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Abstract. In this work, we introduce a new generalized gamma function and establish its validity through the
Bohr-Mullerup theorem. We also establish the generalized Euler reflection formula and some other properties
related to the generalized gamma function.The concept of powers of logarithm was largely used to establish the
results.
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1. INTRODUCTION

Euler introduced the gamma function with the goal to generalize the factorial to non integer
values. Some prominent mathematicians such as Gauss, Legendre, Weierstrass, among others
also studied it. The Gamma function belongs to the class of special functions and some mathe-
matical constants such as the Euler-Mascheroni constant occur in its study.

In studying the Riemann zeta function and other special functions, the gamma function plays a
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vital role and has been the subject of study for over 300 years. The gamma function is still being
studied by contemporary mathematicians and yet there seems to be so much to study about it.
The gamma function is essential for modeling situations involving continuous change and has
applications in calculus, differential equations, statistics, fluid mechanics, quantum physics and
complex analysis.

A generalized gamma function I'y(z) for k € Ny was introduced in [1] which connects to the
constant ¥ as I'(z) does to 7. Motivated by a series form of the generalized Euler-Mascheroni
constants and through the concept of powers of logarithms, some properties of the gamma func-
tion were presented in [1].

The aim of this paper is to establish another form of a generalized gamma function and its

properties.

2. PRELIMINARIES

The gamma function, a generalization of the factorial to non-integer values, was defined by

Euler as

1 n l—l—%)z
2.1 ['(z)=—1lim | | ——%,z€C\Z" .
2.1) (2) ZHQJIZII (1+3) \

Gauss rewrote Euler’s product representation of the gamma function as

(2.2) (z) = lim nn!

P sy sy e LA A

The integral representation of the gamma function was also defined by Euler as
(2.3) I'(z) :/ r“le7dt,R(z) > 0.
0

Weierstrass also established another product representation of the gamma function as

—1z e -1
(2.4) I(z) =< H(1+§) ei,z€C\Z",

T

where 7 is the Euler Mascheroni constant.
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Eventhough Euler pioneered the theory of complex analysis, he did not consider the gamma
function of a complex argument. Gauss did by establishing its multiplication theorem. Karl
Weierstrass also introduced the product representation as given by (2.4).
In [3] a wide class of generalizations for the gamma function was studied and a special case
for this class of generalizations was also studied by Dilcher [1]. In particular, the generalized
gamma function I';(z) was introduced for k € N and some basic properties such as product and
series expansions of a generalized gamma function were developed in [1]. He also established
a series expansion for the generalized Euler constant for k € N.
It was observed in [4] that an assymptotic expansion of Dilcher’s generalized gamma function
converges for k = 1 and the closed form was unknown for k > 1.
Some results in [1] are connected with those in [2] and a question was posed in [2] whether it is
possible to extend the gamma function by analytic continuation. This study establishes a new
generalized gamma function and its properties.

The generalized Euler-Mascheroni constants are defined as

lnk-H n n lnkj
2.5 =1 - — |,k=0,1,2,...
(2.5) Ye ngl}o ( k+1 +jzl ] ) s Ly &y
and are coefficients of the Laurent expansion of the Riemann zeta function (s) about s = 1:
1 — X
= Ar(s—1)",Re(s) >0
) = 3+ B Als— D Re(s) 20,

where A, = %Yk-

The constants A; were first defined by Stieltjes in 1885 and have been studied by other authors.
It is worth noting that y = 7y is the Euler constant and is closely related to the gamma function.

Observe that if s = 0, the above Laurent expansion gives
gl
= k! 2
Thus, the real part of the nontrivial zeroes of the Riemann zeta function is associated with the

generalized Euler-Mascheroni constants.

