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Abstract. In this paper, we introduce generalized Suzuki type 2 -contraction maps with rational expressions for
a single map 2 : S x S — S where S is a b-metric space and prove the existence and uniqueness of coupled fixed
points. We extend it to a pair of selfmaps by defining generalized Suzuki type 2°-contraction pair of maps with
rational expressions. Two corollaries are drawn from our results and we provide examples in support of our results.
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1. INTRODUCTION

The study of existence and uniqueness of coincidence points of mappings satisfying certain
contractive conditions has been interesting field, when Banach stated and proved his famous
result Banach contraction principle and it plays an important role in solving nonlinear functional
analysis. In the direction of generalization of contraction condition, Dass and Gupta [14]
initiated a contraction condition involving rational expression and established the existence of
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fixed points in complete metric spaces. In 2008, Suzuki [30] proved two fixed point theorems,
one of which is a new type of generalization of the Banach contraction principle and does
characterize the metric completeness.

In the direction of generalization of metric spaces, Bourbaki [11] and Bakhtin [6] initiated
the idea of h-metric spaces. The concept of b-metric space or metric type space was introduced
by Czerwik [12] as a generalization of metric space. Afterwards, many authors studied the
existence of fixed points for a single-valued and multi-valued mappings in b-metric spaces
under certain contraction conditions. For more details, we refer [2, 9, 10, 13, 15, 17, 20, 26, 27].
In 2006, Bhaskar and Lakshmikantham [7] introduced the notion of coupled fixed point and
established the existence of coupled fixed points for mixed monotone mappings in ordered
metric spaces. Later, Lakshmikantham and Ciri¢ [21] introduced the notion of coupled
coincidence points of mappings in two variables. Afterwards, many authors studied coupled

fixed point theorems, we refer [22, 24, 28, 29].

2. PRELIMINARIES

Definition 2.1. [12] Let S be a non-empty set. A function [, : S X § — [0,0) is said to be a

b-metric if the following conditions are satisfied: for any i, &,v € §

(i) 0 < Iy(1,&) and Iy (1, &) = 0 if and only if p = &,

(i) lb(,u,é) = lb(énu)a
(iii) there exists T > 1 such that [,(u,v) < t[l,(1, &) + (&, V)].

In this case, the pair (S,1,) is called a b-metric space with coefficient 7.
Every metric space is a b-metric space with T = 1. In general, every b-metric space is not a
metric space.

Definition 2.2. [10] Let (S,/,) be a b-metric space.

(i) A sequence {u,} in S is called b-convergent if there exists u € S such that I, (t,, ) — 0
as n — oo. In this case, we write nlglolo Up = U.
(ii) A sequence {,} in S is called b-Cauchy if I (W, ) — 0 as n,m — oo.
(iii) A b-metric space (S,1p) is said to be a complete b-metric space if every b-Cauchy sequence in S

is b-convergent in S.
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(iv) A set B C S is said to be b-closed if for any sequence {,} in B such that {u,} is

b-convergentto v € S then v € B.

In general, a b-metric is not necessarily continuous.
In this paper, we denote R = [0,0) and N is the set of all natural numbers.

Example 2.3.[16] Let S = NU {e}. We define a mapping [, : § x § — R™ as follows:
(0 ifm=n,

|n% - %| if one of m,n is even and the other is even or co,

Ip(m,n) =

5 if one of m,n is odd and the other is odd or oo,

\ 2 otherwise.

Then (S,1) is a b-metric space with coefficient T =

NN

Definition 2.4. [10] Let (S,ds) and (T,dr) be two b-metric spaces. A function f:S — T is a
b-continuous at a point 1 € S, if it is b-sequentially continuous at u. i.e., whenever {u,} is

b-convergent to it we have fu, is b-convergent to fUL.

Definition 2.5. [7] Let S be a nonempty set and f : S xS — S be a mapping. Then we say that
an element (u,&) € S x S is a coupled fixed point, if f(u,) =p and f(&,u) =&.

Definition 2.6. [21] Let S be a nonempty set. Let F': S xS — S and g : S — S be two mappings.
An element (u,&) € S x S ia called

(i) a coupled coincidence point of the mappings F and g if F(u,&) = gu and F(&,u) = g&;
(if) a common coupled fixed point of mappings F and g if F(u,&) =gu =p and F(E,u) =

g&=¢.

The following lemma is useful in proving our main results.
Lemma 2.7. [1] Let (S,/,) be a b-metric space with coefficient T > 1. Suppose that {u,,} and

{&,} are b-convergent to i and & respectively. Then we have

2lo(1, &) <liminfly (tn, &) < limsuply (s, &) < Tl (1, 6).

n—yoo
In particular, if g = &, then we have 1i_r>n Ip(Un, En) = 0. Moreover for each v € S we have
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11, (u,v) <liminfl,(uy, v) < limsuply(y, v) < Th(p, v).
n—eo n—soo
In 2015, Khojasteh, Shukla and Radenovié¢ [18] introduced simulation function and defined
Z -contraction with respect to a simulation function.
Definition 2.8. [18] A simulation function is a mapping § : Rt x RT — (—oco, 00) satisfying the

following conditions:

(€1 £(0,0) =

(&) C(t,s) <s—tforalls,t > 0;

(&3) if {t,},{sn} are sequences in (0,0) such that lim #, = lim 5, = [ € (0,00) then
n—oo n—oo

limsup §(2,,s5,) < O.

n—oo

Remark 2.9.[3] Let { be a simulation function. If {z,},{s,} are sequences in (0,e0) such that

lim ¢, = hm sp =1 € (0,00) then limsup { (kt,,,s,,) < O for any k > 1.

n—oo n—oo
The followmg are examples of simulation functions.

Example 2.10. [3] Let { : Rt x RT — (—o0,0) be defined by

(i) ¢(t,s) =As—rtforallt,s € RT, where A € [0,1);
(if) §(t,s) = 15 —1 forall 5,1 € RT;
(iii) §(¢,s) =s—kt forall t,s € RT, where k > 1;
(iv) (t,5) = 115 — (1 +1) forall 5,1 € R™;
(v) §(t,s) = ¢ —t forall s,r € RT where k > 1.

Definition 2.11. [18] Let (S,/,) be a metric space and f : S — S be a selfmap of S. We say that

f is a Z -contraction with respect to { if there exists a simulation function ¢ such that

SUp(f1, fE):1(k,6)) = Oforall pu, & €.

Theorem 2.12. [18] Let (S,/;) be a complete metric space and f : S — S be a Z-contraction
with respect to a certain simulation function {. Then for every yy € S, the Picard sequence
{f"uo} converges in S and nlgrolo Sf" o = u(say) in S and u is the unique fixed point of f in S.

Recently, Olgun, Bicer and Alyildiz [23] proved the following result in complete metric
spaces.

Theorem 2.13. [23] Let (S,1,) be a complete metric space and f : S — S be a selfmap on S. If
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there exists a simulation function { such that

CUp(fu, f8),M(u,¢)) =0

forall u,& € S, where M(u, &) = max{l,(u,&), (1, fu), (&, f&), l”(“’f‘:);l}’(é’f“) }.then for
every Lo € S, the Picard sequence { "} converges in S and r}glgo S o = u(say) in S and u is
the unique fixed point of f in S.

In 2018, Babu, Dula and Kumar [3] extended Theorem 1.13 [23] to pair of selfmaps in the
setting of Hb-metric spaces as follows.
Theorem 2.14. [3] Let (S,/,) be a complete b-metric space with coefficient T > 1 and

f,g:S — S be aselfmaps on S. If there exists a simulation function § such that

C(t*ly(fu,g8),M(u,&)) >0

for all p1,& € S, where M(p,&) = max{ly(t, &), (1, f1), (&, g€), LUESSLLESIY then 7

and g have a unique common fixed point in S, provided either f or g is b-continuous.
The following theorem is due to Kumam, Gopal and Budhia [19].
Theorem 2.15. [19] Let (S,/,) be a complete metric space and f : S — S be a selfmap on S. If

there exists a simulation function { such that

Sl ) < (41,8) = C(I1 FE) 1y (4, €)) 2 0

for all u,& € S, then for every py € S, the Picard sequence {u,}, where w, = fu,— for all
n € N converges to the unique fixed point of f.

