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Abstract. In this paper, we propose the solutions of non-homogeneous fractional integral equations of the form
Boy(t) +a-18y(t) +b-y(t) =1",

and

I2y(1) +a- I y(1) +b-y(t) =1"¢,
where I(‘)ﬁ is the Riemann-Liouville fractional integral of order 6 = 1/2,6 = 1,n € NU {0}, € R™, and a,b are
constants, by using the Laplace transform technique. We obtain the solutions of these equations are in the form of
Mellin-Ross function and in the form of exponential function.
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1. INTRODUCTION

Fractional calculus is the theory of derivatives and integrals of arbitrary complex or real
order. It began in 1695 when G. F. A. L’Hopital asked G. W. Leibniz to give the meaning of
d"y/dx", where n = 1/2. In predictive answer, G. W. Leibniz expects the beginning of the
area presently is named fractional calculus. Since that time, fractional calculus has interested
many mathematicians such as L. Euler, H. Laurent, P. S. Laplace, J. B. J. Fourier, N. H. Abel,
J. Liouville, and G. F. B. Riemann, etc. It has been shown that fractional calculus is very useful
and active in mathematical areas.

Fractional derivative is a part of fractional calculus which has been of interest in recent years.
It plays a key role in modeling phenomena with different branches of engineering and science
in a real-world problem, see [1, 2, 3,4,5,6,7, 8,9, 10, 11, 12, 13, 14, 15]. Many mathematical
models of real problems appearing in various fields of engineering and science were established
with the help of fractional calculus such as dielectric polarization, viscoelastic, electromagnetic
waves, and electrode-electrolyte polarization, see [16, 17, 18, 19, 20, 21, 22, 23].

In addition, of course, the theory of fractional integral has been of interest in recent years, see
[24, 25, 26, 27, 28, 29, 30, 31, 32]. In 1812, P. S. Laplace defined a fractional derivative through
an integral. He developed it as a mere mathematical exercise generalizing from a case of integer
order. Later, in 1832, J. Liouville recommended a definition based on the formula for differen-
tiating the exponential function known as the first Liouville definition. Next, he presented the
second definition formula in terms of an integral, called Liouville, to integrate noninteger order.
After that J. Liouville and G. E. B. Riemann developed an approach to noninteger order deriva-
tives in terms of convergent series, conversely to the Riemann-Liouville approach, that was
given an integral. Many researchers focused on developing the theoretical aspects, methods of
solution, and applications of fractional integral equations see [30, 31, 32, 33, 34, 35, 36, 37, 38].

In 2005, T. Morita [6] studied the initial value problem of fractional differential equations by
using the Laplace transform. He obtained the solutions to the fractional differential equations
with Riemann-Liouville fractional derivative and Caputo fractional derivative or its modifica-

tion. In 2010, T. Morita and K. Sato [8] studied the initial value problem of fractional differential
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equations with constant coefficients of the form
oD% u(t) +c-u(t) = £ (1),

oD%u(t) +b- oDl u(t) +c-u(t) = f(r),
and

m—1
oDP"u(t)+ Y ¢ oD u(t) = f(1),
i=0

where (D{" is the Riemann-Liouville fractional derivative, c; are constants for [ = 0,1,2,...,
m—1, and t € RT. They obtained solutions in terms of the Green’s function and distribution

theory. Next, they studied the solution of a fractional differential equation of the form
(azt —l—bz)thzou(l‘) + (alt +b1)onu(t) + (a()t —|—bo)u(l‘) = f(l‘),

where 6 = 1,6 = 1/2,r € R, and a;, b; are constants for i = 0, 1,2, see [9] for more details.

In 1996, A. A. Kilbas and M. Saigo [33] introduced the connections of the Mittag-Leffler type
function with the Riemann-Liouville fractional integrals and derivatives. Their applications are
to solve the linear Abel-Volterra integral equations.

In 2015, R. Agarwal et al. [34] studied the solutions of fractional Volterra integral equation
with Caputo fractional derivative using the integral transform of Pathway type. They discussed
the solution of the non-homogeneous time-fractional heat equation in a spherical domain.