The Euler’s reflection formula is given by

2.6) I(1-2)T(z) = Si:ﬂz.
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The Riemann zeta function is defined by

> 1
2.7) Z =,

and its derivatives are given by

2.8) C(k)(s) _ (_1)k Z, In n'

The stirling numbers of the first kind, s(m, j), is defined by the generating function as

(2.9) 1nf'< ) Z—sm] ( >m

where |z] < 1.

Alternatively, stirling numbers of the first kind are also defined by

1 = "
_1In/ — 1) —
(2.10) S/(141) = Y s(n ),
n=j
or
2.11) Inf(1—1) =
n=j

From (2.9), we see that

s(m,1) = (=1)" Y (m—1)!, s(m,m) = 1 and
s(m,2) = (=) (m— D)1 L
Fork=0,1,2,...,

Dilcher defined the gamma function as [1]

k+1 )

. ~explegIn _exp (= Inf
e = oeXP(k+1ln (j+2))

)

where z € C\ R.

This definition excluded non positive real numbers in its domain. That means it is not

possible to find I; (—3) using Dilcher’s definition.
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The functional equation was obtained as

(2.13) [f(z+1) =exp (k—l—%l krl )Fk( ).

The Weierstrass form of the generalized gamma function was also established as

(2.14) — % exp ( In**1

I (2)

[e )

< [1 <——ln n> exp (k:— (lnk+1(n+z) —lnk“n)) :

=1

3

It was also discovered in [1] that for |z| < 1,

n n

oo Z .
2.15 InTi(z+1) = — Dy = gH=))
(2.15) nli(z+1) = —nz+(-1) ;n; k+1_ (),
and a generalized Euler reflection formula given as
(2.16) r*(z)r*(l—z):Lexp SR
: k k Sk(Z) k+1 )
where
e 1

(2.17) si(z) = [T exp <k+—1 (1n’<+1(n+z) + 1" (n—z) — 21n’<“n>) :

n=1
In particular, sg = Singz).
A consequence of (2.16) yields

1
(2.18) (1429 (l—2) =
k ( ) k ( ) Sk (Z)

Lemma 2.1. (Dilcher, 1994)
Let 7 € D be fixed and k € N. The identity

1
(2.19) In*(n+z) — Inkn = “klnk ' n+ 0 (—21nk1n)
n n
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holds as n — oo,
3. MAIN RESULTS

We begin this section by presenting a new generalized gamma function which is pivotal in
achieving further results of this paper.

A new generalization of the gamma function is introduced as follows:
Definition 3.1. Let z € C\ (Z~ UO0) and k € Ny. Then

Z
‘ f_1exp (kjr—llnkH <1+%> >
exp (i 101 ) [y exp (i 0 (14 5))

Remark 3.2. For k=0,

We check the validity of Definition 3.1 by showing that the conditions of the Bohr-Mullerup

theorem are satisfied.

Theorem 3.3. (Bohr-Mullerup)

Let f(z) be a positive function on (0,0). Suppose that
(a) f(1)=1,

(b) f(z+1) =exp (g7 In*'2) f(2),

(c) Inf(z) is convex.

Then, f(z) =T'x(2).

Proof.

(@) k(1) =1.
(b) Replacing z by z+ 1 in (3.1), we have
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n
j=1¢XP (k—H

[i(z+1) = lim

1 In
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k+1 1

n—eo

1 lnk+l Z+1))

k+1

e (s
= lim

exp (

1 qk+1
ETin

.) )exp (hyInt*

*
i1 €Xp <k+llnk+1 (1—1—@))7

[1+4])

" exp (p I (24 1) ) IT)

Hn L €Xp <k+1 lnk—H
lim

exP(k-]H k+1 <1_|_z+1>>

+3))

n—soo Hn lexp(k+1 lnk+1 (Z+])) ’

oo(ch ity | a0l

Inf+1 (1 + l>z>
J

2)

exp (o .

(3.2)

i_rexp (g 0 (24 )

Y

(i

Remark 3.4. (3.2) was also established in [1] using Lemma 2.1.