In 2018, Padcharoen, Kumam, Saipara and Chaipunya [25], proved the following theorem in
complete metric spaces.
Theorem 2.16. [25] Let (S,/,) be a complete metric space and f : S — S be a selfmap on S. If

there exists a simulation function { such that

U (uf) < B(.8) = (. fE). M(n.8) > 0

Ip(u, Ip(S,
forall u,& € S, where M(u, &) = max{l,(u,&), (1, fu), (&, f&), A fé);”’(‘: f“)}, then for
every Uo € S, the Picard sequence {, }, where w, = fu,,— for all n € N converges to the unique

fixed point of f.
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Recently, Babu and Babu [4, 5] proved the following theorems in the setting of b-metric
spaces.

Definition 2.17. [4] Let (S,/;) be a b-metric space with coefficient 7 > 1 and f: S — S be

a selfmap. We say that f is a Suzuki Z’-contraction type (I) map, if there exists a simulation

function ¢ such that

ziflb(u,fu) < Ip(p, &) implies that & (t*1,(fu, £€),M1(1,&)) >0

for all distinct i, & € S, where

My (u, &) = max{l,(u,&), L, (u, fu), (&, £&), Iy (K, f§)2+lb(§ fu)}
Theorem 2.18.[4] Let (S,/,) be a complete b-metric space with coefficient 7> 1and f: S — S

be a Suzuki Z-contraction type (I) map. Then f has a unique fixed point in S.
Definition 2.19. [5] Let (S,1,) be a b-metric space with coefficient T > 1 and f,g:S — S be
a selfmaps on S. We say that (f,g) is a Suzuki Z-contraction type (I) maps, if there exists a

simulation function { such that

%mln{lb(:uvfnu)?lb(§7g§)} < lb(“?é) lmphes that C(T4lb(f.u7g§)7M1(u7é)) >0

for all uaé € S, where M, (/*L’ 5) = max{lb(/.l, €>7lb(uvfu)7lb(§7g§) (p:8) _Hb(é f‘u)}
Theorem 2.20.[5] Let (S,1,) be a complete b-metric space with coefficient 7 > 1 and (f,g) be

a Suzuki Z’-contraction type (I) maps. If either f (or) g is b-continous then f and g have a
unique common fixed point in S.

In 2018, Bindu and Malhotra [8] proved the existence of common coupled fixed points as
follows:
Theorem 2.21. Let (S,,) be a complete b-metric space with parameter T > 1 and let the
mappings F,G : § X § — S satisfy

b (F (1, 8),G(u,v)) < o bUIHE) | g i

u)
Iy (u,F (1,8))lp (.G (u,v)
+ a?, 1+lb?:u'/u)+lb(§7Vb)+lb(qu( P

F(p,8))lp(u,G(u,v))
+ h(é,V)+lh(M,F(ﬂ,§))
) F(p,8),G(uv))lp(1,u)
o +ou b

(F( ’
n 1+l/7(;uvu)+lb(€v )+l F( 75))
1 (F (1.8).Glu) )1y (E ) (.Gl (E.0)

+ 05 T o u>+zb<éé>+zb<buf<u,¢)> +og 1+zh<u,i>+zb<égwbéuf(u,é))
I (0P (. E))lp.) L (.8 (E.0)

O T, )1, (o) o G E)) T OB T () €.y (o F ()
+059male(“7F(lJag))alb(F(lJa‘S)yG@l»V))

for all u,&,u,v € Sand a; > 0,i =1,2,...,9 with Toq + 0 + 04 + 05 + 0 + Tow < 1 and

’
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o1+ 03+ 0+ 05+ 07+ ag+ 09 < 1. Then F and G have a unique common coupled fixed
point in S.

Motivated by the works of Babu and Babu [4, 5], Bindu and Malhotra [8], in Section 3, we
introduce generalized Suzuki type Z’-contraction maps with rational expressions for a single
map A : S xS — § where S is a b-metric space and we extend it to a pair of maps. In Section
4, we prove the existence and uniqueness of coupled fixed points and common coupled fixed
points in complete b-metric spaces. Some examples are provided in support of our results and

we draw some corollaries in Section 5.

3. GENERALIZED SUZUKI TYPE Z-CONTRACTION MAPS WITH RATIONAL EXPRES-

SIONS

The following we introduce generalized Suzuki type Z°-contraction maps with rational
expressions for a single and a pair of maps in b-metric spaces as follows:
Definition 3.1. Let (S,/;) be a b-metric space with coefficient 7> 1 and 2A:Sx S — Sbe a
map. We say that 2l is a generalized Suzuki type Z’-contraction map with rational expressions,
if there exists a simulation function { such that
(3.1)
Sl (1)) < Iy(11,8) = LT, E), A1) M, 10)) > O forall & v 'S

where
— lb(”7u)+lb(éav) lb(up‘l(“vé))lb(um(u?‘})) lb(”ﬂ(#»&))lb(%m(%"))
M(p, & a,v) = max { e o T  Bon) A ) T+ (£ -y (0SB
Iy (A1, ) 2A(u,v) )l (1 1) I (A1) A(u,)) 1, (€ v) Iy (1,2 (u,)) 1 (€ ,v)
1+lb(.u>u)+lb(€7V)+lb(u79[(.u7é)) ! 1+lb(ﬂ7”)+lb(€7V)+lb(u79’l(“7§)) ’ 1"‘117(#714)"‘11;(57")"’%(“&(#:5)) !
Iy (24 (0, 8)) 1 (1) Iy (u 2 (1,6))1p (8 ,v)

1_Hb(.u>u)+lb(§7V)+lb("t79[(.uvé)) ! 1+lb(”7”)+lb(§7V)+lb(u79’l(ﬂ7€)) ’
max{l(u,A(1,8)), 1 (A1, §), A(u,v)) } }.

Remark 3.2. It is clear that from definition of simulation function that {(a,b) < 0, for all

a > b > 0. Therefore if 2 satisfies the inequality (3.1), then

Z—Ile(uﬂlw,é)) <lp(p,8) = Th(A(1,§),Au,v)) < M(p,&,u,v), forall g, &,u,v €S.
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Example 3.3. Let S = [0,1] and let [, : S x § — R defined by

wgy=] 0 THES
(W+&)* ifu#é.

Then clearly (S,1,) is a b-metric space with coefficient 7 = 2.

We define 2(: S x S — Sby A(u,&) = “ e forall u €[0,1] and
§:RY xRT — (—o0,00) by {(t,5) = 35 —1,1 > 0,5 > 0.

Since oIy (1, A(1, &) = 4 (1 + 1€ < (u+E)2 = (. &),
From the inequality (3.1), we have

P (A, 8), A1) = 8L + 58P

< gllu+u?+(E+v)
_ l(lh(#7u)+lb(<§w))
2 27
1 lh U, u)+lb(§ ) lb(/J?Q[(‘uvg))lb(qu[(uvv))
S z(maX{ 27 ’ 1+lb(;uvu)+lb(§7v)+lb(uﬁgl(»u7§)),
I (24 (1, 8)) 1 (12 (u,v)) I (A1, ) A (u,v)) I (1)
1+lb(u7u)+lb(§vv)+lb(u7m(uvé)) ’ 1+lb(:uvu)+lb(€ v)+lb(u Q[([J é))
Iy (A(11,E) A ()1 (E,v) Iy (1,2 (u,)) 1 (§,v)
1+lb(u7u)+lb(§vv)+lb(u7m(”vé)) ’ 1+lb(:u7u)+lb(€ v)+lb(u Q[([.L 6))
Iy (w2 (0, 8)) 1 (1) Iy (u,2A(p,8))1p (8 ,v)
1+lb(u7u)+lb(§vV)+lb(u7m(”vé)) ’ 1+lb(:u7u)+lb(€ v)+lb(uvm(;u7€)) !

maX{lb(qu[(.ua 5))7117(2((“7é)aﬁ(uav))}})'