In 2017, C. Li et al. [32] studied a generalized Abel’s integral equation and its variant in the
distributional (Schwartz) sense based on fractional calculus of distributions. Next, in 2018, C.
Li and K. Clarkson [35] studied Abel’s integral equation of the second kind:

A‘ t
1) YO+ gy fy 1M @ = f@), 10,
where I' is the gamma function, A is a constant, and a € R. Equation (1) can be written in the

form
(T4+ALg) y(2) = £(2),

where [, is the Riemann-Liouville fractional integral. They applied Babenko’s method and

fractional integral for solving the above equation.
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The linear fractional order integral equations with constant coefficients of the form
) ty(t) + el 2y(t) + -+ el 2y(t) = f(1),

wherea e R0, € QM0 > > - >, > 0,¢; € C, fori € {1,2,...,n}, and f is assumed
to be a real valued function of real variable defined on an interval (a,b). The general solution
of (2) can be found in [28] for a; € R which is in the space Sﬁr of tempered distributions with
support in [0, o).

In 2017, D. C. Labora and R. Rodriguez-Lopez [37] showed a new method by applying a
suitable fractional integral operator for solving some fractional order integral equations with
constant coefficients, and all the integration orders involving are rational. Next, they applied
and extended ideas presented in [37] for solving fractional integral equations with Riemann-
Liouville definition; see [31] for more details. Moreover, they studied the fractional integral
equations with Caputo derivatives and non-rational orders by limiting fractional integral equa-
tions with rational orders.

As mentioned in the abstract, we propose the solutions of non-homogeneous fractional inte-

gral equations of the form
L2y(1) +a-Igy(t) +b-y(t) =1",

and

Boy(t) +a-I8y(t) +b-y(t) =1"¢,
where [, is the Riemann-Liouville fractional integral of order 6 = 1/2,6 = 1,n € NU{0},¢ €
R™, and a, b are constants by using the Laplace transform technique and its variants in the clas-
sical sense. In Section 2, we introduce definitions of the Riemann-Liouville fractional integral
and the Laplace transform which will help us to obtain our main results. In Section 3, we es-
tablish our main results and some examples as a consequently of our main results. Finally, we

give the conclusions in Section 4.

2. PRELIMINARIES

Before we proceed to the main results, the following definitions, lemmas, and concepts are

required.
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Definition 2.1. [23] Let o be a constant, v a real number and ¢ a positive real number. The

Mellin-Ross function E; (v, &) is defined by
E/(v,o) =t"e¥T* (v, at),

where ['* is the incomplete gamma function:

in which I' is the gamma function.

In addition, if v > 0, then E; (v, &) has an integral representation as

E _L ! v—1 Oc(t—x)d
(v, a) = o) o X e X.

Example 2.1. Let o be a constant, v a real number and ¢ a positive real number. Some spe-

cial values and recursion relations of Mellin-Ross function needed for our calculations are as

follows:

(i) E(0,a) =e*

) r
(11) EI(V> 0) = m;
mnau¢u:§&%?:i;

, 1 1 =12

av) E; <—§,(x> = ok, (E,a) + NG
tv

V) E(v,a)=aE,(v+1,a)+ Tt 1)

Definition 2.2. [23] Let f(¢) be piecewise continuous on (0,c0) and integrable on any finite
subinterval of [0, ). Then the Riemann-Liouville fractional integral of f(¢) of order v is defined
by

Bef) = 175 | (t—x)" (),

where v € RT.

Example 2.2. Let o be a constant, it a real number, v and ¢ positive real numbers. Then the

following Riemann-Liouville fractional integrals hold:

F([.L+ 1) t‘u—b—v

T(u+v+1) #

G) Iyt =
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(i) Iy e™ = E;(v,);
(iii) I+ [te™] =tE/(v, @) —vE,(v+1,Q);
(V) Iy [Ei(u,0)] = E(u+v,a), p>—1;
V) Iy PE(p, )] =tE(u+v,00) —vE(u+v+1,0), p>-2.

Definition 2.3. [23] Let f(¢) be piecewise continuous on (0,0) and integrable on any finite

subinterval of [0, ). Then Riemann-Liouville fractional derivative on3 f(z) is defined by

1 d"

mﬁ/(:(f—x)n_ﬁ_]f(x)dx’

oD} (1) =
where § € R and 7 is an integer that satisfies n — 1 < f§ < n.

