Available online at http://scik.org

J. Math. Comput. Sci. 11 (2021), No. 6, 6714-6728
https://doi.org/10.28919/jmcs/6284

ISSN: 1927-5307

ON INTERSECTION GRAPH OF DIHEDRAL GROUP

SANHAN MUHAMMAD SALIH KHASRAW*

Department of Mathematics, College of Basic Education, Salahaddin University-Erbil, Erbil, Iraq

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. Let G be a finite group. The intersection graph of G is a graph whose vertex set is the set of all proper
non-trivial subgroups of G and two distinct vertices H and K are adjacent if and only if H N K # {e}, where e is
the identity of the group G. In this paper, we investigate some properties and exploring the metric dimension and
the resolving polynomial of the intersection graph of D, ,». We also find some topological indices such as Wiener,
Hyper-Wiener, first and second Zagreb, Schultz, Gutman and eccentric connectivity indices of the intersection
graph of D,, for n = p?, where p is prime.
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1. INTRODUCTION

The notion of intersection graph of a finite group was introduced by Csdkany and Polldk in
1969 [1]. For a finite group G, associate a graph I'(G) with it in such away that the set of
vertices of I'(G) is the set of all proper non-trivial subgroups of G and join two vertices if their
intersection is non-trivial. For more studies about intersection graphs of subgroups and related
topics, we refer the reader to see [2, 3,6, 7,9, 16, 17, 18].
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Suppose that I' is a simple graph, which is undirected and contains no multiple edges or
loops. We denote the set of vertices of I' by V(I') and the set of edges of I' by E(I"). We write
uv € E(I") if u and v form an edge in I". The size of the vertex-set of I" is denoted by |V (I)|
and the number of edges of I is denoted by |E(I")|. The degree of a vertex v in I', denoted
by deg(v), is defined as the number of edges incident to v. The distance between any pair of
vertices u and v in I, denoted by d(u,v), is the shortest u — v path in I". For a vertex v in I, the
eccentricity of v, denoted by ecc(v), is the largest distance between v and any other vertex in I'.
The diameter of T, denoted as diam(I'), is defined by diam(I") = max{ecc(v) :ve V(I')}. A
graph T is called complete if every pair of vertices in I are adjacent. If S C V(I') and no two
elements of § are adjacent, then S is called an independent set. The cardinality of the largest
independent set is called an independent number of the graph I'. A graph I' is called bipartite if
the set V(I") can be partitioned into two disjoint independent sets such that each edge in I has
its ends in different independent sets. A graph I is called split if V(I') can be partitioned into
two different sets U and K such that U is an independent set and the subgraph induced by K is
a complete graph.

Let W = {vy,v2,--- ,vx} C V(L) and let v be any vertex of I. The representation of v with
respect to W is the k-vector r(v|W) = (d(v,v),d(v,v2), -+~ ,d(v,v)). If distinct vertices have
distinct representations with respect to W, then W is called a resolving set for I'. A basis of I is
a minimum resolving set for I" and the cardinality of a basis of I' is called the metric dimension
of " and denoted by B(T") [8]. Suppose r; is the number of resolving sets for I of cardinality
i. Then the resolving polynomial of a graph I of order n, denoted by B(T,x), is defined as
B(T,x) = Xipm) rix'. The sequence (rg(r)s7B(r)415 "+ »7n) formed from the coefficients of
B (T, x) is called the resolving sequence.

For a graph I, the Wiener index is defined by W(I') = ¥.q, sy () d(u,v) [5]. The hyper-
Wiener index of T" is defined by
WW(T) = AW () + %Z{u,v}gv(r) (d(u,v))? [10]. The Zagreb indices are defined by M;(T") =
Yoev(n) (deg(v))? and M>(T') = Yuver(r)deg(u)deg(v) [13]. The Schultz index of T', denoted
by MTI(') is defined in [14] by MTI(I') =Ygy vycv(r)d(u,v)[deg(u) +deg(v)]. In [15, 11]
the Gutman index has been defined by Gut(I') = Y., ,ycy () d(u,v)[deg(u) x deg(v)]. Sharma,
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Goswami and Madan defined the eccentric connectivity index of T, denoted by £¢(T), in [12]

by G°(I') = Lvev (r) deg(v)ecc(v).
For an integer n > 3, the dihedral group D, of order 2n is defined by

2

Doy =(rs:r"=s>=1srs=r1).

