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Abstract. In this paper, we present a new insight of C*—algebra valued rectangular b—metric spaces in the perspec-
tive of the fixed point theory using contractive mapping. Using contractive mapping in the rectangular b—metric
spaces, we discussed the existence and the uniqueness of the fixed point with mapping satisfying a contractive
condition. As a result, we obtained an interesting and important result for the general case of C*—algebra valued
metric spaces. In particular, we study some fixed point theorems in the C*—algebra valued rectangular b—metric
spaces using a positive function.
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1. INTRODUCTION

C* —algebra theory is a critical subject in functional analysis and operator theory that plays a
central role in fixed point theory and applications.

In this context, several researchers have obtained fixed point results for mapping under mul-
tiple contractive conditions in the framework of different types of metric spaces.
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In 1989 Bakhtin [5] introduced the concept of b—metric spaces. Later, Czerwik [6] extended
the results of the renowned Banach fixed point theorem in the b—metric spaces.

In 2000, Branciari [4] introduced the notion of rectangular metric spaces where the trian-
gle inequality of metric spaces was replaced by another inequality, the so-called rectangular
inequality. In [8], George et al. established the concept of rectangular b—metric space which
generalizes the concept of rectangular metric space and b—metric space.

Ma et al. [11] introduced the concept of C*—algebra valued metric space and studied some
fixed point theorems. The notion of C*—algebra valued metric spaces generalized to that of
C*—algebra rectangular b— metric space, where b— is an element of C*— algebra greater than

I, and the triangle inequality is modified into
d(x,y) 2 bld(x,u)+d(u,v)+d(v.y)].
Then, various fixed point theorems are obtained for self-map with contractive condition [9,10].
In this paper, inspired by the work done in [13], we introduce the notion of y—contractive

mapping in C*—algebra valued rectangular b—metric and establish some new fixed point theo-

rems. Moreover, an illustrative example is presented to support the obtained results.

2. PRELIMINARIES
Throughout this paper, we denote A by an unital (i.e. unity element I) C*-algebra with linear
involution %, such that for all x,y € A,
(xy)* = y*x* and x** = x.
We call an element x € A a positive element, denote itby x = O if x € A, = {x € A : x =x*}

and o(x) C R4, where o(x) is the spectrum of x.

Using positive element, we can define a partial ordering < on A, as follows:
xXyifandonlyify—x > 6

where 0 means the zero element in A.
1

We denote At ={a € A,0 <a}and A" = {a € A,ab = ba; Vb € A} and |x| = (x*x)2

Remark 2.1. When A is a unital C*-algebra, then for any x € A, we have

xl<= x| <1
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Definition 2.2. [14] Let X be a non-empty set and b € A such that b = 1. Suppose the mapping
d: X xX — AL satisfies:

(i) d(x,y) = 0 ifand only if x =y;
(i) d(x,y)
(iii) d(x,y) = b[d(x,u) +d(u,v) +d(v,y)] for all x,y € X and for all distinct points u,v €

X —{x,y}.

d(y,x) for all distinct points x,y € X;

Then (X,A,d) is called a C*-algebra valued rectangular b—metric space.

Definition 2.3. [11] Let (X,A,d) be a C*-algebra valued rectangular b—metric space. Sup-
pose that {x,} C X and x € X.

If for any € > 0 there is N such that for alln > N ,

d(xy,%)|| < €, then {x,} C X is said to
be convergent with respect to A and {x,} C X converges to x and x is the limit of {x,} C X. We
denote it by lim,__..x, = X.

If for any € > O there is N such that for all n,m > N ,

d (X, xm)|| < € ,then {x,},,cy is called
a Cauchy sequence with respect to A.

