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1. Introduction

Definition1.1. Let T:E—E be a mapping, x,€E be a given point,
{a,}.{B,}, be two sequences in[0,], and {u,},{v,}.{r,}, be three bounded
sequences in E.

1. the sequence {x,} = E defined by:

z..,.=01-a,)z,+a Tz, +1, (1.1)

is called the Mann iteration with errors.

2. the sequence {x,} — E defined by:
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X,y =0-a)X, +a Ty, +U,
yn = (1_ﬂn)xn +ﬁnTXn +Vn

is called the Ishikawa iteration with errors.

(1.2)

3. the sequence {x,} — E defined by:

z,.,=1-a)z,+a T "z, +r1, (1.3)
is called the modified Mann iteration with errors.

4. the sequence {x,} = E defined by:

Xy =Q—a)X, +a, Ty, +U,
Yy, =@-8)% +B.T"X +V,

is called the modified Ishikawa iteration with errors.

(1.4)

Now we give the stability definition of the sequence {x,}  defined by (1.1) and
(1.2)

Definitionl1.2. Let {xn}:;1 be the sequence defined by (1.1), (1.2) and such that
X, > peF(T),F(T) denotes the set of fixed point of T. Let {s } {q,}be any

bounded sequence in E by:

(i) 6, =

Oy —(1-2,)0, —a,Tq, 1|, n=0 (1.5)

() &, = Sn+1_(1_05n)sn_anTyn_un
ii
Yo =(1-5,)s, +B,Ts, +V,, n=0

(1.6)

If 6,—0 implies that g, — p, then the Mann iterative sequence {xn} is said to be

T —stable; &, —0 implies that s, — p, then the Ishikawa iterative sequence {x, } is
said to be T —stable; if Zén <+oo implies that g, — p,then the Mann sequence
n=0

{x,} is said to be almost T - stable; Y & <+oo implies that s, — p then the
n=0

Ishikawa sequence {x, } is said to be almost T —stable.

The equivalence between the Ishikawa iteration and Mann iteration for several
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classes of maps has been studied in [1-5], and proved the equivalence between
T-stable of (1.1) and (1.2). In this paper, we shall prove the equivalence between
T-stable and almost T-stable of (1.3) and (1.4). Throughout this paper, we shall
assume that X is a normed space. T is a map on X with a bounded range and assume

that both Mann and Ishikawa iterations with errors converge to a fixed point of T.

2. The equivalence between T-stabilities

Theorem?2.1. Let X be a normed space and T:X — X be a map with a bounded
range. For all{e, } = (0,1),{8.} = (0,1) ,{u,}, {r.}, satisfy

lime, =0,lim B, =0, ||u,[— 0.||r,| >0,a n—oo
n—oo

n—oo

The following are equivalent:
(i) the Ishikawa iteration sequence with errors (1.2) is T-stable.
(i) the Mann iteration sequence with errors (1.1) is T-stable.

Proof:

We first prove (ii)= (i) In (1.6), let s, =q,, we have:

||qn+1 - (1_ an)qn - aann - rn ||

< ||qn+l - (1_ Cxn)(:]n - anTyn —u,+ anTyn +U, — Czann - ” (2 1)
< ||qn+1 - (1_ o, )qn - anTyn —Uu, || + ”anTyn - aann ” + ”un - ”

< ||qn+1 - (1_ an)qn - anTyn —Uu, ” Ta, ”Tyn _an ” + ”Un ” + ”rﬂ ”
from the definition, we can know V{s .} X are bounded sequence such that {Ts }is

bounded so we can let

M := max snteuNo{]lT(yn)l[},sngﬁﬂlT(sn)l[},igﬁﬂlT(pn)l[},

then M < +o0. Then we obtain:

||qn+1 - (1_ cln)qn - aann - rn ||
<|a.. —A-a,)a, —a, Ty, —u, ||+ 2a,M +||u,||+[Ir,| >0 (n— )