In [6], Rajkumar and Devi studied the intersection graph of subgroups of some non-abelian
groups, especially the dihedral group D, quaternion group Q,, and quasi-dihedral group QD»«.
They were only able to obtain the clique number and degree of vertices. It seems difficult to
study most properties of the intersection graph of subgroups of these groups. In this paper, the
focus will be on the intersection graph of subgroups of the dihedral group D»,, for the case when
n=p?, pisprime. It is clear that when n = p, then the resulting intersection graph of subgroups
is a null graph, which is not of our interest. For n = p?, the intersection graph F(szz) of the
group D, » has p? + p+2 vertices. We leave the other possibilities for n open and we might be
able to work on them in the future. So, all throughout this paper, the considered dihedral group
is of order 2p?, and by intersection graph we mean intersection graph of subgroups.

This paper is organized as follows. In Section 2, some basic properties of the intersection
graph of D, » are presented. We see that the intersection graph F(szz) is split. In Section 3,
we find the metric dimension and the resolving polynomial of the intersection graph F(szz).
In Section 4, we find some topological indices of the intersection graph F(szz) of D, > such

as the Wiener, hyper-Wiener and Zagreb indices.

2. SOME PROPERTIES OF THE INTERSECTION GRAPH OF D,

In [6], all proper non-trivial subgroups of the group Dy, has been classified as shown in the

following lemma.

Lemma 2.1. The proper non-trivial subgroups of Dy, are:
(1) cyclic groups H* = (r%> of order k, where k is a divisor of n and k # 1,
(2) cyclic groups H; = (sr') of order 2, where i = 1,2,--- ,n, and
(3) dihedral groups H: = <r%,sri) of order 2k, where k is a divisor of n, k # 1,n and i =
1,2, 2
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The total number of these proper subgroups is 7(n)+ o(n) — 2, where 7(n) is the number
of positive divisors of n and o (n) is the sum of positive divisors of n. We mentioned that we
only focus on the case when n = p?, p is prime. Recall that, for n = p?, the intersection graph
I'(D,,») of the group D, > has p?> 4 p+2 vertices. The vertex set of ['(Dy,) is V(I(D,,2)) =
(UZ {H}) U (U0 {HL}) U{HP} U {HP"}, where
(1) H; = (sr'), where i = 1,2,--- , p,
(2) H}, = (r?,sr'), where i = 1,2,--- , p,
(3) HP = (rP) and H?" = (r).
The following theorem is given in [6] to compute the degree of any vertex in I'(Dy,). Since

we only consider the case n = pz, we restate it as follows:

Theorem 2.2. In the graph T'(D,,,),

1, l]“v:HlfOrl:l’z,,pz,
deg(v)=1q 2p+1 ifv=H, fori=12,---,p,
p+1, ifv=HP or HY.

The following theorem gives the exact number of edges in I’ (szz) which can be used in

Section 4 to compute the second Zagreb index.

Theorem 2.3. In the graph I'(D,,,),

E(T(Dy,2))| = 3(3p* +3p+2).

Proof. Tt follows from Theorem 2.2 that there are p? vertices of degree 1, p vertices of degree

2p+1 and 2 vertices of degree p+ 1. Thus, |E(I'(Dy,2))| = %Zvev(r(Dz o)) deg(v) = Tp? 1+
4

p-(2p+1)+2-(p+1)) = 5(3p* +3p+2). 0

Theorem 2.4. Let I' = I'(D, ) be an intersection graph on D,,». Then diam(I') = 3. In

particular, T is connected.

