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Abstract. In this paper, a new type of algebra namely S-algebra is introduced. The partial ordering on S-algebra is
introduced, some examples of S-algebras are given and some equivalent conditions for an S-algebra to become a
distributive lattice are given by introducing a partial order S-algebra x <y, if y Ax = x. This partial ordering leads
to some S-algebras. Congruences on S-algebra are introduced and some properties on congruences are proved.
The concept of central element in an S-algebra is introduced. By using a central element a of S, S-algebra can be
decomposed into two S-algebras and some important properties are emphasized.
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1. INTRODUCTION

Boolean logic has a wide applications in Computer science and Electronics. It is the main
logic in Computer Languages . Lattice theory established to develop logic which is used in
several sciences and technology. Distributive lattices are generalization of Boolean algebras. In
this paper , a new concept namely S-algebra is introduced. It is neither a Distributive lattice
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nor a lattice but its satisfies some properties of these lattices.Infact its generalization of distribu-
tive lattices and also C-algebras.some examples of S-algebras are given and some equivalent
conditions for an S-algebra to become a distributive lattice are given by introducing a partial
order S-algebra . By Using this partial ordering , some S-algebras induced by the above partial
ordering. Congruences on S-algebra are introduced and some properties on Congruences are
proved.The concept of central element in an S-algebra is introduced. By using a central ele-
ment a of S, S-algebra can be decomposed into two S-algebras and some important properties

are emphasized.

2. PRELIMINARIES
Definition 2.1. Let A be an algebra and «, B € Con(A). Then we have aoff = {(x,y) €A XA |

(x,z) € B and (z,y) € a for some z € A}.

Definition 2.2. Let A be an algebra and o, 8 € Con(A). Then o and 3 are said to be permutable
if aof = Poa.

The following is a well known result.

Definition 2.3. Let A be an algebra. Then a subset L of Con(A) is called permutable if any two

congruences in L are permutable.

If A is any algebra and 6 € Con(A), then A/0 :={a/0 | a € A} is the quotient algebra with
respect to the operations defined in [6], by a/0 Ab/O = (aAD)/0 and a/ONV b/O = (a\V b)/6.
We write 0(a) for the element a/6 of A/6.

Definition 2.4. Let A be an algebra and 6 € Con(A). Then the map a — 6(a) is called the

natural map of A onto A/6.

“If A is any algebra, then the congruences A X A and {(x,x) | x € A} are denoted by /4 and

A4 respectively. Sometimes we refer to Ay as zero congruence on A.”

Definition 2.5. Let A be an algebra and @ € Con(A). Then « is called a factor congruence or

direct factor congruence if there exists § € Con(A) such that a N = A4 and aof = 4.
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Definition 2.6. An algebra A is called (directly) indecomposable if A is not isomorphic to a

direct product of two nontrivial algebras.

The following is a well known result, which characterize indecomposable algebras in terms

of their congruences.

3. THE CONCEPT OF S-ALGEBRA

The variety of S-algebras is a generalisation of C-algebras,that is every C-algebra is an S-
algebra but the converse need not be true since S-algebra is an algebra of type(2,2) where
as C-algebra is an algebra of type (2,2,1).The unary operation in C-algebra is not there in

S-algebra. According to our Knowledge the identities in S-algebra are independent .

Definition 3.1. An algebra (S,V,A) of type (2,2) is called an S-algebra if it satisfies the fol-
lowing conditions;

(i): xAx=x,xVx=x

(): xAN(yAz) =(xAy)Az,xV(yVz)=(xVy)Vz

(ii): (xAY)V(AX)=(GAX)V(xAY), (xVY)A(VX)=(yVx)AxVy)

(iv): xA(xVy)=x,xV (xAy) =x

(V): xA(yVz)=(xAY)V(xAz),xV(yAz) = (xVy)A(xVZ)

vi): xAyAx=xAy,xVyVx=xVy

for all x,y,z € S.
Some examples of S-algebras are given in the following.
Example 3.2. Every Boolean algebra is an S-algebra.