We have limg, =lim|q,,,—(1-«,)q,—«,Tq,—1,[|=0=limg,=p by the

condition (ii), thus , for v{q,} < X satisfying



THE EQUIVALENCE ABOUT THE T-STABILITIES 1871

lime, =lim||q,., —(1-«,)q, -, Ty, —u,[ =0, we have limqg, =p i.e. (ii)= (i).
Then we prove (i)= (ii). In(1.5), Let g, =s,, we have:
||Sn+l _(1_an)sn _anTyn _un”

<|sp—A-a,)s, —a,Ts, -1, —, Ty, —U, +,Ts, + 1|

<80 —A=)s, — e, Ts, =1 | + e Ty, — T8, ||+ [|lu, — 1.

n+1

(2.2)
< ||Sn+1 - (l_ an )Sn - anTSn - rﬂ ” + an ”Tyn _TSH ” + ”Un ” + ”rﬂ ”

<[y —A-a,)s, — e, Ts, =1, |+ 2a,M + |u, ||+ |r,| >0 (n—o0)
We have limeg, =lim|s
n—oo n—oo

—(l-a,)s, —a, Ty, —u,[|=0=lims, = p by the condition

n+1
(i), thus, for V{s }c X satisfying lim¢, =lim|s,,,—(1-«,)s, —«,Ts, —1,|=0, we
have lims =p i.e.(i)=(ii).

3. Main results

Theorem3.1. Let X be a normed space and T:X — X be a map with a bounded

range. For all {¢,}<(0,1),{8.}<=(0,1) {u.}, {r,}, satisfy

ian < +oo,iﬂn < +oo,§:un < +oo,§:rn < 400,
n=1 n=1 n=1 n=1

The following are equivalent:
(i) the Ishikawa iteration with errors (1.2)is almost T-stable.

(i) the Mann iteration with errors (1.1) is almost T-stable.

Proof: in (2.1), we have

||qn+1 - (l_an)qn - aann - rn ”
a0, Ty, 20 o] o1
<&, +2a,M +|u, [ +|r.|

Because » a. <+4+00,M < 4w, U <40, » I, <+oo and we have
n n n

n=1 n=1 n=1

We have i&n :i||qn+l—(1—ozn)qn —a,Tq, — 1| <+ =limg, = p by the

n=0 n=0
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condition (ii), thus, for v{q,} < X satisfying

ign :i”qm—(l—ozn)qn —a, Ty, —u,||<+o0, we have limg, =p i.e. (ii)=(i).
n=0 n=0 n—o

Conversely, In (2.2) we have:

IS0: — A= ,)s, — Ty, —u,|

S — (A= )s, = Ts, =1, [+ 20, M +{u, [ +]r, | (3.2)

n+1

<|

Because » a. <+4+00,M <400, » U <400, ¥ I <+oo and we have
n n n

n=1 n=1 n=1

We have ign :i”sm—(l—ocn)sn —a, Ty, —U,| < +0=lims, = p by the

n=0 n=0

condition(i),thus, for W{s.} < X satisfying

We have lims, =p i.e. (i)= (ii).

In (1.1) and (1.2), setT :=T", we can obtain the modified Mann and Modified

Ishikawa iteration with errors (1.3) (1.4). We also suppose that the modified Mann and
Modified Ishikawa iteration with errors converge to a fixed point of T. Note that

Definition1.2 and Theorem 2.1 and Theorem 3.1 hold in this case too.

Theorem3.2. Let X be a normed space and T:X — X be a map with a bounded
range. Forall{e,}<(0,1),{8.}<=(0,1), {u,}.{v. }, satisfy

lime, =0,1im B, =0,||u,| = 0.||r,| >0 as n—>ooThe following are equivalent:
n—o

n—oo

(1) the modified Ishikawa iteration with errors is T-stable.
(ii) the modified Mann iteration with errors is T-stable.

Theorem3.3. Let X be a normed space and T:X — X be a map with a bounded

range. .for all {e,}<(0,1),{8,} = (0,1 {r.}, {u,}, satisfy



THE EQUIVALENCE ABOUT THE T-STABILITIES 1873

ian <+oo,§:,8n <+oo,§:un <+°°’irn < 400
n=1 n=1 o —~

The following are equivalent:
(i) the modified Ishikawa iteration with errors is almost T-stable.

(ii). the modified Mann iteration with errors is almost T-stable.
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