We say (X,A,d) is a complete C*-algebra valued rectangular b— metric space if every
Cauchy sequence with respect to A is convergent.
It is obvious that if X is a Banach space, then (X,A.,d) is a complete C*-algebra valued

rectangular b—metric space if we set

d(x,y) = lx—ylI

1
Example 2.4. Let X = {—;n € N}UN. Letr A = My(R) of all 2 x 2 matrices with the usual
n

addition, scalar multiplication and multiplication. Define partial ordering on A as

ap ar by by
! = o a; > bifori=1,2,3,4

as ag by by

For any A € A we define its norm as ,|A|| = max;<i<4|ai|

Define d : X x X — A such that d(x,y) = d(y,x) for all x,y € X and
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0 .

ifx=y
0

0
0
20 0 1
Jifx,y € {—;n e N*}
0 2« n

2” a zfxe{—neN*} y€{2,3}

,otherwise

\
where o0 > 0 is a constant.

Then (X,A,d) is a C*-algebra valued rectangular b— metric space with

2 2
coefficient A = and ||A|| =2 > 1.
2 2

Let A be a C*-algebra and suppose that ¢ is a linear functional on A. Define
0*(a) = @(a*) for all a € A.

Then @* is also a linear function on A .

If * = @ the function @ is called self- adjoint.

Every linear function on A can be represented in the form @ = @1 + i@y where @1, ¢, are
self-adjoint. Specifically (¢ = %(qo +0* )0 = %(so —9%)).

A linear function ¢ on A is called positive if ¢(a*a) = 0 for all a € A.

We denote the positivity of ¢ by ¢ = 0. For two self-adjoint linear function @y, @2, we have

(@2 — @1 = 0) when @, = 1.

Definition 2.5. [15] If ¢ : A — B is a linear mapping in C*-algebra, it is said to be positive if

©(AT) C B*. In this case ¢(Ay) C By, and the restriction map @ : Ay, — By, is increasing.

Proposition 2.6. [15] Let A be a C*-algebra with 1 then a positive functional is bounded and

o(1) =1l

Proposition 2.7. [15] Let A be a C*-algebra with 1 and let ¢ be a bounded linear functional on
A, such that ¢(a) = ||@||||a||. There exists positive element a € A such that @ is a positive linear

functional.
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Definition 2.8. [12] Let the function W : AT — AT be positive if having the following con-

straints:

(1) y is continous and nondecrasing
(ii) w(a) =0 ifand only ifa= 6
(iii) limy— oy (a) = 6
Definition 2.9. [12] Suppose that A and B are C*-algebra .
A mapping ¥ : A — B is said to be C*- homomorphism if :

(i) y(ax+by) =ay(x)+by(y) foralla,b € C and x,y € A

(D) y(xy) =y () forallxy €A
(iil) y(x*) =wy(x)* forallx € A

(iv) W maps the unit in A to the unit in B.

Definition 2.10. [12] Let A and B be C*-algebra spaces and let y : A — B be a homomorphism,
then Y is called an x— homomorphism if it is one to one x— homomorphism.

A C*-algebra A is x—isomorphic to a C*-algebra B if there exists x— isomorphism of A onto B.

Lemma 2.11. [16] Let A and B be C*-algebra spaces and y : A — B

is a C*— homomorphism for all x € A we have

o(y(x)) Co(x) and [[w(x)| < [[w].

Corollary 2.12. [12] Every C*— homomorphism is bounded.

Corollary 2.13. [12]|Suppose that y is C*— isomorphism from A to B,
then o(y(x)) = o(x) and ||y (x)|| = | y|| for all x € A.

Lemma 2.14. [12] Every x— homomorphism is positive.

3. MAIN RESULTS

In this part, we give some fixed point theorems in C*-algebra valued rectangular b—metric

space using a positive function.
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Theorem 3.1. Let (X,A,d) be a complete C*-algebra valued rectangular b—metric space.

Let T : X — X satisfy the following condition:
d(Tx,Ty) 2 a*d(x,y)a—y(d(x,y))
where W is x—homomorphism and lim, . y(a) = o and ||b||||a||* < 1.

Then T has a unique fixed point.