Therefore 2l is a generalized Suzuki type Z’-contraction map with rational expressions.
Definition 3.4. Let (S,/,) be a b-metric space with coefficient 7> 1 and 2A,B : S x § — S be
two maps. We say that the pair (2(,*B) is a generalized Suzuki type 2 -contraction maps with

rational expressions, if there exists a simulation function ¢ such that

3.2)
o min (1, A1, €)1y 1, B )} < max {10, 1(&,0))

= C(Th(A(1, §),B(u,v)),M(1, &, u,v)) >0,

forall u,&,u,v € S, where

Ly () +1p(€,v) Ly (1, 2A(1,E)) 1y (14, B (u,v) ) Ly (10,2 (14,8)) 1y (14,8 (u,v))
M(p,G,u;v) = max{ BE=5000, 1+z;fEu T (o) @B LE) TH (1 e DEATETTEIE
Lp (A, 8 ), (u,v) ) 1y (1,10 Ly (A, 8),B () 1,(E,v) Ly (B (u,v)) 1y (E,)
-0y, (1) 1, (8 V) 0 (0, 2A(1,8)) 7 1L (1) 05 (& v) 1 (e, 2A(1,E)) ? 1+ (1,10) +1p (& v) A1, (0,2 (1,6)) ?
lb(uvgl(:uvé))lb(:uvu) lb(u’%(uvé))lb(gv‘})
1+lb(;u7u)+lb(§vv)+lb(u7gl(‘u7§)) ! 1+lb(”7’4)+ évv)+lb(u’9l(”7§)) ’

Iy (
max{lb(uvm(auvé))?lb(g[(“v §)7%(uav))}}
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Remark 3.5. It is clear that from definition of simulation function that (a,b) < 0, for all

a > b > 0. Therefore if 20 and B satisfy the inequality (3.2), then

2LTmin{lb(uu72[(“=5))7119(”7%(1"7‘}))} < max{lb(.“'?”)ah?(gav)}

- T3lb(2((uu7§)7%(uvv)> < M(u,é,u,v),

forall u,&,u,v €S.
Example 3.6. Let S = [0,1] and let [, : S x § — R defined by
0 ifu=:¢
lb(.u*aé): ) .
(W+EP ifuAE.

Then clearly (S,1,) is a b-metric space with coefficient T = 2.

We define 2(,°B : S x § — S by

A, E) = A" and B(u, &) = RELHED

§:RY xRT — (—o0,00) by {(t,5) = 1555 —t,t > 0,5 > 0.

Since J min{ly (1, (11, ), by (e, B(u, )} =  min (1 + ¢
< max{(u +u)?, (§ +v)*} = max{ly(u,u),1,(&,v)}.

D)2 (up e 12y

From the inequality (3.2), we have
2,5 2 g2
Bl (A(, &), B(u,v)) = 8[LE 4 lelltaeT)y

= 400[(“"‘”) + (& +V) ]
(lb ou +lb ))

O
< 2(max{lb Hott)+1p(E V) Iy (1 24(14,8)) 1 (u,B (u,v) ) I (1,2 (1, 6)) 1, (1, B (u,v))
00 27 ’ 1+lb(.u7u)+lb(€7V)+lb("t>m(.u7§)) ’ 1+lb(”7”)+lb(é>V)+lb(u7m(”7€)) ’
b( (‘LL 5)7 (u7v))lb([.17u) lb(m(“7€)7%(uvv))lb(évv) lb(uv%(mv))lb(gvv)
1+lb( M)"'lb(é?‘))'i'lb(“?m(.u:é)) ’ 1+lb(“7”)+lb(§7V)+lb(”7m(“7§))’ 1+lb(.u7u)+lb(€7V)+lb(”t>m(u7§)) ’
(u m(”vé))lb(:uﬂ’t) lb(u7m(uvé))lb(§7v)

1+lb(.u M)+lb(€7v)+lb(”7m(.u7é)) ! 1+lb(“7”)+lb(§7V)+lb(”7m(“7€)) ’

max{lb(uvﬁ(»uvé))?lb(m(:ua5)7%(1""}))}})'

Therefore the pair (2(,8) is a generalized Suzuki type 2 -contraction maps with rational

expressions.

4. MAIN RESULTS

Theorem 4.1. Let (S,1,) be a complete b-metric space with coefficient 7 > 1l and A : S xS — S
be a generalized Suzuki type 2 -contraction map with rational expressions. Then 2l has a unique

coupled fixed point in S.



7024 K. BHANU CHANDER, T. V. PRADEEP KUMAR

Proof. Let Ly and & be arbitrary points in S.
We define

Wiy =A(W;, ;) and & =A(;, ;) fori=0,1,2,....
Since 5= (U, A (M, En)) < Ip(Lns tnt1)), from the inequality (3.1), we have

C(T3lb(aun+17.un+2)7M(“na5na“n+l7§n+l)) = C(T3lb(2[(“n7én)72[(“n+laén—i—l))a
M(.unagnv.un—l—lvén—kl)) >0,

(4.1)

where

_ Iy (W 1)+ (8 sEnt 1) Ly (12 (W 5E0) ) b (Mg 1,24 (Wi 1,60 11))
M(Hn; &y Bt Gnr1) = max{ 7 A TR ET A SR E A AT
lb(.un+17m(un:§n))lb(#n791(,un+l7§n+1)) lb(gl(.umgn)vm(“wrl:§n+1))lb(.un:/~1n+1)
140 (M i 1) (8,80 11) i (1,24 (10, 80)) 7 140 (s b 1) 0 (80,601 1) i (1,24 (1, 60))
Iy (A, En) 2 Mg 1,8041)) 16 (En, Ens1) Ly (Mg 12 (Mt 1,8n01)) 1 (En,6n11)
140 (M i 1) (8, En11) b (1,240, 80)) 7 1AL (s b 1) 06 (80,6 1) i (1,24 (1, 60))
lb(“nJrl7Q[(.un7§n))lb(.un:/4n+l) lb(.un+17Q[(.um§n))lb(§m§n+l)
T4ty (M i 1) (8, En11) b (1,240, 80)) 7 1AL (s b 1) 06 (80, 1) i (1,24 (1, 60))

maX{lb(.unJrl ) m(.una gn))a lb(m(um én)am(“rﬁl ) én+1 ))}}

— max{ Ip (M 1) Hp (En,6ng1) Ly (M s Mg 1) Iy (Bt 1, Mn42)
27 ? 1 (st 1) (8, G 1) (Mg 151 11)
lb(“n+17/~tn+1)lb(/~ln7/~1n+2) lb(.un+17un+2)lb(/~1n7/in+l)
140 (M i 1) 0 (8,60 11) o (g 158 1) 1L (s 1) i (8 G 1)+ (Mg 1M 1)
lb(“nJrl 7/~Ln+2)lb(§n:§n+l) lb(.un+1 7un+2)lb(§n7§n+l )
140 (M i 1) 0 (8,60 11) o (158 1) 7 1L (s 1) (8 G 1)+ (Mg 150 11)
lb(“nJrlvﬂnJrl)lb(:un:/JnJrl) lb(.unJrhﬂnJrl)lb(énvénJrl)

1 (M M)+ (Sn, 8t 1)+ (s 1M 1) 10 (o 1) 06 (88 1) +Hp (M1 1) ?
max{lp(Mn+1, Un+1), (Mt 1, Hnt2) } }
< max{ lb(ﬂm#nﬂ);;lb(éminﬂ) (1 i) }
IfM(‘LLn, gm Mpy1, §n+1) = lb(.unJrlv.unJrZ) then from (4.1), we have
0 < E(Tlp (Bt n2)s M Moy &y i 1,6n1)) = S(T I (M 1 fn2) s 1o (B 15 Hnr2))

< lb(.“n—klv“n-i—Z) - T3lb(.un+1>un+2)7

which is a contradiction.

Therefore

(M Mg 1) +1p(Eny Ens1)
27

(4-2) lb(“n—i—laun—i-Z) <

forallm=0,1,2,....

