
g | VO — v lels) —mi(s)ds.
ZE,%](LZ) = ZZ =200 =0 = ;—[2;
Repeating this process we get,
Ck = i—%, k:0,1,2,...,n—2.
Again,
[n—2] N1
1] [zy 7 (r)]
v =)
= (=1t = s (W0 = (@l glo) —me(a)]
1 r n
e L YOO~ WP le) — m(o)] s
) =2 = (0= Dt = o ()~ (P fgla) —me(a)]
L, .
Ty, YO ®) e lg(s) —me(s))ds
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Therefore
o w 8@ —m(a)lly () — y(@)
T (1) (n—2) (1 —n+2)
1 bv/ ) . ]
T L YO ) - v e() — me(s)] ds.

Hence equation (3.3) becomes

R [g(@) = me(@)[w(b) — w(a)
Z(r)_k;ok![w) V@l + o= T

[y (r) = y(a)"

r) — a n—1
) <n[ 1,_,<1)> zr(ﬁ—)}@ 1) [ V6o - vl lats) ~mets))as

1 g / _
) / v (s)[w(r) — w(s)* g(s) —mz(s)] ds.

This equation can also be written in the form

where,

b [g(a) —mz(a)][w(b) — y(a)* "+
(n=1)t (n=2)I0 (1 —n+2)
1

b
TG, YOO YO ) - ma(o]ds

To prove the converse, we apply CD’: “Y to both sides of equation (3.2) and using Lemma 2.3,

we obtain

‘DVa(r) = DY IV [g(r) — maz(r)]
= g(r) —mz(r)

= DMY2(r) +mz(r) = g(r).
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It is clear that 70 = z,,. Also the direct computations leads to

ZE;](V) = Ij/’(rr))
_y W(r) = w(@] "+ (n = )My (r) — y(a)]"
= (k—1)!
g | VO~ vP ) (o) s
and so ZE}] (a) =7\
LI
2,y _ 2y (7)]
V=)
n—2 k
= X v~ @l D2y ) i)
g [ VO — v lels) —me(s)ds,
and so ZE,Z,] (a) = 72. Repeating this process, we write
w2y _ @)
=)

G4 ey | YO - v fs(s) (o) as.

Taking r — a in equation (3.4), from continuity of g and using Lemma 2.4, we conclude that

2y ) =2

Now

_ 2, lsla) = me@]ly(b) — yla)} !
— (n- 2y BRI =

1 b
T - —n+1) / ¥ ($)[w(b) — w(s)* " [g(s) —mz(s)] ds]

b YOO - VP e - mz(o)las
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1 b _
=5 gy, YO YO s(s) —ma(s)as

1 " —n
(33) PR YO~ P () —me(s)] s

Taking r — b in equation (3.5), from continuity of g and using Lemma 2.4, we conclude that

2y (b) = 2.

U
Lemma 3.3. For a given g(r) € C(J,R) and p € (n—1,n], with n € N, the linear boundary

value problem (3.1) has unique solution (3.2). Moreover, the explicit solution of the Volterra

integral equation (3.2) can be represented by
4w=§;%mm—wmmaﬂwﬂmww—www>
M)y (r) = (@) By (—m(y(r) — y(@)*)
(3.6) + [ WO~y B -m(w() - wla)")gls)ds
where Ey y(.) is the two-parameter Mittag-Leffer function.

Proof. By Lemma 3.2, linear BVP (3.1) has a solution (3.2).