Proof. Suppose u and v are two distinct vertices of F(szz). If u and v are adjacent, then
d(u,v) = 1. Otherwise, let uNv = {e}. Then there are three possibilities: u = H; and v = H;
fori=# j,u=H;and v=H/ for j=por p? and u = H; and v = H,{ for i Z j(modp). For the

first case, if i = j(modp), then there exists w = H 5 where k = i(modp) such that uw,wv € E(T)
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and so d(u,v) = 2. Butif i # j(modp), then no such w exist such that uw,vw € E(I"). Then take
w = Hy' where ky = i(modp) and w' = Hy2 where ky = j(modp), and so uw,ww’,w'v € E(T).
Hence d(u,v) = 3. For the second case, there exists w = Hllﬁ, where k = i(modp), such that
uw,wv € E(I"). Hence d(u,v) = 2. For the last case, there exists w = HI’§, where k = i(modp),

such that uw,wv € E(T") and then d(u,v) = 2. O

From Theorem 2.4, one can see that the maximum distance between any pair of vertices in
['(Dy,2) is 3. In order to explore the exact distance between any pair of vertices in I'(D,,2) ,
we state the following corollary which can be used in the next section to find some topological

indices of ['(Dy,2).

Corollary 2.5. In the graph I'(D,,»),

(

1 ifu:Hi,v:Hl{ where i = j(modp) fori=1,2,---, p*
and j=1,2,--- ,p,

1 ifu:Hpoerz,v:Hf,. where j=1,2,--- . p,

1 ifu=HP,v=H",

| ifu=Hj,v=H, where j#1 and j,l=1,2,--,p,

d(u,v)=4q 2 ifu:H,-,v:Hpoer”2 fori=1,2,---,p?%

2 ifu:Hi,v:H; where i % j(modp) fori=1,2,---,p?
and j=1,2,---,p,

2 ifu=H;,v=H;wherei# jandi= j(modp)

fori,j=1,2,---,p? and

\ 3 ifu=H;,v=H;wherei% j(modp) fori,j=1,2,--- p?

2
Theorem 2.6. Let ' =T'(D,,2) be an intersection graph on Dy . Then U_ | {H;} is an inde-

pendent set.

. . . . 2
Proof. From Corollary 2.5, d(u,v) # 1 for every distinct pairs of vertices u,v € Ule{Hi} and

so uv ¢ E(I'). Therefore, Ufzzl{Hi} is an independent set for each i. O

Corollary 2.7. The independent number of the graph I'(D, pz) is p* + 1.
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2
Proof. From Theorem 2.6, the independent set Ule{Hi} is of size p>. Also, from Corollary
2
2.5, one can see that none of the vertices of H? or H? is adjacent to vertices in U?_, {H;}. So,

in total the size of the largest independent set is p? + 1. O

Theorem 2.8. Let H C V(I'(D,,2)). Then the intersection graph I'(H) is complete if and only
if H = UL {H)}U{HP} U{H""}.

Proof. Suppose H =U%_, {HI’,} U{HP}U {H"’2 }. By Corollary 2.5, d(u,v) = 1 for every distinct
pairs of vertices u,v € H. Then the graph I'(H) is complete. The converse follows directly from

Corollary 2.5. U

The complete graph in the previous theorem is the largest complete subgraph of I'(D5,,). As

a consequence, the clique number of I'(D»,) is p + 2 which coincides with Theorem 2.3 in [6].

Theorem 2.9. Let H C V(I'(D,,2)). Then T(H) =K\, if and only if H = Ul_ {H;} U{H}}

where i = j(modp).
Proof. The proof follows from Theorems 2.6 and 2.8. 0

As a consequence of the above theorem, we have the following corollary.
Corollary 2.10. The graph T'(D,,,) is split.
Theorem 2.11. In the graph T'(D,,2),

3 ifv=H; fori=1,2,---,p*
ecc(v) =
2 otherwise.
Proof. Let v = H; for some i. By Corollary 2.5, d(u,v) = 3 if u = H; where i # j(modp),
otherwise d(u,v) < 3. Thus, ecc(v) = 3 for every v € Uf:zl{Hi}. If v # H; for any i, then
again from Corollary 2.5, the maximum distance between v and any other vertex is 2, and so

ecc(v) =2 foreachv ¢ Uﬁl{Hi}. O
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3. METRIC DIMENSION AND RESOLVING POLYNOMIAL OF INTERSECTION GRAPH

ON D2p2

For a vertex u of a graph I, the set N(u) = {v € V(') : uv € E(I") } is called the open neigh-
borhood of u and the set N[u] = N(u) U {u} is called the closed neighborhood of u. If u and
v are two distinct vertices of I, then u and v are said to be adjacent twins if N[u] = N[v] and
non-adjacent twins if N(u) = N(v). Two distinct vertices are called rwins if they are adjacent or
non-adjacent twins. A subset U C V() is called a rwin-set in I if every pair of distinct vertices

in U are twins.