Similarly we can prove that

I (Eny Env1) + 1p(Un, My 1)
27

(4.3) I (Ent1,6n2) <
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foralln=0,1,2,....
Adding the inequalities (4.2) and (4.3), we have
Iy (M1 ns2) + 1y (Engr s Enva) < hllp (M as1) + p(Ens Ens1)], where h = 52 < 1.
Also, it is easy to see that I (L, Unt1) +15(Ens Enr1) < hllp(Ma—1, n) +1p(En—1,En)].
Therefore I, (1, tnr2) + b (Ens1s Enva) < 2 [l (M1, tn) + Ip(En—1, &)

Continuing in the same way, we get that

Iy (M1 Bnt2) + 6 (St 15 Gnr2) < W[ (o, 1) + 1p(E0, E1)]-
Form > n,m,n € N, we have
Iy (M m) + 15 (Eny Em) < Tllp (W B 1) + o (1 )5 o))+ Tllp (& Gt 1) + 1p(En 15 Em)]
< [l (s 1) + L (8ns Gt )]+ T2 [ (Hn15 Mt 2) + L (B2, Mon)]
+ Tl (Ens1,Enr2) + b (Enra, Em))
= Tl (B 1) + L (G Gt )] + T2 [y (Bn15 Mni2) + 15 (En1 En2)]
+ T [l (Mnr2s on) + L (82, &) -+ T [l (L1 Lm)
+1p(Em—1,Em)]
<[th + 2h e [k (o, ) (0, 61)]
< h[L+th4 (Th)? .+ (Th)" [l (o, ) +1(60, 1)

= " (=) s (o, 1) + 15(E0,&1)] — O as 1 — o,
Therefore {1, } and {&,} are b-Cauchy sequences in S.

Since S is b-complete, there exist i, & € S such that @, — g and &, — & as n — oo,
We now prove that 4 = A(u, &) and § =A(&E, u).
On the contrary suppose that @ # 24(u, &) and & # (&, 1). We now show that

44 either (a): %l (s Un1)) <1 (un,u) nEni1) < 1p(&n, &) or
' 1
27

27 (
(0): 32 lp (M1, n+2) < lp(nt1, 1), 2L b(&nt1:8nt2) < 1p(&nt1,8)

hold.

On the contrary, suppose that

32l (M, 1) > I (s ), 55l (G Gi1) > 1p(6n, &) and

elo (g1 tn2) > By (M1, 1), 22 lp (Eni 1, Enva) > Ip(Eni1, §).

By b-triangular property, we have

Ly (s 1) < Tl (s 1) + Iy (1 1))

7025



7026 K. BHANU CHANDER, T. V. PRADEEP KUMAR

< T (s 1) + 1y (15 12)]
- %[ (“na“n+1) + lb(un+1a“n+2)]'

Similarly we can prove that

lb(éna€n+l) < %[lb(én»§n+l) +lb(§n+laén+2)]-

Adding the above inequalities, we get

lb(.una .LLnJrl) + lb(é:na §n+1) < %[lb(.unu .un+1)) + lb(.un+1 ) .un+2) + lb(énu §n+1) + lb(gnJrl ) §n+2)]
< p(Pny Mn1) + 1p(Ens Ent1),

which is a contradiction.

Therefore (4.4) holds.

Since %lb(un,ﬂ(un, &) < lp(Un, 1), from the inequality (3.1), we have
4.5)

(Tl (M1, (1, 8)), M (b G 1, §)) = S (1 ( Aty &) A (1, 6)), M (i G 1, §)) 20,

where
l M)+ gnaé Iy (pn 2L Vhéﬂ) l 2L 75)
M (3n, G, 1, §) = max { B, 1+zbfﬁﬁu)ﬁ(én,g)ﬁ(u“&uf &))"
Ly (1 24 () 11 (M 2A(11,6)) Iy (A, En) 24 (1456 )) iy (Hn 1)
140 (M ) (80,8 ) 1 (0, 2A (1n,E0)) * 1HLp (W 1)+ (6 §)+lb(u A(un,n))’
Ly (A (1 ,En) 2A(1,8))1p(En.8) Ly (2 (1,8))1p(8n,)
Ty (W 1)+ (80,8 ) 1y (1, Q[(.unvén))’ -0y (Mo ) (80,6 )+ (0, 2A (U ,60))
Ly (12 (6 ) ) 1y (Ui 12 Ly (1 21,0 )) 1 (80,6 )
1+ (Mo 1t) 0 (80, 8) 1 (1, Q[(.un n)) 11y (pon s )+ (80,8 )+ (1,2 (1 ,En) )
max {1, (1, A(tn, En)), I (AW, En), A1, 8))

Ly () +1p (60 56) Ly (M s 1) 1y (0, 2A(1,6))
27 P 1L (o) Hp (60,8 )+l (1 My 1) ?

Lp (1 1))l (1, 2A(1,6)) Iy (Bt 1) 20(1,8)) I (L, 1)
L (o 1)+ (80,8 ) 11y (1M 1) 1L (i )) 1 (8, &) - (1 s 1)
Iy (1) A (1,)) 15 (En,E) Ly (24 (1,8)) 1, (6, 6)
T2y (M ) (80, ) 1 (k1) * 1L (i 1) A1 (8,8 ) -1 (Mol 1)
Iy (1 1)) I (L, 1) Iy (sl 1)) 1p (6n,8)
T4ty (M ) (80,6 ) 1 (k1) * 1Ly (g 1) A1, (8,8 ) -1 (Mol 1)

max {1 (n, A(1,5)), lp (A1, §), Mnt1)) } }-

On taking limit superior as n — oo in M (U, &, Uy, &,), we have

limsup M (14,8, tn, Gn) < Thy (1, A(1, 5)).

n—soo
On letting limit superior as n — oo in (4.5) and using the Lemma 2.7, we have

0 <limsup & (T L, (A(W, &), tns1), M (1, &, 1, &)

n—oo

=limsup M (i, &, tn, &) —liminf o0 (A(u, §), tn41))

n—yoo

< Iy, A(p, &)) — 73 Ll2S)),

T

= max{

—

V/\v
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a contradiction. Therefore u = 2A(u,&).
Similarly we can prove that & = 2A(&, ).
Therefore (u,&) is a coupled fixed point of 2.
Let (u/,&") € S x S be another coupled fixed point of 2 with (u".§") # (u,&).
Since 5-1p(1,A(1, &)) < Ip(1, 1), from the inequality (3.1), we have

C(T3lb(H»I~L/),M(N7éa.u/yél)) = C(T3lb(2l(u,é),Ql(u’,‘g”)),M(u,é,u’,é’)) > 07

where
_ Iy (1) 41 (E,E") Iy (12 (1,8)) 1, (" 2 (', E")) Iy (' 2A(p,E)) 1 (2 (', E"))
M(p, 6,1, 67) = max ] e e e e T &N T (A ) THy (0 ) 1y (B2 (i )
lb(m(“aé)am(ulvg/))lb( hu'/) lb(m(uvg)vm(“/é/))lb(gaél)
T+ (e, )+ (8,87 +Hp (21, 8)) > 1+ (1, ")+ (8,87 +p (1 2A(1,8))
l],([.l,/,gl y'laé/))lb(gvé/) lh(#//m(uvg))lb(uvﬂ/)

1+lb(/~lmu/)jrlb(§7§,)+lb( ';91(#75))’ L+l (") +1, (8,87 +Hp (' 241, 6))

T s ey max (12U, €)), (A (e, ), A1, )}

< max MRS ) (1,1}

IfM(‘LL,é,‘LL/,él) = lb(“nu/) then we have
C(T?,lb(:unu/)aM(uu'?§7‘u/7§/)) = lb(li,lil) - T3lb(,u,‘ul) > 07

which is a contradiction.

Therefore

[ N1 !
(46) lb(,u,ul)g b(au7u)2—:- b(gug)

Similarly, we can prove that

no (') +1,(8,87)
@.7) (&) < = ;

Adding the inequalities (4.6) and (4.7), we get that
o, ') + 1y (€, &) < BUERDEED (1 ') 4 1, (8, E7),

it is a contradiction.