Example 3.3. The three element set S = {r,s,7} with operations A,V

given by;
ANlr|s|t Vir|s|t
r|r|sjt r |r|jr|r
S|s|s|s s|r|s|t
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is an S-algebra.

In the following we introduced a partial ordering on S-algebra, this partial ordering leads to
some S-algebras induced by this partial ordering. Given any two elements x,y in an S-algebra
(S,V,A), we define < on S by “x <y, if y Ax = x. "Through out this chapter, by S, we mean

that it is an S-algebra (S, V, A) unless otherwise mentioned.
Lemma 3.4. Let S be an S-algebra. Then < is a partial ordering on S.

Proof. It is easy to observe that < satisfies the reflexivity. Let x,y € § such that x <y and y < x.

Then, we have yAx =x and x Ay = y. Now,

X = yAx
= xAyAx (sincexAy=y)
= XAy (by Def. S — algebra)
= y (sincex Ay =y)
Therefore < satisfies anti-symmetric. Let x,y,z € Z such that x <y and y <z Then yAx =x
and zAy =1y. Now,
ZAx = zAyAx (sinceyAx=x)
= yAx (since zZAy =1y)
= X (since y Ax = x)

Therefore x < z and hence < is a partial ordering on S. O

Lemma 3.5. In a partial ordered set (S, <), for any x,y € S, we have the following;
(i) If x <y, thenyVx=yand x\y < x
(ii) If x <y, foranyz € S, (a) zZANx < zAy (b) zVx <z VY.

Proof. Letx,y € S.

(1) If x <y, then y Ax = x. Now,
yVx=yV(yAx)=yand

XN (XxAy) = (xAX)Ay =xAy
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(i1) Suppose that x <y and for any z € S.

(a)
(ZAY)A(zAx) = (zAyAz)Ax

= ZAYAx
= zZAX (since y Ax = x)
Therefore zAx < zAy.

(b)
(EVY)A(zVX) = zV(yAx)

= zVx (since y Ax = x)

Therefore zVx < zVy. O

Lemma 3.6. In a partial ordered set (S,<), for any x,y,z € S; we have the following; x <y —>

xV(yAz) =yA(xVz).

Theorem 3.7. In an S-algebra S, for any x,y,z € S, the following identity holds,
xA(yVz)=xA[yA(xVz)]Vz

Theorem 3.8. In an S-algebra S; for any x,y,z € S, the following identity holds;

xV(yAz) =xV[yV(xAz)] Az

Lemma 3.9. In an S-algebra S, for any x,y € S, x N\y=yAx = y<yVux.

Theorem 3.10. An S-algebra S is a distributive lattice “iff ” x\y is an upper bound of x,y, for
all x,y € §

Proof. Let S be an S-algebra. It is observe that if S is a distributive lattice; then x Vy is an upper
bound of x, y.
Conversely, suppose that xV y is an upper bound of x,y, for all x,y € §. Then x < xVy and
y <xVy. Thatis (xVy) Ax=xand (xVy) Ay =y. Now,
(xVy)A(yVx) = (xVyVx)A(yVx)
= kVOVX)IA(yVx)

= yVx
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YVX)A(xVy) = (YVxVy)A(xVy)
= PVEVY)IA(xVY)
= xVy

Therefore V is “commutative”.
Similarly
(xAY)VAX) = (xAY)V(AXAY)
= (xAY)VDA(xAY)]

= XAy

(YAX)V(xAy) = (yAx)V(xAyAx)
= OAX)V[xA(yAx)]
= YAX. )

Therefore A is commutative. Thus S is a distributive lattices. OJ

Theorem 3.11. In an S-algebra S, if x\V'y is an upper bound of x,y, for all x,y € S, then x\V y is

the supremum of x and y.

Proof. Let x,y € S such that x Vy is an upper bound of x and y. Thatisx <xVyandy <xVy.