Note that the equation (3.2) can be written in the following form

z(r) = T[z(r)],

where the operator 7 is defined by
n—2 _k

Tl(r)] =Y

= k!
Let n € Nand x,y € C(J,R). We have

[W(r) = w(@)) +My(r) = y(@)]"" = mlYz(r) + 1Y g (1)

T (x)(r) =T'0)(r)] = |=mLlY (T () () =T () ()]

= [=mY (=ml (T7200(r) = T2 (0)(r)) |
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= |(=m)'I*Y (%) (r) — () (1))
_ (m[w(b>—w(a)] )

_ (mly () y(a)™)

for every i € N and x,y € A. Let §; = (mi[wlﬁl(’i)“_fl()a)}m). Using generalized Mittag-Leffler func-

tions, we have

Y 6= Eulm(y(6) — via)).

i=0

Hence series Z 6; converges. Thus the mapping 7" is a contraction. Applying Weissinger’s
i=0

fixed point theorem, it follows that 7" has a unique fixed point. Hence equation (3.1) has unique

solution z(r). Applying method of successive approximations to prove that the integral equation

(3.2) can be expressed by equation (3.6). For this, set

+ / v Olv(r) w1 g()ds.

sz(r) = 20(r) —mI*Vzo(r) + 14 Y g (r)

n—2 Jk n—2 Jk
=T )yl Mlv () -yl - E ) -
I(n) .
e ) = (@ (0
B n—2 Z]é ' . n—2 Zla{ ik
= kZO v = (@) + My (r) - ()" - meO v - v@)
['(n)
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)= mI": Yz (r) + 15V g (r)

2(r)

. n—2 Zla{
w(a)* + My (r) — w(a)] l—mkgmw/(”) — y(a)*t*

»h»

20(t
n-2,
Ll
['(n)
(u+n)

[y(r) = yla)!

Fr(u+k+1)
m Z T +k+ DD2u+k+1) [w(r) =yl

OIS : |
M ui+nnxzu+qn[ (r) = W@ —mlE V() + 14 g (r)

m)'MT (n )

-~ m)' K 2
-5 L renvo) vl B v - v

e ) -
+/a l/lj(s)lg6 Tt n) g(s)ds.

n lk IMF( )

)l/f(r) )+ lfa O w(r) —w(a) !

—m r)— S ! 1
*/a v L Wr&ufi))] ——stoas

Taking limit as ¢ — oo, we obtain the following explicit solution z(r) to the integral equation

(3.6).
()= X T ey -yt TSI ) gy e
- SSTUu+k+1) v = T(lp+n) v v
ey ) ) — )
YO LT s
Y o (=m)
= LAy vl ¥ o S v - vl
+ME(n)[y )= y(a)™

+ [ Vel - “Z i ) = W) els) ds
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n—2
2r) = T A0~ W@ Epsr ()~ W)
+ M) [y (r) = y(@)]" Ey(=m(y(r) - y(a)*)
+ [ WO =y B (—m(y () = y(5))s(s)ds.

This proves the Lemma. O

Lemma 3.4. (Comparison Result). Let u € (0,1] and m € R. If p € C(J,R) satisfies the

following inequalities
3.7) ‘DY p(r) > —mp(r),pla) >0, p(b)>0, rel,
then p(r) >0 forall r € J.

Proof. Let g(r) = CDZJ,Wp(r) +mp(r) and p(a) = a*, p(b) = b*, where a*,b* € R. Then from
Equation (3.7), g(r) > 0 and a* > 0, b* > 0. We know that E, ;(z) > 0, E ;(z) > 0 for all
i € (0,1], z € R (see [20]) and M > 0. Then using the integral representation (3.6), we obtain
that p(r) >0 forall r € J. O

Definition 3.1. A function xy € C(J,R) is said to be a lower solution of the nonlinear BVP (1.1),
if it satisfies
‘D Vxo(r) < f(rxo), xola) <a*, xo(b) <b*, rel,

Definition 3.2. A function yy € C(J,R) is said to be a upper solution of the nonlinear BVP
(1.1), if it satisfies

‘DiVyo(r) > f(rnyo), yola) >a*, yo(b) >b*, rel,

Theorem 3.1. Let f(r,x(r)) € C(J x R,R). Assume that,

(H\y) There exist xy,yo € C(J,R) such that xy and yy are lower and upper solutions of nonlinear
BVP (1.1), respectively, with xy < yo, r € J.