(c) Taking logarithm on both sides of (3.1), we obtain

(1+

o)

Zilkﬂ

Skl

1
J

(3.3) InTy(z) =

Differentiating, we get

1
lk+l o
) [

In*(z+ j)

i 1
(3.4) InTy(z) = In*+! (1 —,) —
j:Z:l k+ J
Thus,
o Ik (L
(3.5) InTe(z)" =} (”f)
=0 (z+j)?
For z € RT, we have
(3.6) InTy(z)” >0,

and the proof is complete.

(z+))?

)
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Now, we present the following theorem which establishes the equality of equations (2.12)

and (3.1) for the same domain.

Theorem 3.5. Let k € Ny and z € C\R™. Then
(3.7) Ti(z) = Ty (2)-

Proof. From (3.1), we have I';(z) =
k+1 N Kt
. j—1€XP <k+11n+ <1+%> > j= 1exp (g7 In“r )
im )
"% exp (phy I 2) T exp (HLllnkH (1 +§>> I, exp (g I+ )

This simplifies to

Z
exp <k+1 Inf+! ( (1 +1 )) )H'?_lexp (g ")
Iy(2) = = lim

oo exp(kﬂ Ink+1 ) ( 1exp(kﬂlnk“(z—i—j))

Y

Alternatively, from (2.12), we have,

exp (kJrl Inf+1 nZ)H’}Zl exp (k%l Ink+! j)

[i(z) = lim IT—gexp (2 01 (j+2))
~fim (ko (I <1+ 1)) ) Mirep (i)
e exp (g I ) T exp (g 0 2+ )
— lim = leXp(k+llnk+l<1_Ff> ) o1 exp (g ™)) .
"7 exp (g In*+ ) T " exp <k+1lnk+1 <1+§)> " Lexp (e Ink+1 j)
Hence,

[ (2) = Ti(z2).

Theorem 3.6. Let z € D = C\ (Z~ UOQ). Then the identity

1 -z
— Nz k+1 k+1 k -
(3.8) B = e’ exp (k ) I Iexp< (1+J)>exp <_j In ]) .
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holds, where 7, is the generalized Euler-Mascheroni constant.

Proof. From (3.1) and using j = 7:1 (1 + %), we obtain

e (e e (it (145))
3.9 = lim R .
[i(z)  moe exp (g7 In“' j7)

Taking logarithm on both sides of (3.9) and applying Lemma 2.1 gives

1 29k 1 k+1 SR k+1 z
3.10 1 =—1 —1 —1 I+-).
a0 ()= Sl

1 29k 1 k+1 S k+1 z
A1 —_— = —1 —1 —1 I+-)].
(3.11) V6 exp(j n ]>exp<k+1 n""z | exp j_zlk+1 n +j

By introducing convergence factors we obtain

(3.12)
1 1 k > 1 Z —Z
—exp | ——Inf1z ) ex exp [ —— In**! (1 + —)) ex <—lnk ) ,

where ¥ is the generalized gamma function.

This completes the proof. H

Remark 3.7. Equation (3.8) is an improvement of the generalized reciprocal gamma function

in [1].

Remark 3.8. By applying logarithm on both sides of (3.8), letting k = 0 and using (2.9), we

obtain
o 1\m+1
(3.13) ﬁ = zexp (YZ+£2LC(H1)Z”’) ,

a result also found in [1], [2] and [5].
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Remark 3.9. Substituting z = 1 into (3.13) yields

oo (_1)m+1
(3.14) 1 =exp <y+ Z T(:(m)) :

m=2

By further taking logarithm on both sides of (3.14) gives

(3.15)

a result due to Euler.