Therefore (i, &) = (u’,&’) is the unique coupled fixed point of 2 in S. O

Proposition 4.2. Let (S,/,) be a b-metric space with coefficient s > 1 and 2,8 : § x S — S be

two selfmaps. Assume that the pair (2,8 ) is generalized Suzuki type 2’ -contraction maps with
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rational expressions. Then (u,v) is a coupled fixed point of 2 if and only if (u,v) is a coupled

fixed point of 8. Moreover, (u,v) is unique in this case.

Proof. Let (u,v) be a coupled fixed point of 2. Then u = 2A(u,v) and v = (v, u).
Suppose that u # B (u,v).
Since zlrmin{lb(u,ﬂ(u,v)),lb(u,%(u,v))} < max{ly(u,u),lp(v,v)} from the inequality (3.2),

we have

(4.8) C(T3lb(u,%(u,v)),M(u,v,u,v)) = C(T3lb(Q((u,v),%(u,v)),M(u,v,u,v)) >0,

where
Lp(ua)+p(viv) Ly (u,A(u,v)) I (u,%B (u,) I (24 (u,) )1 (14, B (u,))
M (u,v,u,v) = max{ a 2rb ’ 1+lbb(u7u)+lb(v,\f)—klb(u,gl(u,u))’ 1+lbb(u7u)+lb(vu‘f)+lb(”79‘[(”‘7”))7
lb(m( u,vy )7%(’47‘)))119(”7“) lb(gl(uvv)7%(uyv))lb(v7v) lb(u,%(u,V))lb(V,V)
1+lb(uvu)+lb(V7V)+lb(uvm(u7u)) ’ 1+lb(uvu)+lb(V7V)+lb(uvm(u7u)) ’ 1+lb(uvu)+lb(V7V)+lb(uvm(u7u)) ’
lb(ugl(uyv))lb(uﬂ) lb(u7gl(uvv))lb(vvv)
1+lb(uvu)+lb(V7V)+lb(uvm(u7u)) ’ 1+lb(uvu)+lb(V7V)+lb(uvm(u7u)) ’
maX{lb(”) Ql(uv V))a lb(%(ua V)a %(u7 V))}} = lb(ua %(u7 V))

From the inequality (4.8), we have
0 < &(T1y(u, B (u,v)),M(u,v,u,v)) = lp(u, B (u,v)) — 31, (u, B (u,v)),
which is a contradiction.
Therefore u = B (u,v). Similarly, we can prove that v =B (v,u).
Hence, (u,v) is a coupled fixed point of B.

In the similar lines as above, it is easy to see that (u,v) is a coupled fixed point of 2 whenever
(u,v) is a coupled fixed point of B.
Let (u,v),(u',V') € S x S be two coupled fixed points of 2 and B with (u.v) # («/,V).
Since 5= min{l,(u,A(u,v)),lp(u', B ,v))} < max{ly(u,u’),l,(v,v')} from the inequality
(3.2), we have

(B (u,u ), M(u,v,u’ V') = E(T3 0, (A(u,v), B V'), M (u,v,u' V') >0,

where
Iy (uad )+, (vy) Ly (w2 ()l (W B V) Iy (o A (u,) )y (u, B (' ')
M(u,v,u’,V') = max{+=—7" ’1+lbb(u,u’)+lb(v, N, A (u,)) 1+lbb(uu)+lb( IOEW A TIRD)R
Iy (A (u,v), B (W V)l (uu) Iy (A(u,v), B (W V)l (v,V')
T, (1) (07) (0 2A09))* Tl () (0,7) Iy (! A (0)
lb(u/v%(ulvvl))lb(v v ) lb(u/vg[(uvv))lh(u u )

1+lb(ll u )+lb(V, )+lb(u/>gl(uvv)) ! 1+lb(u,ul)+lb(V,Vl)—Flb(M/,Q[(M,V)) !

I_Hb(uZZ()u_._z)lgu’:)))_f_bli‘z:/’)g[(u’v)) ) max{lb(u’, Ql(l/t, V)), lb (Q[(ua V>> %(ula V/))}}
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< maX{lb("‘vu/)zJ;lb(Vvv/) ()}

If M(u,v,u’,v') = 1,(u,u’) then we have
C(T3lb(uuul)7M(u7V7 u/vvl>) = lb(u7u/) - T3lb(l/l71/t/) > 07

which is a contradiction.

Therefore

/ !
4.9) lb(u,u/) < lb(u, u );;lb(vvv ) )

Similarly, we can prove that

1y (i, ) + Ly (v, V"
(4.10) I(v,v') < b(”’”); p(nV)

Adding the inequalities (4.9) and (4.10), we get that
Iy () + Ly (v, ') < WU g, (4 0) 11, (v,0),
it is a contradiction.

Therefore (u,v) = («',V) is the unique coupled fixed point of 2 and B in S.

7029

O

Theorem 4.3. Let (S,],) be a complete b-metric space with coefficient 7 > 1 and the pair

(A,*B) be a generalized Suzuki type Z°-contraction maps with rational expressions. Then 2

and *B have a unique coupled fixed point in S.

Proof. Let Uy and & be arbitrary points in S.
We define ;1 = A(U2i, $2i), Eair1 = A(E2i, Uoi) and
Wit = B(Mair1,E0i41), Eivr = B(Epiv1, Moir1) fori=0,1,2,. ...

Since 5= min{l (tn, A(U2n, Eon))s I (Manr1, B (Mans1,Eans1))} < max{ly(ton, toni1), b (Eons Eani1) }

from the inequality (3.2), we have

@.11)

C(T3p(Uons1, Mans2)s M (Uon, Eony Mant 1, Eant1)) = S (T2 1y (RA(2ns Eon) s B (Mont1,Eons1))s

M (U2n, Eans M2n41,82n41)) >0,

where

l ny N +l 1y n
M(Wan, Enns tom 1, Exnr1) = max{ b (on, H)Zr b(E2n,82 +1)7

lb (“Zn 7m(”2n 7§2n))lb (”211+1 7% (,uZnJrl 7§2n+1 ))

L+ (o ong 1) +p (EonsEon1) Hip (H2nt1,2A (H2n.60n))
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lb (ﬂ2n+l am(l-Lvaan))lb(”Zm%(HZVL-H 7§2n+1 ))
1+ (Mo Mont 1)+ (EonsEonr1) o (20 11,2 (U2, E0n))
lb (Ql(”2n7§2n)7%(”2n+l 7§2n+l ))lb (”2117”211-!—1 )
1+ (Mo Mont 1)+ (EonsEonr 1) Hip (M2n 11,2 (U2, E0n))
lb (Ql(”2n7§2n)7%(u2n+l 7€2n+l ))lb(§2n7€2n+l )
1+ (o Mont 1)+ (EonsEonr1) Hip (M2n 11,2 (U2, E0n))
Iy (U2041,B (H20+1,82041)) 16 (&2, Eont 1)
1+ (Mo Mont 1)+ (Eon,Eonr1) o (M2n 11,2 (20, E0n))
Iy (204 1,24 (M00,620) ) 1 (U2 M2 11)
14+0y (Mon s Mont 1) (Eonseont 1)+l (Hont 1, A (M20,600)) ?
Iy (204 1,20 (M00,620) ) b (20,820 11)
14+0 (Mon s Mont 1) b (Eons6on 1)+l (Hont 1, A (M2n,60n)) ?

max{ly(Uan+1,A(t2n, Ean)), I (A(M2n, S2n) s B (Man+1,82n41)) T }

Iy (B2nsB2n 1)+ (E2n,Eont 1)
2T ’

= max{

Ip (M2n;M2n 1) 1p (Mont 1,M2042)

11y (Mo, 12001) 6 (825 8on 1) b (M2n 4 1,M2041)
Iy (U241, M2041) 1 (M2, 20 42)

11y (Mo, 120-01) 6 (&2, 8n 1) (M2n 4 1,M2041)
Iy (U241, M0042) 1 (M2, 204 1)

11y (Mo, 120-01) (825 8on 1) (M2n 41,120 41)
Iy (U2n1,M0n42) 15 (Eon,E0n41)