(H,) There exist a constant m € R such that

f(ry) = f(rx) =2 =m(y—x) for xo<x<y<yo.
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Then there exist monotone iterative sequences {x,} and {y,} converging uniformly on the

interval J to the extremal solutions of nonlinear BVP (1.1) in the sector [xq,yo|, where

[x0,y0] = {z € C(J,R);xo(r) < 2(r) < yo(r), r € J}.
Proof. For any ® € [xq, o], we consider the following linear BVP of fractional order

CDZ;Wz(r) = f(r,o(r)) —m(z(r) —o(r)), relJ,
(3.8)

Then the linear BVP (3.8) has unique solution z(r).

Define the iterates as follows and construct the sequences {x, } and {y, }:

C‘DZ_;_wxn+1 (7") = f(r,xn) - m(xn+l (I") —xn(r)), rel,
(3.9
xn+1(a) =a, xn+1(b> =b",
and
DV ypi1(t) = f(ryn) = m(yner (r) = yu(r)), reld,
(3.10)

Ynt1(a) = ar, Ynt1(b) = b*.

Firstly we need to show that xo(r) < x1(r) < yi(r) < yo(r) for any r € J.

Set p(r) = x1(r) —xo(r) and from (3.9) with lower solution x(, we obtain

DY p(r) = DY xi(r) =Dl ¥xo (1)
> f(r.xo(r)) —m(xi(r) —xo(r)) — f(r,xo(r))
= —m(x1(r) —xo(r))
= —mp(r),

andp(a) = x1(a) —xo(a) = a* —xo(a) > 0,
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Then by Lemma 3.4, p(r) > 0, for r € J, implies that xo(r) < x1(r). Similarly, set p(r) =

yo(r) —y1(r). From (3.9) and definition of upper solution, we obtain

DY p(r) = “Dyi¥yo(r) — Dy (r)
> f(r.yo(r)) = f(ryo(r)) +m(yi(r) = yo(r))
= —m(yo(r) = y1(r))
= _mp(r)7
and p(a) > 0,p(b) > 0.
Then by Lemma 3.4, p(r) > 0, for r € J, implies that y; (r) < yo(r) for r € J.
Now to prove, x; (r) < y;(r) for r € J. For this, set p(r) = y;(r) —x1(r). From (3.9), (3.10) and
(H,), we get
CDZL;Wp(r) = CDZL;Wyl (r)— CDZL;W)CI (r)
= f(ryo(r)) = f(rx0(r)) —m(y1(r) = yo(r)) +m(xi(r) = xo(r))
> —m(yo(r) —xo(r)) —m(y1(r) —yo(r)) +m(x1(r) —xo(r))
= _mp(r)a
andp(a) =0, p(b) =0.
Then by Lemma 3.4, p(r) > 0, for r € J, implies that x;(r) < y;(r) for r € J. Thus xo(r) <
x1(r) < yi(r) < yo(r) for any r € J. Assume that n > 1, x,—1(r) < x,(r) <y, (r) < yu—1(r) for
any r € J. We claim that x,(r) < x,4+1(r) < ynt1(r) < yu(r) for any r € J. To prove this, set
p(r) = Xng1(r) = xa(r).
DY p(r) = Dl xi1 (r) = DY (r)
= f(r,xa(r)) = m(xng1(r) = xa(r)) = f(rxn-1(r)) +m(xn(r) = x0-1(r))
> =m(xn(r) = Xn1(r)) = mnp1(r) = xu(r)) —m(xa(r) = x,1(r))

= —m(xp41(r) —x,(r))

= —mp(r),
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and p(a) =0, p(b) = 0.
Then by Lemma 3.4, p(r) > 0, for r € J, implies that x,(r) < x,+1(r). Similarly we prove

Xn+1(r) < yp+1(r) and y,41(r) < yu(r). By principle of mathematical induction, we have
xo(r) <x1(r) <. o <xpe1(r) <xp(r) < oo <y (r) <y (r) <o <y (r) < yo(r), reJ.