Theorem 3.10. The identities

1
(3.16) L)k (1 —2) = e
and
(3.17) Te(14+2)0(1 —2) = !

oo 2
I ex (! (1-52))
hold for z € D, where

2
(3.18) 1(2) = exp (k Ink+1 )Hexp( e (1_%»

Proof. Replacing z by —z in (3.2) and multiplying the result by I';(z), we have

(3.19) [ (1—2)k(z) =exp (—lnkJrl —z) [ (—2)Tk(z)-

k+1

Using (3.1) we obtain

(3.20) [k (x)0(—2) = lim Lkl L gkt )
exp (g In*"' —22) [T} exp (k+_11n ’ (1_%»

Simplifying further yields

(3.21)

1
k+1 :
exp (—ln —z) [ (z2)['(—z) = lim :
k+1 n—oo exp(k+1 lnk+1 ) }]1':1 exp (k_i_Lllnk_H <1_§_§>>

This completes the proof of the first part of the theorem.
Obtaining the second part of the theorem using (3.2), we have

[i(z+1)

€Xp (kil In‘*! )

(3.22) I(z) =



5926 GREGORY ABE-I-KPENG, MOHAMMED MUNIRU IDDRISU, KWARA NANTOMAH

Substituting (3.22) into (3.16) completes the proof.

Remark 3.11. For k =0, (3.16) yields

(3.23) I(1-2)I(z) = — = —

Lemma 3.12. For |z| < 1,

(3.24)
- "1 & (k+1)!
1 k+1/ . —In k+1 k 1 E o Ty
Proof.
z k+1
(3.25) It (j+z)—In*H j = (m (1 +;> —I—Inj) —Inf*1
k+1 [ k41
(3.26) - In” (1 n 5,) Ink+1-n ;.
n=1 n J
By (2.9) we obtain
ML (k+1)! = s(m,n) (z\"
1 k+1/ —1 k+1 - ( . 1 k+1—n . ’ <
A e L= )
) m m
D)L () -
3.27 = - =) —F— 1 "
The term belonging to m = 1 is given by
(3.28) S+ 1)s(1, 1)1 j = S(k+ 1) Ink
J J
Substituting (3.28) into (3.27) completes the proof.
Theorem 3.13. For —1 < z < 1, the identity
o " _
3.29 InCi(z4+1) = —%— (—D*k Y = gkti=n)
(3.29) nle(z+1) =—p— (-1 Z:‘,mn;kJrl_n (m)
holds.
Proof. Applying logarithm on both sides of (3.2) gives
1
(3.30) InTi(z+1) = —— In* Tz 4 InT(2).

k+1
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Applying logarithm on (3.8), we obtain

1 |
3.31 InCi(z) = —Yz— ——Inf Tl =y —pft! |
(3.31) nI(z) Yz k+1n Z j_ZlkHH +JZIJHJ

Substituting (3.31) into (3.30) yields
(o] 1 (o)
(3.32) Lz +1) = —pz— Y o In"! (1 + 5,) +Y Sk,
=L A
By Lemma 3.11 , we get

B o m m k! < In j
(3.33) InT(z+1) = —%z n;z—'zﬂl—_n)s(m,n)z.—.

~
[N
~
&

By (2.8) the proof of the theorem is complete. U

Remark 3.14. By letting kK = 0 and using (2.9), we obtain
(3.34) InT(z+1) = —yz+ Z

Equation (3.34) was also found in [1] and [5].
Remark 3.15. If z=11s putin (3.34), (3.15) is obtained, a result due to Euler.

Remark 3.16. For k = 1 and applying (2.9), we obtain

© (  1\m.,m m—1
(3.35) Inly(z+1) = —nz+ 2_‘42(1% <§’(m) —§(m) Z %) :

Remark 3.17. By letting k = 0 and substituting z = % into (3.33) yields

(3.36) 21n (?) =—y+2 Z ¢(m),

m
m2m2

a result that is also established in [5].

Lemma 3.18. Let |z| < 1 and k € Ny. Then

1 (k+1 > "L (k+1)! B
3.37 In* 1 (1 —y B gpktlen g
G-37) ! ( - ) Z( ) L G i=n)! /

J J m! = (
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The proof follows the same procedure as that of Lemma 3.11.