Definition 2.4. [23] Let f(¢) be a function satisfying the conditions in Definition 2.2 and of

exponential order v where v € R*. The Laplace transform of f(¢) is defined by

F@0=af{fvﬂziéwf0k‘ﬁﬁ,
where Re s > v.

Example 2.3. Let o be a constant, n a real number, v and ¢ positive real numbers. Then the
following Laplace transforms hold:
1
(i) Z{1}=-, s>0;
s

i) £ = I'(n+1)

Tt S>O,I’l>—1,
N

(i) £ {*} = L, s> o

s—O
i "o I'n+1
(1V)${tet}:ﬁ, s> a,n>0;
1
(V)X{Et(\’,a)}:m, s> 0.

Lemma 2.1. [23] Let () be a function satisfying the conditions in Definition 2.2 and of expo-

nential order v where v € R™. Then

L1 F0)] =52 [f0)).
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Definition 2.5. Let f(¢) be a function satisfying the conditions in Definition 2.4 and .Z {f(¢)} =

F(s). The inverse Laplace transform of F(s) is defined by

1 c+Hi
f(t)=2""{F(s)} = = lim F(s)e"ds,

27 0= Je_ig

where Re(s) > o0,, 0, is an abscissa of absolute convergence for .Z{f(t)}.

Example 2.4. Let o be a constant, v a real number, n and ¢ positive real numbers. Then the

following inverse Laplace transforms hold:
1 t

i) ¢! = 0;

R = e

(i) £ {L} = E(0,q) = e*;

(i) £~ {—(S E”;):ll =1"e%;
. _ 1 1
@) < 1{m}:Et (—5,062>+06E, (0,&2);

v) 2! {m} =tE,(v,a)—VvE,(v+1,a0), v>-2.

Lemma 2.2. [23] Let n be a positive integer, & be a constant, v be a real number, and ¢ be a

positive real number. Then

) = i 5 (7 e e i

i=0

where v > —n.

3. MAIN RESULTS

In this section, we will state our main results and give their proofs.

Theorem 3.1. Consider the non-homogeneous fractional integral equation of the form
3) Iy(0) +a-Igy(0) +b-y(t) =1",

where 161 is the Riemann-Liouville fractional integral of order 6 = 1/2,6 = 1,n € NU{0},a,b
are constants and ¢t € R™. Then the solutions of (3) are as the follows:

(i) If o =1/2, and j,k € R\ {0} with j # k such that a = j+ k and b = jk, then the solution
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of (3) is of the form

2n 2n—i+1 _ k2n7i+1

0= e [P e S () 5 (o)

n! k" 11 1 1
4 - E|l— —-)|--E — 1.
@ SE(ae) )]

(ii) If 6 =1, and j,k € R\ {0} with j # k such that a = j+ k and b = jk then the solution of

(3) is of the form

_ n! n—i+1 jn_i_kn_i i—1 (_1)n+1n! n—1_—t/j n—1 ,—t/k
(5) y(t)— X Z(—l) |:Tl):|t +J_—k[] e ' —k e ]

Proof. Applying the Laplace transform to both sides of (3), we have
(6) LU} +aZ {15 y(0)} +bL{y(1)} = L{1"}.

Using Lemma 2.1, Example 2.3 (ii), and denoting the Laplace transform Z{y(¢)} = Y (s) to

(6), we obtain

20

nls
7 Y = .
@) (5) s"t1 (bs2% 4 as® + 1)

For 6 = 1/2, equation (7) becomes

y n!
s) = ,
(s) s" (bs+as'/2+1)
and turns into
n!
Y —
(s) w?n (bu> +au+1)’

1/2

with a substitution of u = s'/~. Using partial fractions with explicit values of a, b, we can rewrite

it as
2n 1

n! R i n! j2n 1 n! k2" 1
8 Y _ _11 2n z+1_k2n i+1 — _ .
(8) Y(s) j_ki—zi( ) [] ]ul+ j—k \u+1/j J—k \u+1/k

Finally, resubstituting u = s'/2 and taking the inverse Laplace transform to (8) with the help of
Example 2.4 (i), (iv), we obtain a solution of (3) in the form of (4).