Let ¢ be an upper bound of x and y. Then x < and y <t. So thatt Ax =xand t Ay =y. Now,

tAN(xVy) = (tAx)V(tAY)

= xVy (sincet Ax=xandtAy=y)
Therefore t A (xVVy) =xVyand hence xVy <t.

Thus x V' y is the supremum of x and y. 0

Theorem 3.12. An S-algebra S is distributive lattice if and only if the following holds.
(i) x A (yVx)=xforall x,y € S

(ii) x Ny <y, forall x,y € S.

Proof. If § is a distributive lattice, then it is easy to observe that the conditions (i) and (ii) are

trivial. On the other hand, assume that the conditions (i) and (ii) holds in a S-algebra S. Let
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x,y € S. Then
(V) A(VE) = (xVy)A(yVxVy)
= (Vy)ADV(xVy)]
= xVy
and
(YVX)A(xVy) = (yVx)AKVyVx)

= (VX)ARV (V)]
= yVx (by our assumption(i))
Therefore xVy <yVxand yVx <xVy HencexVy=yVux.
From (i1), we have x Ay <y. So that yAx Ay =xAy. Hence yAx =xAy.. Thus S is a distributive

lattice. O

Lemma 3.13. In an S-algebra S, if x \'y is a lower bound of x and y, then x \'y is the infimum
of x and y, for all x,y € S.

Proof. Let x,y € S such that x Ay is a lower bound of x and y. Then x Ay <xand xAy <y. Let
t be a lower bound of x and y. Then # < x,y. Thatis x At =y At =t. Now,
(xAY)At = xA(yAt)
= (xAt) (since yAt =1)
= t. (since x A\t =1)

Therefore t < xAy. Hence x Ay is the infimum of x and y. (]

4. SOME PROPERTIES OF S-ALGEBRA AND ITS CONGRUENCES

In this section we introduce congruence on S-algebra and some properties of these congru-

ences are proved.
Definition 4.1. Let S be an S-algebra and a € S; ), is defined as x, = {(x,y) | aAx=aAy}.

Lemma 4.2. Let S be an S-algebra and a € S. Then ), is a congruence relation on S.

2

Proof. Clearly yx, satisfies” reflexive and symmetric.” Let (x,y) € X, and (y,z) € X4 Then
aANx=aAyand aNy=aAz SothataAx=aAz. Therefore (x,z) € ), and hence yx, is an

equivalence relation on S.
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Let (x,5),(y,7) € X4- ThenaAx=aAs,aNy=aNt. Now,a A (xAy)=(aAx)ANy=(aNs)A\y

=(ansha)Ny=(aNs)N(aNy)=(aNs)N(aNt)=(aNsNa)\t=(aNs) Nt =a(sN\t)
Therefore (xAy,sAt) € Xq. Now, aA(xVy) =(aAx)V(aAy)=(aAs)V (aAt) (since aAx =

alNs,aNy=alt)=a(sVt)

Therefore (xVy,sVt) € x, hence x, is compatible with binary operation V, A.

Thus yx, is congruence on S. 0

Theorem 4.3. The following are hold for any elements a,b of an S-algebra.
(i) Xa OV Xb € Xarp
(ii) Ifa < b, thenaANb=bN\a
(iii) Xanb = Xbha
(iv) XaOXp € Xarnb = Xbia
(v) If a < b; then xp C x4

Proof. For any a,b € S.
(i) Let (x,y) € xaNxp, thenaAx=aAyand bAx=DbAYy.
Now,
(anb)Ax=aN(bAx)=aN(bAy)=(aND)Ny.
Therefore (x,y) € x.np and hence X, N Xy C Xans-
(1) If a < b, then we have b A\ a = a.
Now,aAb=aAbNa=aNa=a=bAa.
ThereforeaAb=bAa
(iii) Let (x,y) € Xarp- thena AbA x=aAbAy.
Now,
(bANa)Ax=(bANaAb)ANx =bAN(aANbAx)=bA(aNbAy) =(bANaND)Ny)
=(bANa)Ny.