Proof. : Let x,,11 = Tx,.for each n > 1, then:

d(xXpy1,%012) = d(Txp, Txp11)

=< a*d(xp, Xp1)a — W(d(xn,Xnt1))

Ja—
=a d( xn+l)
=

< a*d(xg,x;)a"
then
| (xXnt1,%012) || = [lal”||d (x0,%1) ]

Letting n — oo we obtain d(x,,41,X,12) — 6

Thenform>1land p > 1:

d(xm+paxm) = b[d(xm+p7xm+p—1) + d(xm+p—1axm+p—2) +d(xm+p—27xm)]

= bd(xm+p7xm+p—l) + bd(xm+p—1;xm+p—2) + b[b[d(xm+p—27xm+p—3) + d(xm+p—37xm+p—4) +

d(Xm+-p—a,%m)]]]

= bd (Xt psXmip—1) +bd Xy p—1,%mt p—2) + 02 d (Xt p-2,Xm 1 p—3) +67d (X g p—3, X p—a) +

bzd(xm+p—4 ) xm)

= bd(xm—i-paxm—i-p—l) + bd(xm—l—p—l 7xm+p—2) + bzd(xm+p—27xm+p—3> + bzd(xm+p—37xm+p—4) +

—1 —1 —1
DT d (X3, %m42) + 0T d (2, Xm1) + 0T d (X1, Xom)

= b[(a™P~1)*d(x1,x0) (a™ TP T) + (@™ P-2Y)d (x1, x0) (@™ P 2)]

[( PN (x,x0) (@™ TP 4 (@) (xyx0) (@™ TP )
2 (@ 2))d(x,x0) (@) 4+ (@) d(n,x) (@] + b (a
byt P (d(x1,x0) — W"P72(d(x1,x0)] — bz[ "3 (d(x1,x0) —

...... — "7 [y 2(d(x1,x0) — W (d (x1,x0)] — ( (x1,%0)

— Zkilbk(a*)m+p_(2k_])d(X1,xO)(am+p_(2k_]) + Zkilbk(a*)mH)_de(xl,xo)(amﬂ)_Zk)

")*d(x1,%0)(a™)

P4 (d (x1,x0)]

_|_
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x1,x0)2b2 @™~ k=DY* (d(xg,x1 ) 2b2 @™ HP—(2k=1)) 4
p—1

Y2, (d(x1,x0) 2 b2 am P2k (d(xo,xl)%b%am+1’—2’<)+(d(xo,xl)%b”%lam)*(d(xo,xl)%bTam)—
-1

I
I ™
~
lt\)
=

!HﬂmJO%T’mWI<HﬂMJOHZkMWH\MH“”p@km1+
p—1
HﬂmJOH&IHMFW*%1+HammomwuzuwWw

g (L2 P
:Hd()Co,xl)HHbHHCZHZ( - [ HbHHaH —4 _ ]1|\d(x07x1)|\
B b a Pt 1
HMWaWszw”mb%ah4 Ml o) |11 11% 1 a |7
o 1121 a7 L NG eI

- o1~ TalP
r—1
[l d(xo.x1) (|11 61172 [[ @ || I — 8 (m — )

161 = llall*

— 0(m — oo)
Therefore x, is a Cauchy sequence with respect to A.By the completness of (X,A,d) there

exists an x € X such that

limy_ooxy = limy oo Txy—1 = x = Tx.

Let y be another fixed point of 7 where:
6 <d(x,y) =d(Tx,Ty) 2 a*d(x,y)a—y(d(x,y)) < a*d(x,y)a
we have
0 <|[d(x,y) ||=Ild(Tx,Ty) |
<||a*d(x,y)a ||
<[] a*[|[|d(x,)]ll|al
= [lal*ld(x, )]

<lldxy)|l -

wich is a contradiction Hence d(x,y) = 6 and x = y,wich implies that the fixed point is unique.