Thus the sequences {x,} is monotone nondecreasing and bounded above by yy(r) and the se-
quences {y, } is monotone nonincreasing and bounded below by x((r). Therefore the pointwise
limit exist and these limits are denoted by x,, y.. Since sequences {x,}, {y,} are of continu-
ous functions defined on the compact set [a,b]. Hence by Dini’s theorem, the convergence is

uniform. That is

lim x,(r) =x.(r) and  lim y,(r) =y.(r),

n—yoo n—oo
uniformly on r € J and the limit functions x., y. satisfy BVP (1.1). Using corresponding frac-

tional Volterra integral equations

Ynr1(r) = @ Ep p(=m(y(r) — y(a))*) + b"Ey y (—=m(y(r) — y(a))*)

+/ W () [w(r) — W) Ey u (—m(w(r) = w(s)*) (£(5,5n(s)) + mya(s)) ds,r € J,
a
it follows that x,, y, are solutions of (3.9) and (3.10) respectively.
Next prove that x, and y, are minimal and maximal solutions of BVP (1.1) in the sector [xg, Y.
Let w € [xg,yo] be any solution of BVP (1.1). Assume that for some n € N, x,,(r) <w(r) < yu(r),
reJ.Set p(r) =w(r) —x,+1(r). We have
CDZ;Wp(r) = CDZ;Ww(r) - CDZL;W)C,,H (r)

= f(rw(r)) = f(rxa(r)) +m(xng1(r) = xa(r))

> = (w(r) =5a (1)) (51 (1) =50 (1))

= —m(w(r) = Xp+1(r))

= —mp(r),
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and, p(a) =0, p(b) = 0. Then by Lemma 3.4, we obtain p(r) > 0, r € J implies that x,,, 1 (r) <
w(r), r € J. Set p(r) = yn+1(r) —w(r). We have

‘DY p(r) = DY yuia (r) = DY w(r)

a

= f(ryn(r)) =m(yng1(r) = yn(r)) = f(r,w(r))
2 =m(yn(r) =w(r)) =m(yns1(r) =ya(r))

= —=m(ynt1(r) —w(r))

= —mp(r),

andp(a) =0, p(b) =0.
By Lemma 3.4, we obtain p(r) > 0, r € J. Thus w(r) < y,+1(r), r € J. Hence, we have
(3.11) Xn+1(r) Sw(r) <y (r),r €J.
Taking the limit as n — oo on both sides of equation (3.11), we get
X SW S Yy
Therefore x,, y, are the minimal and maximal solutions of nonlinear BVP (1.1) in [xq,yo]. O

In the following Theorem, we establish uniqueness of solution of nonlinear BVP (1.1).

Theorem 3.2. Assume that [Hy|, [H>| are satisfied.

[H3| There exists a constant m,, > —m such that
f(ry) = f(rx) <m.(y—x),
for every xog < x <y <y, r € J. Then nonlinear BVP (1.1) has a unique solution in [x,yo|-.

Proof. By Theorem 3.1, x, and y, are respectively minimal and maximal solutions of the non-

linear BVP (1.1) and x, <y,, r € J. It is sufficient to prove that x, > y,, r € J. For this set
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p(r) = x — ys, r € J. In view of [H3], we have

Dy p(r) =Dy — DYy,
:f(rax*) _f(ray*)

> My (X — yi) = mip(r).

Furthermore, p(a) = x.(a) —y«(a) = a* —a* =0 and p(b) = x.(b) —y«(b) = b* —b* = 0. By
Lemma 3.4, we obtain p(r) > 0, r € J implies that x, > y,, r € J. Therefore, x, = y, is unique

solution of the nonlinear BVP (1.1) in [xo, yo]. O
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