Therefore (x,y) € xprq and hence Xunp C Xpra
On the other side, let (x,y) € Xppas

Now,



THE CONCEPT OF S-ALGEBRA AND ITS PROPERTIES 6001
(anb)Ax=(aNbNha) Nx =aN(bNaNx)=aN(bNaly)=(aNbANa)Ny)=(aNb) Ny
Therefore (x,y) € Xanp- So that Ypna C Xanp and hence X np = Xpnra (bY (iii))
(iv) Let (x,y) € xq0xp. Then there exists r € S such that (x,7) € x, and (¢,y) € xp. That is
aNx=a/NtandbA\t =bAYy.
Now,

(aANb)ANx=(aANbNa)ANx = (aAb)N(aNx) = (aAb)A(aAt) (sinceaAx=aAlt) =
(anbAa)Nt=(anb)Nt=aN(bAt)=aN(bAy) (sincebAt =bAy) =(aAb)Ay.

There fore (x,y) € Xunp- So that Y,0x, C Xan» and hence X,0Xp C Xarnp = Xbra- (by (iii))
WWIfa<bthenbNha=a.
Let (x,y) € xp- Then we have bAx =DbAy.
Now,

aNx=(bAa)Ax(since bAa=a)=(aNb)A\x=aN(bAx)=aN(bNy) (since bDAx=bAY)
=(aANb)ANy=(bNa)Ny=aly.(sincebANa=a)

Therefore a Ax = a Ay and hence (x,y) € X,.
Thus x5, C Xa- 0

5. DECOMPOSITION OF S ALGEBRA BY USING PARTIAL ORDERINGS

In this section ,for each a € S,where S is an S-algebra , S, = {a Ax/x € S} is a sub-algebra
of S.The concept of Central element in S-algebra is introduced.By using this,if a is a central
element of S then S is isomorphic to product of two sub-algebras.

For each element in an S-algebra S, we introduce a subalgebra of S.

Lemma 5.1. Let S be an S-algebra and a € S. Then S, = {a ANx/x € S} is the subalgebra of S.

Proof. Let S be an S-algebra and x,y € S such that
(anx)AN(aNy)=(anxNa)\Ny=(aAx)Ny=al(x\y)
Therefore (a Ax) A(aAy) € S,. (since x Ay € S)

Similarly, by Def of S, (aAx)V (aAy) =aA (xVy) €S,. (sincexVy € S)

Hence S, is a subalgebra of S. UJ
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Theorem 5.2. For any a € S, a mapping Y, from S to S, defined by y,(x) =aAx, forall x € S

Y

Ker(va)

Proof. For any a € S, define a map 7y, : S — S, by Y,(x) = aAx, for all x € S. Now, for any

is a homomorphism. Moreover a

x,y €S,
x=y= alAx=aly

= Ya(x) = Ya(y)-
Therefore 7, is well defined. Let x,y € S. Then
Ya(XxAy) = aA(xAy)
= (aAx)Ay
= (aAxAa)ANy
= (anx)A(aNy)
= Ya(x) A Ya(y)-
Similarly,
Ya(xVy) = aA(xVy)
= (aAx)V(aNy)
= Ya(¥)V1aly).
Therefore y, is homomorphism. Let z € S,. Then z = a A x for some x € S. So that y,(x) =

a N\ x = z. Therefore 7, is an onto homomorphism. Now,
Kerya= {(x,y) | Ya(x) = 1a(y)}

= {(x.y) [anx=any}

= %d'

Therefore Ker(7,) = x,. Hence by the homomorphism theorem, we get =S, UJ

Ker(vy,)
Definition 5.3. An S-algebra S is said to be S-algebra with T, if there exists 7 € S such that
TAx=xNT =x,forall x €S.

In this case, T is called meet identity.

Definition 5.4. An S-algebra S is said to be S-algebra with F, if there exists F' € S such that
FVx=xVF =x,forallx€S.