Lemma 3.1. Let I be a connected graph of order n and U C V(I') be a twin set in T with

|U| = m. Then every resolving set for T contains at least m — 1 vertices of U.

Corollary 3.2. [4] Let I be a connected graph, U resolves I" and u and v are twins. Then u € U
orv e U. In addition, ifu € U and v ¢ U, then (U \ {u}) U{v} also resolves T

Theorem 3.3. Let I'(D,,;2) be an intersection graph on D, ,». Then
B(L(Dyp)) =p* —p+1.

Proof. Let W = ((Ufil{Hi}) U{HP}) — S, where S = {H},H,--- ,H,} with the property that
H; and Hj are in § if and only if i # j(modp). One can see that W is a resolving set for I'(D;,2)
of cardinality p(p — 1) + 1. Then B(I'(D,,2)) < p? — p+ 1. On the other hand, Ufzzl{H,-} is the
union of p twin sets each of cardinality p such that H; and H; belong to the same set if and only

if i = j(modp). Also, {HP,HPZ} is a twin set of cardinality 2. Then by Lemma 3.1, we see that
B(T(Dy2)) = p(p—1)+1. 0

The following is a useful property for finding a resolving polynomial of a graph of order n.
Lemma 3.4. If T is a connected graph of order n, then r, = 1 and r,_1 = n.

Theorem 3.5. Let I' =T'(D,,2) be an intersection graph on D, . Then

2_ 2 2p—1
BLx) =xr=r ((1> G20+ Bt T pera g L T + (P P+ D) +

x2p—|—l) 7
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where

e peirg= 0GP OO+ D) TO O O () TR () a =it

e =)0 @) @ )TEO @) +
P O L ) 1 (A TR0 L G [ P R PR [ L 63 1)
(D))" R (),

k=ki+kyky # ko ki —1 £ kyky £hky—1and 1 <k; < pfor j=1,2.

Proof. By Theorem 3.3, B(I') = p> — p+ 1. It is required to find the resolving sequence

(FB(r)» PB(D)+15" "~ s TB(T)+2p+1) OF length 2p +2.
To find rg(r). For the reason that Up _{H;} is the union of p twin sets and {H?,H P’ }is also a

twin set, then by Corollary 3.2 and the principal of multiplication, we see that there are

L) <pl—:1) (") G) =2

p—times

possibilities of resolving sets of cardinality S (I), that is, rgry = 2p”.

For1 <I1<2p—1, we aim to find FB(I)+1

First, we try to find rg),, Where 1 < g < p. Suppose uj,uz, - ,uq be g distinct vertices
of I that do not belong to any resolving set of cardinality B(I") + ¢ — 1. Recall the set S =
{H\,H>,--- ,H,} and H;,H; € S if and only if i # j(modp). Then there are three possibilities to
consider: i vectors in S and j vectors in U?Zl{Hg}; i — 1 vectors in S, one vector in {H? ,sz}
and j vectors in Ule{ng}; or i vectors in S, one vector in {H” ,Hp2} and j— 1 vectors in
U;’:l {H [J,}, where i + j = q. Altogether, by principals of addition and multiplication, there are
DGR+ (PO G+ () (20" B)(;7,) possibilities of resolving
sets of cardinality B (") + ¢, where i + j = q.

Second, to find FB(T)+k> where p+ 1 < k < 2p — 1. Take the set of vertices vi,vp,---, v in I’
that do not belong to any resolving set of cardinality B(I") + k — 1. Since k > p, then we assume
that k = k1 + k such that k1 # ky, k1 —1 # kp and k1 # kp — 1, where 1 < k; < p for j =1,2.