10y (Mo, 120-+1) 6 (8205 8n 1) b (M2n 4 1,M2041)
Iy (U2n+1,M0042) 15 (Eon,E0n41)

10y (Mo, 120+1) (825 80n 1) b (M2n 4 1,M2041)

Iy (U241, M2041) 1 (M2, 20 41)
L0 (Mon s Mong 1) 16 (Eon,62n+1) + b (H2nt 1, M2041)

Iy (U2n1,M0041) 16 (EonsE0n41)
L+H0p (on s Mong 1) 6 (Eon,62n+1) b (H2nt 1, M2041)

max{ly(U2nt1, M2n+1)s Ip(Mont1, Hont2) }}

S maX{ lb(”2n7”2n+l);;lb(§2m§2n+l) , lb(,UZn+la.u2n+2)}~

If M(Uon, Eans Mont1,82n+1) = Ip(M2n+1, H2nv2) then from (4.11), we have
0 < & (T lp(Mant 15 Mont2), M (Man, Eons Mont 15 Eans1)) = S (T3l (Mont 15 Mon+2) by (Mons 1, Mont2))

< Iy(Mans1, Moni2) — Ty (Uons 1, Mons2),

which is a contradiction.

Therefore

Ly (Mans Mont1) + 1p(Eany Eant1)
27

(4.12) Ip(Mont1, Mong2) <

foralln=0,1,2,....

Similarly, we can prove that

Iy (Eans Eant1) + I (20, Hon+1)
2T

(4.13) Ip(Eons1,8on42) <
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foralln=0,1,2,....
Adding the inequalities (4.12) and (4.13), we have
Uy (Mant 15 Man+2) + 1p(Eant1, Eonsa) < hllp(Uon, Mons1) + Ip(Eon, Eoni1)], Where h = 5= < 1.
Also, it is easy to see that Iy(Uoni2,M2n+3) + Ip(Eont2:Eons3) < Allp(Montt1, Hont2) +
Ip(Ean+1,Eon+2)]-
Therefore I, (W, 1) + 1p(Eny Env1) < Al (Un—1, tn) + 1p(En—1,&n)] foralln=1,2,3, .. ..

Continuing in the same way, we get that

Iy (M Mn1) +1(Eny Enr1) < A1 (o, 1) + 1580, 81)]-
Form > n,m,n € N, we have
I (M ) +16(Sny ) < Tl (s Mn1) + o (1) )]+ T[lp (8 Gntt) + Lo (Gnt1, S

< Tl (s 1)+ 1(Ens G )]+ T2 [l (W1, M +2) + L (X2, X0m)]

+ Pl (Enr1s Enr2) +1p(Env2, &)
= Tl (M, Ms 1) +1(Ens S )] + Tl (M1, n2) + 15 (Gt Ens2)]
+ Tl (M2, o) +1(Eas2, Em)] -+ T L (o1, ) + L (Em—1, &)

<[th"+ 20 e [ (o, ) + 16 (0, &)
(

S TR+ th+ (Th)*... + (th)" '+ ][l (o, 1) + 1p(E0, &1))]

= " (125 s (Ko, 1) + (0, §1)] — 0 as n — oo,
Therefore {1, } and {&,} are b-Cauchy sequences in S.
Since S is b-complete, there exist i, & € S such that @, — g and &, — & as n — oo,
We now prove that 1 = A(u, &) and § =A(&E, u).
On the contrary suppose that t # 24(u, &) and § # 2A(E, 1).
Since 5z min{l, (1, A (1, €)), by (Mant1, B (Hont1, Eans1))} < max{ly(K, tan 1), (&, Eant1)}

from the inequality (3.2), we have
(4.14)
(Tl (A1, ), Mon+2), MW, & o1, Eaner)) = C(Tp (AW, €), B (Hon+1, Eonr1)),
M(p, &, tont1,82n41)) > 0,

where

Ip( 1)+l n L(u,2A(w,8))l 1B (Wnt1,6m
e
lb(.u2n+l7 (“75))lb(“7%(“2n+17€2n+1)) lb(m(“>§)>%(“2n+l7§2n+1))lb(”7ﬂ2n+1)
T+l (ko0 11) +p (8 82n 1)+ (Han1,2A(1,8)) 7 Tl (s 2n 1)+ (8.8 41) +Hip (2n+1,24(1,E))
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Iy (A(1,€) B (Unt1,E0n41)) b (&, Eont1) Iy (2041, B (M20+1,82041)) 16 (& 600 11)
T+l (1 2 +1) 16 (8 Eon 1)+ (Bon+1,2(1,8)) * 1+l (s 2n+1) +Hp (8 82n+1) +p (Hant1,24(1,6)) ?
Ly (B2n 4 1,20(1,E)) 1y (1, Mo 1 1) Ly (B2n 4 1,24(1,6)) 15 (€ 6201 1)

10, (1,20 41) b (8 E2n 1) i (Mong 1,2(1,6)) 7 Ty (1, p2n 1)+ (8 8ons 1) Hip (H2n 1, 2A(1,6))

max{l,(Uon+1,A(1,8)), 1 (A1, &), B (Uont1,82n11)) } }

_ maX{lb Botony 1)+ (8 ,60n 1) Iy (0,2, 8) )y (Mon 1, M0042)
27 P 141 (1 on 1) Hp (€ ,&on1) +Hp (M2n 1,2 (1,€))
Ly (B2n g 1,20(1,E)) 1y (1, Hon 1 2) Iy (A(1,E) Mo 12) 1y (1, Mo 1)
10y (1 20 +1) 16 (8 Eon1) Hp (H2n+1,2(1,8)) * 1+l (s 2n+1) +Hp (8 82n+1) +p (Hant1,24(1,6)) ?
Ly (A(p,E) ont2) 1 (8 . E2nv1) Iy (Mont1,M0042) 16 (8 E0ns1)
10, (120 41) b (8 E2n 1) i (Mong 1,2(1,8)) 7 Ty (1, p2n 1)+ (8 8ona 1) Hp (H2n s 1,2A(1,6))
Iy (B2n 4 1,20(1,8)) 1y (1, Mon 1 1) Iy (H2n 4 1,4 (1,6)) 15(8 6201 1)

]+lb(“7.u2n+1)+lb(§7€2n+1)+lb(“2n+17m(“7é)) ’ 1+lb(.ualJerH)+lb(§7§2n+l)+lb(u2n+l79[(/47&)) !
maX{lb(.UZn—H 5 91(“7 5))7 lb(m(nu', é)a .u'2n+2)}}'

On taking limit superior as n — oo in M(u, &, ty, &) and using Lemma 2.7, we have

limsupM(, &, tn, &) < Tl (1, A1, ).

n—oo

On letting limit superior as n — oo in (4.14) and using the Lemma 2.7, we have

0 <limsup {(731,(2A

n—oo

(1, 8), tony2), M(1, &, Uany1,82n11))

= limsupM (u,&, H2n+1,5zn+1)—llmlﬂff3lb( (1,8), U2n+2)

n—oo

> le(.u7gl(“7§)> -

a contradiction.

Therefore pu = 2A(u

Iy (.2
3 b1, T(u é)))

6)-

Similarly we can prove that & = 20(&, ).

Therefore (u, &) is a coupled fixed point of 2.