0
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Lemma 3.2. [13] Ler (X,A,d) be a C*-algebra valued rectangular b—metric space such that
d(x,y) € AT, for all x,y € X where x # y.
Let ¢ : AT — AT be a function with the following propreties:
(i) 9(a) =0 ifa=6
(i) ¢(a) <aforac A
(iii) Either ¢(a) < d(x,y) ord(x,y) < ¢(a) where a € A" and x,y € X.

Theorem 3.3. Let (X,A,d) be a complete C*— algebra valued rectangular b—metric space.

Let T : X — X be a mapping function:

y(d(Tx,Ty)) = ¢(d(x,y))
where ¥ is a x—homomorphism and ¢ : AT — AT is a continuous function with the constraint

y(a) < @(a). Then, T has a fixed point.

Proof. Let xg € X, we define :

x1=Txg,xp =Txq,...... JXn = Txp_1.

W(d(xnr1,%0)) = W(d(Toxn, Txn1)) = 9(d (X0 Xn-1))

We have d(x,+1,%,) = d(xn,x,—1) then || d(xp+1,%n) || 2| d (X0, %0-1) ||

Hence, the sequence d(x;1,X,) is norm decreasing,from the condition of the condition of the
theorem we have d(x,,+1,x,) — 6 this implies || d(x,+1,x,) ||[— 0

Thenform>1land p > 1:

d(XmspsXm) = bl (Xt ps Xmgp—1) +dXmgp—1,%msp—2) + d (Xt p—2,Xm)]

= bd (Xt ps Xms-p—1) + bd (Xt p—1,Xmyp—2) + b[b[d (Xims p—2, Xmip—3) + d (Xt p—3, Xmyp—a) +
A (s a0

= bd (Xt ps Xmtp—1) + bd (Xt p—1sXmt p—2) + b*d (Xont p—2+ Xt p—3) + b2d (Xt p—3s Ximt p—a) +
bzd(xm+p,4,xm)

= bd (X1 ps Xt p—1) +bd Xy p— 1, Xy p—2) + 2d (Xt p—2,%ms p—3) +D2d (Xt p-3, X p—a) +
+pr_ld(xm+3,xm+2) +b%d(xm+2,xm+1) +pr_ld(xm+1,xm)

Y (d(Xm+p,Xm)) = V(d(xXmipXmip-1))  +  W(bd(Xmip—1,Xmip—2))  +
W (B2 (it p2, T p3)) oo+ W(O'T d (1, 5))
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p—1

YOV st p 1)) + WOV st p-2)) + e YT YW i1, 50)
|| W(d et xm)) 1211 O 6] dGntps Xmip—1) [+ | @ & N1] dCtimgp—15Xmsp—2) ||
+ 1@ 116 1] d (s p-20 X p-3) 1]+ +
—1
19 111572 (111 d(omr1,%m) || = 0 (m — o)
Then {x,} is a Cauchy sequence. Since X is complete, then there exists x € X such that

limy, X, = x. Due to the continuity of 7,

limy,_ooXy = x = limy_ooTx,_1 = Tx.

Example 3.4. Let X = [0,2] and A = C with a norm || z ||=] z |
be a C*— algebra.
We define C* = {z = (x,y) € C;x=Re(z) > 0,y =Im(z) > 0} .
The partial order < with respect to the C*— algebra C i s the partial order in C, 71 < z5 if
Re(z1) < Re(z2) and Im(z1) < Im(z2) for any two elements 71,z in C.
Letd : X xX —C
Suppose that d(x,y) = 2| x—y |,2 | x—y|) for x,y € X. Then, (X,C,d) is a C*— algebra
valued rectangular b— metric space where b = 1 with the required propreties of theorem 3.3.
Let w,¢ : Ct — C™ such that they can defined as follows: fort = (x,y) € C*,
(x,y)ifx<2andy <2

(2,y)ifx>2,y<2
(x,y?)ifx <2andy>2

\ (x2,y?) ifx > 2andy > 2
and for s = (s1,s2) € CT withv = min{sy,s2},
%

LN
(271) lfV§2

y(t) =

11
Z Y 2
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Then y and ¢ have the propreties mentioned in definitions 2.8 and 2.9.
0if0<x<1
Let T : X — X be defined as follows : T (x) =
é ifl<x<2

Then ,T has the required properties montioned in theorem 3.3 we show that 0 is a fixed point

of T

Theorem 3.5. Let (X,A,d) be a complete C*— algebra valued rectangular b—metric space.