In this case, F is called join identity.
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Lemma 5.5. If F is join identity in S-algebra, then F Nx = F.

Proof. Let x € s, and F is join identity. Then we have F Vx=xV F =x.
Now,
FAx = FA(FVx) (since FVx=x)
= F.

Therefore F Ax=F. 0]

Theorem 5.6. Let S be an S-algebra with T,F .Then xt = A, xp =S X S.

Proof. Let x,y € S. Then

xr = {(xy)|TAx=T Ay}

= {(xy) |x=y}

and
xr = {(x,y) |FAx=F Ay}
= {(xy) |F=F}
= Sx&S.
O

Definition 5.7. An element a of an S-algebra with 7', F is said to be a central element of S, if it

obeys the below conditions;

(1) There exists b € S suchthataAb=bAa=F andavb=T.
(i) fanx=aANyandbAx=bAy, thenx =y.

Theorem 5.8. For any central element a of S, there exists b € S such that X, N X = A and

XaOXp =S X S.

Proof. Let (x,y) € Xa M Xp-
ThenaAx=aAyand bAx=bAy. So that x =y. (since a is central element)

Therefore (x,y) € Ahence we get x, N x» C A. Clearly we have A C y,N x,. Hence x, Ny, = A.
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For, x # y, consider z = (aAx) V (b A\Yy)

Now,

aNz = aN[(anx)V(bAy)]
= (aNaNx)V(aNDNy)
= (anx)V(FAy) (since a is central element)
= (aNx)VF

= a/l\x.

Therefore (x,z) € x,. Similarly,

bAz = bA[(aAnx)V(bAY)]  (sincez= (aAx)V (bAY))
= (bAaNAx)V(bAbAY)
= (FAx)V(bAY) (since a is central element)
= FV(bAy)
= bAy.

Therefore (z,y) € xp- So that (x,y) € x,0 X» and hence Y0 xp 2 S X S.
Clearly, we have that y,0 x, C S x S. So that y,ox, =S X S.

Thus x,, x» are factor congruences on S.

Theorem 5.9. If a is central element of S, then there exists b € S such that

S%Sabe.

Proof. Define amap h:S — S, x S, such that (x) = (ya(x),¥(x)). Then,

hlxVyl = (YalxVyl, mlxVyl)

AxVyl,bAxVy]) (since Y,(x) =aAx)

Va2V Ya(¥): B (x) V %(¥))

Ya(X), %(x) V (%), % ()
= h(x)Vh(y).

(7
(a
= ((anx)V(aAy),(bAx)V (bAY))
(
(
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and

h(xAy) = (Ya(xA), B(xAY))
A(xXAY), DA (xAY)) (since Y,(x) = aAx)

(anx) ANy, (bAx)NY))

(anx)A(aNny),(bAx)N(DNY))

Ya(X) A Ya (), % (X) A ¥o(y))

a (), () A (Ya (), 1(7))
= h(x) Ah(y).

Therefore 4 is a homomorphism.

(
(a
(
= ((aNxANa)ANy,(bAxADb)AYy)
(
(
(7

Let x,y € S such that
h(x) = h(y)
= (%), %(0) = (%), B(»))
= (aAx,bAx) = (aNy,bNy)
=alAx=aAyandbAx=DbANy
Then we have aAx=aAyand bAx=>bAy.
Therefore x = y (since a is central element). Hence / is one-one.
Let (x,y) € S; X Sp. Thenx =a At and y = b A5, for some s,7 € S.
ThereforeaAx =aNaNt=aNt=xandbAy=bAbANs=bAs=y.

SothataAx=xand bAy=y. Now,

h(xVy) = (Ya(xVy),¥xVy))

aN(xVy),bA(xVy))

(
(
= ((anx)V(aAy),(bAx)V (bAY))
(xVF,FVy) (sinceaNy=bAy=F)
(x,

y)-

Therefore (x,y) € S, x S, . Hence h is onto.
Thus S = S, X Sp. [
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