By Proposition 4.2,

S.

we have (u,&) is a unique common coupled fixed point of 2 and 9B in

O

5. COROLLARIES AND EXAMPLES

Corollary 5.1. Let (S,],) be a complete b-metric space with coefficient 7> 1. A:Sx S — §

be a selfmap. Assume that there exist two continuous functions @,y : [0,00) — [0,00) with

o(t) <t <wy(r)forallt > 0and @(t) = y(¢t) = 0 if and onlt if 7 = O such that

A, ) < (1, §) = YA, ) X)) < 9M(,,u.v))

where

)
M1, &, u,v) = max{ U o e Ty T ) e 2

lb u, u)"'lb(é ) ! (.u?m(“vé))lb(uam(uvv)) (”79{ é )lb([.L,Ql(u,v))

V)+lb(uvg[(.u7€ )) !
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Iy (Ql(u,é),ﬁ(u,v))lb(u,u) lb(m(uvé)vm(uav))lb(gvv) lb(u Q[(uvv))lb(é ’V)
Tl (pou)+1p (&) +1p (u,2(1,6)) * 140y (1 ,1) +1,(8,v) +p (A (1, 8)) 7 Tl (1) +15(8,v) +1p (u,A(11,5))
lb(uvﬂ(uvé))lb(uﬂ'{) lb(u’m(”vg))lb(évv)

1+lb(lrl7”)+lb(§a")‘*‘lb(”vm(%f)) ’ 1+lb(”’“)+lb(é7V)+lb(u7m(”1§)) ’
maX{lb(u,m(% 5))7 lb(Q’[(ua 5)79’[(1’!7 V))}}’ for all u, é u,v € S.

Then 2l has a unique common coupled fixed point in S.

Proof. Follows from Theorem 4.1 by choosing {(s,1) = ¢(t) — y(s) for all ¢,s € [0, 00). O

Corollary 5.2. Let (S,1;,) be a complete b-metric space with coefficient 7 > 1. A, B :Sx S — S
be two selfmaps. Assume that there exist two continuous functions @, y : [0,0) — [0,00) with

o(t) <t <wy(t)forallt > 0and ¢(¢) = y(t) =0 if and onlt if # = O such that
1
7min{lb(l't?m(H?é))?lb(m%(uvv))} Smax{lb(u,u),lb(é,v)}

27
= l[/(T3lb(Ql(,Ll,€),§B(M,V))) < (p(M(auaévl't?V))

where
Ly () +1p(E,v) Iy (20,6 )) I (u,B (u,v)) (2, 8)) I (1, (u,v))
M, &, v) = max{ e R ET) Ty )T o) T, oS
Ly (A(1,8), 3B (u,v)) I (14,1) (A(u,8), B (u,v))1(E,v) Iy (u,B (u))lp (&)
l+lb(“7u)+lb(é7V)+lb(uam(.u7§)) ! ]+lb(“7”)+lb(é7V)+lb(u7m(ua€)) ! ]+lb(“7u)+lb(§7V)+lb(u7m(“7é)) ’
lb(”am(ﬂaé))lb(ﬂﬂ) lb(uvm(”aé))lb(g"))

l+lb(“7u)+lb(‘€7V)+lb(u>m(“7§)) ’ ]+lb(u7”t)+lb(é7V)+lb(u7m(uvé)) ’
max{l,(u, A(1,§)), 1A, &), B(u,v)) } }, forall 1, &, u,v €.

Then 2 and ‘B have a unique common coupled fixed point in S.
Proof. Follows by taking {(s,7) = ¢(t) — y(s) in Theorem 4.3. O

The following is an example in support of Theorem 4.1.

Example 5.3. Let S = [0,1] and let [, : S x § — R™ defined by

0 ifu=E¢&
lb(,u, é) = ) .
(H+8)" ifu#¢.
Then clearly (S,1,) is a b-metric space with coefficient 7 = 2.
We define 2 : § xS — S by
3,83
e g e0g)
A, &) = & ifp,Eeld]
0  otherwise

10Os t,t > 0,5 >0.

£ :RT XRT — (—o0,00) by {(1,5) =
Case (i). i, &,u,v € |0, %)

Since Ay (14,21, €)) = M+ EEEP < (n+ &) = (. £).
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From the inequality (3.1), we have

2
Tl ({11, ), Auv)) = B[+ G2

m (L +u)*+ (& +v)?]
(lb(# )+ (8 ))
2T

100

< 99 (maX{ lb u, u)+lb(€ V) lb(uvm(uvg))lb(uvgl(uvv)) lb(u,ﬂ(u,é))lh(u,ﬂ(u,v))
100 27 ’ 1+lb(“7u)+lb(é7v)+lb(u’m(“7§))’ 1+lb(ﬂ’u)+lb(§’V)+lb("‘7m(uaé))7
( (“vé)v (M,V))lh( ) l,,(Ql(u,é),Ql(u,v))l;,(&,v) lb(uvgl(""v))lb(gvv)
1+lb(:u7u)+lb(§’v)+lb(u Ql( 5)) ’ 1+lb(”7”)+lb(é7v)+lb(uvm(”’§)) ’ 1+lb(u7u)+lb(§vV)+lb(M7m(uvé)) ’
lh(uvgl(:uvg))lb(“ u) lh(uvm(”vé))lh(évv)
1+lb(:u7u)+lb(§’v)+lb(u Ql( 5)) ’ 1+lb(”7”)+lb(é7v)+lb(uvm(”’§)) ’

maX{lb(”?Ql(uag)% b(%(”7§)7%(”7‘/))}})
Case (ii). u, &, u,v € [1,1].
Since 3zlp(1,A(1,8)) = g1+ 55)° < (L +E)* = (1, &)
From the inequality (3.1), we have
T3lb(2l(u7§)72l(uvv)) = 8[% + %]2

< qool(+u)*+ (& +v)?
2 ( lb(:“?"‘)"‘h)(év") )
- 2

< 99 (maX{ lh u, M)+lb(§ ) lb(ﬂym(uvé))lb(uagl(uvv)) lh(uvm(ué))lb(,uvm(uvv))
100 27 ’ 1+lb(“’u)+lb(é7v)+lb(u7m(”’§)), 1+lb(u7u)+lb(€7V)+lb(u79‘[(uvé)),
( (:uvé)v (M,V))lb( ) lb(m(uvg)vm(uav))lb(évv) lb("vm(uvv))lb(gﬂj)
1+lb(‘u7u)+lb(€7v)+lb(” Q‘[( é)) ’ 1+lb(”’u)+lb(é7v)+lb(u7m(”’g)) ’ 1+lb(u7u)+lb(§7V)+lb(u79‘[(uvé)) ’
lb(u’m(uvé))lb(u u) lb(“ﬂ“”hé)ﬂh(év")
1+lb(‘u7u)+lb(§7v)+lb(” Q‘[( é)) ’ 1+lb(“’u)+lb(é7V)+lb(u7m(”’§)) ’

max {1, (u, A(1,§)), 1p(A(K, &), A(u,v)) } }).-
Case (iii). 1, & € [3,1],u,v €[0,3).
Since 5zl (1, A1, §)) = gl + 550> < (R +8)* = (1, §).
From the inequality (3.1), we have
Ty (A1, &) Aw,v) = 81 + 55 2

> 400 (u +”) +(& +V)2]
(lb(li )+ (€, ))
27

100
< 99 (maX{ lb u, M)+lb(é ) lb(”vm(“’g))lb(u’m(uav)) lb(uvm(”’é))lb(»uvm(uvv))
100 2t P 1 () +p (8v) +Hp (A (1, 8)) 7 T (1) +15 (8 ,v) +1p (u,2A(1,5))
( (“75)7 (u’v))lb( ) lb(m(uvé)vm(uav))lb(évv) lb(uvm(uvv))lb(éav)
11, (p,u)+1p (8 v)+1p (1, Alu 28)) 7 1l (1) +Hp (S v) +Hp (w0, 2A(1,8))  T4+-0p (1) +1, (8, v) +1p (1, 2A(1,6)) ?
lb(u’m(uaé))lb(u u) lb(uvm(”vé))lb(g’v)
L0 (1 10) +1 (8 V) +0 (A (1, 8)) 7 1Ly (1) +1p (8 ,v) +p (u,A(11,S)) ?

max{l, (u,A(1,8)), (AW, &), A(u,v))} }).
)

Case (iv). u, ¢ € [0,% U,V E [%,1].
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Since 5-1,(1,A(w, &) = Fu +“2J5r6§] <(M+8)=1(u,8).