For o = 1, equation (7) becomes

n!
Yis)= sl (bs?+as+1)
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Using partial fractions with explicit values of a,b, we can rewrite the above equation as

® +1
- n H—l n—i l (_1>n n! |:~n—1 ( 1 ) _pn—1 ( 1 >:|
k& RS - |V o) 8GR

Applying the inverse Laplace transform to (9) and using Example 2.4 (i), and (i1), yield a solu-

tion of (3) in the form of (5). In order to include the case n = 0 into the solution formulas of

both cases, we adopt the notation 1/T°(0) = 0. The proof is completed. O

Remark 3.1. Let n be a non-negative integer and a, b satisfy condition in Theorem 3.1. Then

(5) is a solution of
b-y'(t)+a-y (1) +y(t) =n(n—1)""?2

see [37] for more details.

Example 3.1. Letting a = %,b =1, and 6 = 1/2, equation (3) changes to

(10) v+ 0 (0 =1

From Theorem 3.1, equation (10) has a solution

R e 2 o L)L

(1) ——”!(1/32)2"_1 [Et( ; > 2e4t1

By applying Example 2.2 (i), (i), and (iv), it is not difficult to verify that (11) satisfies (10).

Moreover, if n = 1, then equation (10) becomes

5 12
(12) I+ y(0) 45 Iy + () =
From (11), it follows that (12) has a solution
8 11\ 1 1 4etl/* M 571/2
13 t)=<E|(—=,-|—=E|—=4]|]——F+————=—+1.

It is not difficult to verify that (13) satisfies (12).

Example 3.2. Letting a = %,b =1, and o = 1, equation (3) changes to

(14) Iey(t) + >

5 dory(t) +y(t) =1".
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From Theorem 1, equation (14) has a solution
(15) _ .
n! & ) 2n71+l - (1/2)117171

, —1)"+n!
y(l) _ ?i;o(_l)n—l—o—l F(Z) tz—l + ( 1)3 !

[zne—t/2 i (1/2>n—28—2t )

By applying Example 2.2 (i1), it is not difficult to verify that (15) satisfies (14).

Moreover, if n = 2, then equation (14) becomes

5
(16) oy(t )+§ Tory(t) +y(1) =12

From (15), it follows that (16) has a solution

8 2
(17) y(it)=2—- ge_’/z + ge_Zt.

It is not difficult to verify that (17) satisfies (16).
According to Remark 3.1, function (17) is a solution of y"(¢) + 3y/(t) +y(t) = 2.

Theorem 3.2. Consider the non-homogeneous fractional integral equation of the form
(18) I9y(t) +a-I5.y(t) +b-y(t) = 1",

where I§. is the Riemann-Liouville fractional integral of order 6 = 1/2,6 = 1,n € NU{0},a,b
are constants and ¢t € R™. Then the solutions of (18) are as the follows:

(i) f 0 =1/2, and j,k € R\ {—1,0,1} with j # k such that a = j+ k and b = jk, then the
solution of (18) is of the form

n+1 k2n—2i+2

n! n—i J
j—k& (=1) {(kz_ 1)n—i+2 - (j2—1)r—i+2
j T(=3/2+1) , 3
1/2 l; IS (_5“’1)

nlet 1>n i+1 k2n72i+1 j2n72i+1 -
Z {(kz _ 1)n—i+2 B (jz _ 1)n—i—0—2:| t

y(t) =

2n—2i+42
E

1:0

- <J-5]f‘ Bbii"fu a3 7) 55 07)
|

(—1)"n! K> 11 1 1
) @ 5 () 15 (0 8)
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(ii) f o =1, and j,k € R\ {—1,0} with j # k such that « = j+k and b = jk, then the solution
of (18) is of the form

n!et n (_1)n—t|: ot ]}’l—l :| i tnel
) = — - - — — - t +
= L Gy G T
20) N (_1)n+1n' jnfleft/j B knfleft/k
=k | GrE R

Proof. Performing the Laplace transform to both sides of (18), we have
@ L2y} +a- LGy} +b-ZL{y(0)} = 21"}