Theorem 3.19. Let 7z = —% and k = 0. Then

(3.38) r (-%) — —2exp <% y (—1):’1&+ y nfi”;) .

m=2

Proof. By Lemma 3.11 and Lemma 3.17, (3.1) becomes

exp (Zm 2( . ) :’11:1 (i‘ilmz 'C (kb 1= n)(m)>

(3.39) Ti(z) = - .
exp (g7 In ) xexp (Zm 2 () X %C e n)(m)>

By letting z = —% and k = 0, we obtain

(3.40) r( 1)_ exp (=3 Zra () B F254 7 m))
. 2 m sim,n
exp (In (31)) exp( (SRS ) 20 ) )
m+l
exp (~3 X2 S i L m)
My (—1ym+1 (—1) :
——exp (Zm 2( l)zm(*ml()mil()! 1)’C(m)>

(3.41) =

This completes the proof.

Theorem 3.20.

(3.42) = exp < i ) )mc(m) —iy— ln(i)> .

Proof. By substituting z =i and k = 0 into (3.39), we get

343 e (Zina () Xy 228 0 (o)
. N |
exp(ni) exp (Tir_a (54) Eoy 122, £0-1) ) )

< (M (=1 (m
(3.44) :exp<z (0) (n? &( )—iy—ln(i)>.
m=2

This completes the proof.
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Remark 3.21. Using the Wolfram Infinite series analyzer to analyze ), MTIWM yields
(3.45) I'(i) =exp(In(I'(1+i) —1In(7)),

(3.46) =exp(In(=I'(141i))—ir —In(i)),

(3.47) = exp (1n<<—%+2)> (1+i)!—i7r—ln(i)).

Theorem 3.22. Letk =1 and z = —%. Then

(3.48) I (—%):exp(%(ii i )M H, 1C( )>>><

m=2 m=2

1 - C/(m) - HmfIC(m)
(3.49) exp (—Ean (7) +,,,Z'2 iy mz_"zw> ,

where H,, | is the (m-1)th harmonic number.

Proof. By substituting k =1 and z = —% into (3.39), we get

| exp (— iy () T, 5l ¢ ()
(350) I (—§> = RO :
(3 m s(m,n —n
exp( ( )) ( ( m!2 ) n=1 1(2(,n)!)c(2 )(l’l’l)>
exp (—% 2 1 ( b (m)+s(”’”‘3!§<"’>))
(3.51) =

exp ($1n* (51)) xexp (Zm 2 ,(n_v,:%Z (S(m’ll),c ) | s(m720)!C(m) ))
By (2.9), we obtain
| exp (% (Zm JEUm e <1>m;1mc<m>))
(3.52) I (——> = y .
2 exp (% In? ( 21)) * exp (Zm 2 7,§*§m +Y s ’”m’izg,,(,m))

This completes the proof. 0

Remark 3.23. Fork=1,z= —% and using (3.2), we obtain

L G) - (% (Z e g 1 mmz;<m>>> y

(3.53) exp (i Czrfl"n? -y h”";—i(m)) .
m=2
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Remark 3.24. Substituting z = —% in (3.35) and using (3.22) yields

(3.54) n=Y (=D"E (m) 3 (—1)"Hyu1 8 (m)

m m

Remark 3.25. For k =1 and z = 2, we obtain

(3.55) T(2) =exp [ —2y — %ln22+ i% (g’(m) —Hm,lg(m)>

Remark 3.26. For k = 1, z =3 and using (3.22), we get

(3.56) I'(3)=exp| 2%+ iz (;1;3:% (C/(m) —Hm_l(:(m)>

4. CONCLUSIONS

A generalized gamma function has been presented. Some properties of this generalized
gamma function have been established and a generalized Euler-Mascheroni constant obtained
for k = 1. For some values of k and z, some identities of the generalized gamma function were

established.
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