From the inequality (3.1), we have
3 3
(A1, &), ﬂ(u v) =8[tke + )2

= 4()() (u ‘|‘”) + (& +V)2]

_ 2(%(##)”&5#))
100 27
< 99 (max B TH(EY) M8 (0N ) 021 ) 112 ()
100 2t P L () +1p (8v) +p (A1, 8)) 7 11 (pu) +1p (8 v) +1p (u2A(1,E))
Ip (AW, E) A (u,v)) Iy (p 1) Ly (A(p,8) A(u,)) 1, (E,v) I (u,2(u,v)) 1 (€ V)
T (W) i (8 v) +p (u,2A(1,6)) 1Ly (1) +1 (8 v) +p (,2A(1,E)) > 1Ly (110) +1, (8 ) +1p (,2A(1,E))
lb(u79’l(”7§))lb(“7u) lb(l":m(ﬂ 5))117 é V)
Ll (pou) +1p (&) +1p (u,2A(1,6)) * 10y (1) +1, (V) +1p (u,2A(1,8)) 7

max{l,(u,A(1,§)), 1AW, &), Au,v))} }).
Therefore 2 satisfies all the hypotheses of Theorem 4.1 and (0,0) is a unique coupled fixed

point of 2.
The following is an example in support of Theorem 4.3.
Example 4.4. Let S =[0,1] and let [, : S x § — R defined by
0 ifu==¢&
lb(,u, 5) = ) .
(H+8)" ifu#¢.

Then clearly (S,1,) is a b-metric space with coefficient 7 = 2.
We define 2,8 : § x § — S by
log(Lbn?+8%) ¢y & e [0, 1 W e 0,1
mm,é){ T T T S A
0g

5 ifpwEe (s (u+8) ifu,& ez 1].
{:RT xRT — (—o0,00) by {(t,5) = 1555 — 1,1 > 0,5 > 0.

Case (i). i, &,u,v € |0, j).
Since - min{l, (1, A1, €)), Iy (1, B(u,v)) } = + min{ [ + LEIHELEN2 1)) | wvie 12y
< max{(,u +u) 7(5 +V) } = maX{h)(“?”)Jb(éav)}'

From the inequality (3.2), we have
0o u2v26uv
Bl (f(1, E),B(u,v)) = [RELHLTHED) | e )2
< m (K +u)*+ (& +v)?]

(lb(ﬂvu)+lb(é ,V) )

l 27

< 9_(maX{ lh u, u)+lb(§ ) lb(ﬂam(ﬂvé))lh(“a%(”ﬂ’)) lh(uvm(:u'aé))lb(:u?%(uvv))
100 27 ’ 1+lb(“’u)+lb(é7v)+lb(u7m(”a§)), 1+lb(ﬂau)+lb(§7V)+lb(”79[(lia§))’
b( (nu' é) (M V))lb(u“vu) lb(m(uvé)vw(uﬂ}))lb(é?‘}) lb(u7%(uvv))lb(§vv)

10, (1) +15 (8 )+ (0 A(11,6)) 1y (ph,1) +1p (8,v) A+ (0, 2A(1,8)) * T+-0p (1) +1 (S V) +p (u,2A(1,8)) ?

ACRITRINACED) I (u,2A(p,8))1p (€ ,v)
0 (1) +15 (8 )+ (A1) 1L (1) +1 (8,v) +1p (u,2A(1,))?
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max{lp (e, (1, §)), 1p(A(K, ), B (u,v)) } }).
Case (ii). u,&,u,v e [%, 1].
Since 5z min{ly (1, A(w, §)), by (u, B(u,v))} = gmin{[p + 5512, [u+log(u+v)]*}
< max{(u +u)?, (& +v)*} = max{l (1, u),l,(&,v) }.
From the inequality (3.2), we have
Tl (A(u, ), ‘B(u v)) =8[35 +log(u+v)]?

> 400 (u ""”) +(& +V)2]
(lb(# )+ (8 ))
2T

l
< 9—(maX{ lh u, u +lh(§ ) lb(uvm(u7§))lh(”v%(u7v)) lh(uvm(:uvé))lb(:u7%(uvv))
— 100 27 ’ 1+lb(“’”)+lb(é7v)+lb(uvm(“’g)), 1+lb(“7”)+lb(€’V)+lb(u7m(uvé))7
b( (‘u ‘S)v (u7v))lh(u7u) lh(m(uvg)v%(uvv))lb(évv) lb(uv%(uvv))lb(évv)
1+lb(‘u )+lb(€7v)+lb(u7m(‘u7§))7 1+lb(“’”)+lb(é7v)+lb(uvm(“’§)), 1+lb(“7”)+lb(§’V)+lb(u79‘[(“7é))7
lb(u Ql(:uvg))lb(uau) lh(uv%(ué))lh(év‘})
10 (110) +15 (8 )+ (A1) 1L (1) +1 (8,v) +1p (u,2A(1,))?

max {ly(u, A(, €)), 1p(A(1,8), B (u,v))}})
Case (iii). 1, & € [3,1],u,v €[0,5).

Since 5z min{ly (1, A(u, &)), Iy (e, B (u,v))} = gmin{[p + 5], [u+ 5]}
< max{(u +u)?, (& +v)*} = max{l (1, u),l,(&,v) }.

From the inequality (3.2), we have
u2y2 e
T3lb(91(,u-,€) %(lx{ V)) = 8[l_|_ vge ]2

> 400 (u +”) + (& +V)2]
(lb(# ) +Hp(E,v ))
27

100

< 99 (maX{ lb u, M)+lb(§ ) lb(”am(ﬂvg))lb(uv%(uvv)) lb(”vm(”vé))lb(ua%(”"}))
100 27 ’ 1+lb(”1u)+lb(é7V)+lb(u7m(”1§)) ’ 1+lb(“7u)+lb(§7V)+lb(u7m(uvé)) ’
S
1}
A

( (“76)7 (u,v))lb([.t,u) lb(m(;uv )7%(’4"}))[17(&7‘}) lb(uv%(uvv))lb(évv)
1+lb(‘u7”)+lb(€7V)+lb(u7m(u7§)) ’ 1+lb(”ﬁ”)+ b(é?v)'i'lb(uvm(”aé)) ! 1+lb(“7u)+lb(§7v)+lb(u79‘l(“7€)) ’
lb(uvﬂ(uvé))lb(ﬂﬂ'{) lb(u’ (”ag))lb(évv)
Tl (p,u)+1p (8 v) +1p (u,2(1,6)) * 140, (1) +1, (V) +p (1, A(1,8)) ?

max{l (i, A(1, )), 1, (A1, &), B(u,v))}})
Case (iv). i1,& € [0,3),u,v € [3,1].

Since s min{l (11, (11, ), by (4, B(w,v)) } = § min{[pe + XD [yt log(u+v)2}
< max{(u +u)?, (& +v)*} = max{l (1, u),l5(&,v) }.

From the inequality (3.2), we have
2 2
(A, £), B(u,v)) = 8 L log(u+&)?
< qool(+u)* + (& +v)7]
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— 2(%(#7”)2"“[17(&7‘}))
T

< 2(1’1’13)({ lb(“v”)+lb(§7v) lb(”a%(ﬂvé))lb(uv%(uvv)) lb(”vm(uvé))lb(#a%(uav))
- 27 ’ 1+lb(”7u)+lb(é7V)+lb(uvm(”1§)) ’ 1+lb(u7u)+lb(§7V)+lb(u79‘l(“7é)) ’

Iy 91(%5)7‘3(”7"))%(#7”) lb(%(uvé)v%(uvv))lb(évv) lb(uv%(uvv))lb(évv)
0, (1) 15 (8 )+ (uA(11,6)) T (ph,10) +1p (8,v) A+ (0, 2A(1,8)) * 10y (1) +1, (S V) +1p (u,2A(1,8)) ?

lb(uvm(uvé))lb(uﬂ'{) lb(uvm(”vé))lb(év‘})

1+lb(.u7u)+lb(€7V)+lb(u7m(“7§)) ’ 1+lb(uvu)+lb(€7V)+lb(u7m(”1§)) ’

maX{lb(u?m(;u7 5))7 lb(Q’[(ua 5)7 %(u7 V))}})
Therefore the pair (2(,%B) satisfies all the hypotheses of Theorem 4.3 and (0,0) is a unique

—

common coupled fixed point of 2 and *B.
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