Using Lemma 2.1, Example 2.3 (iv), and denoting the Laplace transform Z{y(t)} =Y (s) to

(21), we obtain

n!s*°

(s— )" (bs?0 +as® + 1)

(22) Y(s) =

For 6 = 1/2, equation (22) becomes

!
Y(s) = n!s ’
(s — 1)1 (bs+as'/2 +1)
and turns into
14,2
(23) Y(s) = v

(u? = 1) (bu? +au+1)’

with a substitution of u = s/2. Using partial fractions with explicit values of a, b, we can rewrite

it as
n+1 . k2n 2i+2 2n—2i+2
Y(S) _ Z —i . .] ' u .
Pt 1)}1 i+2 (J2_1)n—l+2 (u2_1)t
i n i k2n72i+1 B j2n72i+1 1
] P (kz_l)n—i+2 (jz_l)n—i+2 (uz_l)i
N 1 N (—1)"1nt j2n 1
]+1 &) @ E G- R) et 17
)n! k2" 1
24 .
. [ e

Finally, resubstituting u = s'/2 and taking the inverse Laplace transform to (24) with the help

of Lemma 2.2, Example 2.4 (iii), and (iv), we obtain a solution of (18) in the form of (19).
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For o = 1, equation (22) becomes

n! s%

Y(s) = (s— 1)1 (bs?+as+1)

Using partial fractions with explicit values of a, b, we can rewrite the above equation as

_kizl(_l) [(Hl)""'+2 - (j+1)"_i+2] O {(j+1)(k+1)} (s— 1)+

(25)

( l)n-i-l Jn 1 1 k" 1 1
e e v [ )
Applying the inverse Laplace transform to (25) with the help of Example 2.4 (iii), and (iv),

yield a solution of (18) in the form of (20). In order to include the case n = 0 into the solution

formulas of both cases, we adopt the notation 1/I'(0) = 0. The proof is completed. O

Remark 3.2. Let n be a non-negative integer and a, b satisfy condition in Theorem 3.2. Then

(20) is a solution of
b-y'(t)+a-y () +yt) =1"e +2n" e +n(n—1)"2¢.

Example 3.3. Foroc =1/2,a = %, and b = é, equation (18) changes to

1
(26) o ()42 1)+ g () =1

From Theorem 3.2, equation (26) has a solution

ntl 27 8 1 d [(=3/241) ; 3
=n! it P o Y i |
16 81 =1 et 8n! 1
t 4¢
tnle Z [3n AT 3l+s] ORI {Er (—574) —2e }

27n! 1
S {Et( > 9) —3e9f} :

For a fixed n = 1, equation (26) becomes

1
28) v+ 2 0+ 5y =1
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From (27), it follows that (28) has a solution
269 , 7 , 175 1 5 1 1 1
=— —te ——E; | —=,1)—-=tE; [ —=,1 —E | =1
y(t) 96€+4t€ 96 l( 27 > 4|:t l‘( 27 )"_2 t(27 ):|

8 1 J] 27 1 o

By applying Example 2.2 (ii), (iii), (iv), and (v), it is not difficult to verify that (29) satisfies
(28).

Example 3.4. Letting a = 3,b =2, and 6 = 1, equation (18) changes to
(30) IGoy(t)+3 - Iory(t) +2- (1) = 1"

From Theorem 3.2, equation (30) has a solution
(31)

no(_1\n—i n—i n,t n—1,—t/2 —t
_ 4 ( 1) 1 2 i—1 e +1 2 e e
y(t) =nle Z;,) (i) |:2ni+2 T 3n—it2 o+ 6 +(=1)" ! 3nrl ol |-
=

By applying Example 2.2 (ii), and (iii), it is not difficult to verify that (31) satisfies (30).

Moreover, if n = 1, then equation (30) becomes
(32) I5-y(t) +3 - To-y(1) +2- (1) = 1.

From (31), it follows that (32) has a solution

5¢ te! e 1/? et

(33) =St et o

It is not difficult to verify that (33) satisfies (32).
According to Remark 3.2, function (33) is a solution of 2y”(¢) + 3y'(¢) +y(¢) = te' 4 2¢".
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