Then there are the following possibilities:
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ky vertices of the set {vy,va,---, v} are in S and k; vertices of the set {vi,vp, -+, v} are in
ko vertices of the set {vy,vy,---, v} are in S and k| vertices of the set {vi,vp, -+, v} are in
ki vertices of the set {vi,vp,---,v} are in SU {Hp,sz} and k, vertices of the set
{vi,v2,-++, v} are in U?ZI{HIJ,},
ky vertices of the set {vy,vs,---, v} are in S and k; vertices of the set {vi,vy, -+, v} are in
1 2
Ul {Hp} U{HP,H"},
ko vertices of the set {vi,vp,---,v} are in SU {Hp,HP2} and ki vertices of the set
{vi,v2,--+,v;} are in U‘}’:l{HI],} or
ko vertices of the set {vy,vy,---, v} are in S and k; vertices of the set {vi,vp, -+, v} are in
1 2
o {HYU{E? HPY.
Again, by the principal of addition and multiplication, there are
p—k1 2 p—ka 2 p—(ki—1) 12
G2 @)+ @G O @)+ () () ) (@) +
p—ki 12 p—(ka—1) 12 p—ky 2
G2 R ) + (2D () G @)+ @)D" GG

possible resolving sets of cardinality B(I") + k, where p < k <2p—1.
By Lemma 3.4, rg(r);2, = p>+p+1and rp()+2p+1 = L. U

In the following remark, some additional possibilities of rgr) 4, where p <k <2p—1, are

given.

Remark 3.6. In Theorem 3.5, we have the following additional possibilities:

(1) ifki = ko, then rg(ry. 4 =
DG D@+ DN TR+ )G )
(2) if ki — 1= ka, then rg(py; =
) D@+ ) O @) + (0GP TR () +
A Ll G [ B A [ L I e
(3) ifki = ko — 1, then rg(py i =
L)L) O+ (RGP 2O + (20 () R e +

O S Y [P BN F A TR Ll 6 [ L)
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4. SOME TOPOLOGICAL INDICES OF INTERSECTION GRAPH ON D ,»

In this section, some topological indices, such as the Wiener index, Hyper-Wiener index,
Zagreb indices, the Schultz index, the Gutman index and the eccentric connectivity index, of

the intersection graph for the dihedral group D»,,, where n = p?, are computed.

Theorem 4.1. Let I =T(Dy,) be an intersection graph on D»,. Then
1 4 3 2
w(T) = §(3p +3p°+5p +3p+2).

Proof. Letu,v €V (T'). It follows from Corollary 2.5 that the number of possibilities of d(u,v) =
1is p*+ (”42“2), the number of possibilities of d(u,v) =2is p- (5) +p-p-(p+1) and the
number of possibilities of d(u,v) = 3 is (5)(?)(?). Thus, W(I'(D2,)) = (P> +3(p+1)(p+
2))-1+(3BpP* +p%) 2+ (5(p* = p*))-3=303p" +3p* +5p* +3p+2). O

Theorem 4.2. Let I'(D»,) be an intersection graph on Dy,,. Then

1
WW(I'(Dyy)) = 5(6174 +3p° +6p* +3p+2).

Proof. From Theorem 4.1 and Corollary 2.5, we can see that WW (I'(D5,,)) = % (% (3p*+3p> +

5p2+3p+2)) +%<<p2+%(p+1)(p+2)> 12+ (%(3p3+p2)) 2%+ (%(P4—P3)) -32) =
S(6p*+3p3 +6p*+3p+2). 0

In the next two theorems, the first and second Zagreb indices for the intersection graph I'(Dy;,)

are presented.
Theorem 4.3. Let I'(Dy,) be an intersection graph on Dy,. Then
Mi(D(D2,)) = 4p> +7p* +5p +2.

Proof. The proof is similar to the proof of Theorem 2.3. It follows from Theorem 2.2 that
M(T(D2,)) =p* - 12+p-2p+1)2+2-(p+1)2=4p3 +7p> +5p+2. O

Theorem 4.4. Let I'(D,,) be an intersection graph on Dy,,. Then

13 7
My (T(Dan)) =2p* +6p° +-p* + 5p+ 1.
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Proof. By Theorem 2.3, I has %(3 p? +3p+2) edges in which p? edges with one end-vertex

of degree 1 and the other end-vertex of degree 2p + 1, @ edges where end-vertices have

degree 2p+1, 2p edges with one end-vertex of degree 2p 4 1 and the other end-vertex of degree
p+1 and one edge where end-vertices have degree p + 1. Thus, M>(I'(D5,)) = p*- (1)(2p +
D+ 220 2p+1)242p-2p+ D)(p+ 1) +1-(p+1)2=2p*+6p* + Bp>+ Ip+1. O