Let T : X — X be a mapping function and :
Y(d(Tx,Ty)) = y(M(x,y)) = ¢(d(x,y))
and
M(x,y) = ard(x,y) + az|d(Tx,y) +d(Ty,x)] +a3]d(Tx,x) +d(Ty,y)]
where b € A:r ,ar,az,a3 >0, a1+ 2ab+ (2+b)az <1,
v and ¢ are x— homomorphisms and with the constraint y(a) < ¢(a).

Then, T has a fixed point.

Proof. Let xy € X and define
X1 = TXO,XZ = Txl, ceey Xp = Txn,l
We have

Y(d(n12,X11)) = Y(d(Txp1, Txn))
WM (xpp1,%0)) — 0(d(Xng1,Xn))

= Y(a1d(xni1,%n) + a2[d (Xp42, %) +d (X1, %011)] + a3]d (%n12,%041) + d (Xn41,%)]) —
O (d(Xn+1,%n))-
Using a proprety of ¢, we have
W(d(xXnt2,%n41)) = Wlard(Xns1,%0) + a2ld(Xnv2,%0) + d(Xnt1,%41)] + a3[d(Xp12,%n41) +
d(Xnt1,%n)]
Using the strongly monotone proprety of y, we have
d(Xps2,%n41) = ard(xng1,%0) + ao[d(xni2,5%0) + d(Xnr1,%041)] + a3ld(xni2,x041) +

d(anrl»xn)]
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that is (1 —axb — a3b)d(Txp+1,Tx,) = (a1 +axb+a3(2+Db))d(xp41,%,)
Therefore

ai —|—a2b—|—a3(2—|—b)
1 —azb—ag,b

d(Xny2,Xny1) = d(Xn11,%n)

wich implies that

d<xn+2;xn+1) = d(xn+l7xn)

since

ail +a2b—|—a3(2+b)
l—azb—ag,b

Therefore {d(x,1,X,)} is monotone decreasing sequence.

<1

Hence by lemma 3.2 there exists u € A" such that d(x,1,x,) — u as n — oo.

Taking n — oo in

V(d(Xns2,Xn+1)) = W(a1d (Xnt1,X0) + a2ld (Xp42, %) + d (g1, %011)] + a3[d (xn42,%041) +
d(Xnt1,%0)]) = O(d(Xn11,%n))

Using the continuities of y and ¢, we have
y(u) 2 y((a; +2ax+2a3)u) — ¢ (u) wich implies that y(u) < y(u) — ¢ (u) (since a; +2a; +
2a3 < 1 and y is strongly monotonic increasing) which is a contradiction unless u = 6. Hence
d(xpt1,%,) — 0 asn— oo (1).
Next we show that {x, } is a Cauchy sequence .If {x,} is not a Cauchy sequence then by lemma
3.2 ,there exists ¢ € A such that Vng € N, 3n,m € N withn >m > ny ¢ (c) < d(x,, ). Therefore
there exists sequences {m;} and {n;} in N such that for all positive integers k, n; > my > k and
d(Xn s Xmy,y ) = @(c) and d(Xngy s %m,) = @(c)

then

(P(C) j d(xn(k) 7xm(k)) j b[d(xn(k) 7xn(k),1) + d(xn(k),l 7xn(k),2) + d(xn(k),zvxmgc) )]
that is
(P (C) j d(xn(k) ’xWZ(k)) j b[d(xn(k) axi’l(k),] ) + d(xn(k),l 7xi’l(k),2> + (P (C)]
letting k — oo we have
limy_yeod (xp,