Theorem 4.5. Let I'(Dy,) be an intersection graph on Dy,,. Then
MTI(T(Day,)) = 1p*+6p> +5p* +5p +2.
Proof. By Theorem 2.2 and Corollary 2.5,

MTI(T (D)) = ( Z d(u,v)|deg(u)+deg(v)]

u:Hhv:ng,iEj(modp)
i:1727'“ 7172;]:172,"‘ P

+ Y d(uv)|deg(u) +deg(v)]

u,veU?zl {H}}

+ Z d(u,v)|deg(u)+deg(v)]
u,ve{HP,HPZ}

+ Yy d(u,v)|deg(u) +d€g(V)])

ue{Hp Hv* }vel?_ {H}}

+ ( d(u,v)[deg(u)+deg(v)]
u=H; veH,,i=j(modp)
i7j:1727"' >P2

+ ) d(u,v)|deg(u) +deg(v)]
u=H,v=Hj},i% j(modp)
i:1727"' aP2§j:1727"' P

+ Z d(u,v)|deg(u)+ d@g(")])
u:Hi,ve{H”7H”2}
=12, 7p2

+( y d(u,v>[deg<u>+deg<vn)
u=H;,v=H;,i#j(modp)
iajzlaza"' 7P2
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+1-1-[(p+ 1)+ (p+1)]

+<?) : (i’) -1-[(p+1)+(2p+1)])+(p- (’;) 21 41]

+p-p-(p—1)-2-[1+2p+1)]

wpp22taeen)+ ((5)(7): (5)-3-0m)

= 7p*+6p° +5p> +5p+2.

Theorem 4.6. Let I'(Dy,) be an intersection graph on Dy,. Then

Gut(T(D2y)) = 5(15p* +13p> +15p2 +Tp +2).

Proof. Again by Theorem 2.2 and Corollary 2.5,

Gut(I'(Dyy)) = ( Z d(u,v)|deg(u) x deg(v)]

u:Hi,v:H,J,',iEj(modp)
12127 7P2§j:1727"‘ P

+ Y d(u,v)|deg(u) x deg(v)]

u,veUfZI{H,j,}

+ Z d(u,v)|deg(u) x deg(v)]
u,vG{HRHPZ}

PN dldestu x dests) )

ue{H HP*} veU!_ {H}}

+ ( Z d(u,v)[deg(u) x deg(v)]
u=H;veH;,i=j(modp)
ij=12,- p*

L d(wy)deg(u) % deg(v)]
u=H;,y=H},i# j(modp)
=12, p%j=12,p

6725
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+ Y d(u,v)[deg(u) X deg(vﬂ)
MZHZ',VE{HP,sz}
i=1,2, 71,2

+( o u)ldeg(a) x deg(v)
u=H;,v=H;,i# j(modp)
ij=1,2,- 7p2

_ <p2.1.[1 < (p+ 1))+ (g) 1-[2p+1) x 2p+1)]

+1-1-[(p+1)x (p+1)]

+ G) | (}17> L [(p+1) (21’“)])

# (o (3) 2 x4 pp(p- 12204 1)

+p~p-2-2-[1><<p+1>])+(<’1’) - (ﬁ’) ' (‘2’) -3-[1><1])

1
= 5(15p4+ 13p° +15p> +7p+2).

Theorem 4.7. Let I'(Dy,,) be an intersection graph on Dy,. Then
E€(D(Dan)) = Tp* +6p +4.

Proof. By Theorems 2.2 and 2.11, we see that

& (T(Daw))

= Z deg(v)ecc(v) + Z deg(v)ecc(v) + Z deg(v)ecc(v)
veul” {H,} veU!_ {Hj) ve(Hp 1)
p’ p 2

=) 1x3+) @p+1)x2+) (p+1)x2

i=1 j=1 k=1
=p*xIx34+px(2p+1)x2+2x (p+1)x2

= 7p*+6p+4.
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