Ximgy) = b9(c) (2)

(k)?
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again

Xy ) =01 Qg Xy )+ d (g s Xy 1)+ d Koy Xmg)]
and

Xmgoyp) = b[d( BIER ) +d(x’l (k)) +d(xm(k)’xm(k)+1)]

(k)+1

letting kK — oo in above inequalities , we have

limk%md(xﬂ(k)+1 7x77Z(k)+1) = b(p (C) <3>

Again

A (X Xmgey 1) = 01 (X s Xy ) +d (g Xy )+ d (X Xmgy )]
and

Ay 5%my ) 3 bl X3 X))+ g s Xmgy )+ d (g4 3m )]
Further,

(g1 Xmge)) = O (o5 X)) + gy omy 1)+ d i3 m )]
and

d(xn(k),xm<k>) < b[d(xn(k),xn(k)ﬂ) —l—d(xn e ) +d(xm et ,xm(k))]
Letting kK — oo in the above four inequalities we have
limy—sood (X gy s Xy, ) = bO(c) (4)
lith s (5 5, ) = BO(€) (5)
Using (1), (2), (4), and (5) we have
liny_ooM (Xp s X ) = lim;Hooald(xn X ) + a[d(xp, "y

(k)) +1’

as [d(xn( )Ha ) +d(xm K)+1 7xm(k>)]

= (a1 +2az)b¢(c) (6)

(k)?

Clearly x;,, = x,.Putting x = Xngy 2y = Xmg

W(d (g 5Xmgy 1)) = WA (T, T )
j W(M(xn(k) 7'xm(k) )) - ¢ (-xn(k) JXM(k))

i) Ay X )]+
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Letting k — o in the above inequality using (2), (3) and(6) and the continuities of y and ¢ we

have

v(bo(c)) < w((ar +2a2)b(c)) — ¢(bo(c))

that is

y(bo(c)) S y(d(c)) —d(d(c)) (since (a; +2az)b < 1) and y is strongly monotonic increas-
ing. Which a contradiction by virtue of a proprety of ¢. Hence {x, }is a Cauchy sequence. From
the completness of X, there exists z € X such that x,, — z as n — oo. Since T is continous and

Tx, — Tz as n — oo that is lim, X, = Tz, thatis z = Tz. Hence z is a fixed point of 7. [

Example 3.6. Let X = [0, 1] and A = C with a norm || z ||=| z | be a C*— algebra.
We define C* = {z = (x,y) € C;x=Re(z) > 0,y =Im(z) > 0} .
The partial order < with respect to the C*— algebra C is the partial order in C, z1 < zp if
Re(z1) < Re(z2) and Im(z1) < Im(z2) for any two elements zy,z; in C.
Letd : X xX —C
Suppose that d(x,y) = (|x—y|,|x—y|) forx,y € X .
Then, (X,C,d) is a C*— algebra valued rectangular b— metric space where b = 1 with the
required propreties of theorem 3.5.
Let y,¢ : Ct — C7 such that they can defined as follows:
fort=(x,y)eCt,
(x,y)ifx<landy<1
() ifx>1y<1

w(r) =
(x,y?)ifx<landy > 1

\ (x2,y?) ifx > landy > 1
and for s = (s1,s2) € CT withv = min{sy,s2},

Ve v
~yifv<l1
(5.2 ifv<

11
(3:3) ifv>1
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Then y and ¢ have the propreties mentioned in definitions 2.8 and 2.9.
0if0<x< %
Let T : X — X be defined as follows : T (x) =
11_6 if % <x<1
Then ,T has the required properties mentioned in theorem 3.5.

1 1 1
Leta; = E,az =3 and az = 3 It can be verified that

v(d(Tx,Ty)) 2 y(M(x,y)) — ¢(d(x,y)) for all x,y € X withy < x

the conditions of theorem 3.5 are satisfied .Here it is seen that O is a fixed point of T
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