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Abstract. This paper is insisted to studying the problems on sharing value for the derivative of meromorphic
function with its shift and g-difference. The results in this paper improve and generalize the recent results to C.
Meng and G. Liu (2020).
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1. INTRODUCTION

In what follows, we assume that the reader is familiar with standard notations and main results
of Nevanlinna theory [37]. As usual the abbrevation CM means “Counting Multiplicity”, while
IM stands for “Ignoring Multiplicity”.

Let f and g are two non constant meromorphic functions. Let k be a positive integer or infinity
and a € CU{e}. Set E(a, f) = {z: f(z) —a = 0}, where a zero point of f with multiplicity &
is counted k times in the set. If these zeros are only once counted, then we denote the set by
E(a,f). If E(a, f) = E(a,g), so that f and g share the value a CM, and f and g share a IM if
E(a,f)=E(a,g).
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For a complex number a € C U, we denote by Ey(a, f) the set of all a-points of f where an
a-point with multiplicity m is counted m times if m < k and k+ 1 times if m > k. If Ex(a, f) =
Ey(a,g) for a complex number a € CUoo we say that f and g share the value a with weight k
([16], page 195).

The definition implies that if f and g share a value a with weight k , then z is a zero of f —a
with multiplicity m(< k) if and only if it is a zero of g — a with multiplicity m(< k) and zg is a
zero of f —a with multiplicity m(> k) if and only if it is a zero of g — a with multiplicity n(> k),
where m is not necessarily equal to n. We write f and g share (a,k) to mean that f and g share
the value a with weight k. Clearly if f and g share (a,k) then f and g share (a, p) for all integer
p, 0 < p < k. Also we note that f and g share a value a IM or CM if and only if f and g share
(a,0) or (a,o) respectively.

We denotes Ej) (a, f) the set of all a points of f with multiplicities not exceeding k, where an
a point is counted accordingly and the set of distinct a points of f with multiplicities not greater
than k is Ey)(a, f).

And Nk)(r, ﬁ) the counting function for zeros of f —a with multiplicity less than or
equal to k, and by ]Vk)(r, (flfa)) the corresponding one for which multiplicity is not counted.
Let N(k(r, (f—la)) be the counting function for zeros of f —a with multiplicity at least £ and
N(k(r, (f—la)) the corresponding one for which multiplicities is not counted.

Meromorphic functions sharing values with their derivatives has become a subject of great
interest in uniqueness theory. The paper by Rubel and Yang is the starting point of this topic,

along with the following.

2. PRELIMINARIES AND LEMMAS

Theorem 2.1. ([33], page 101) Let f be a non-constant entire function. If f and f' share two

distinct finite values CM, then f = f’.

: 2 t
The function f = e [e ¢ (1 —¢€')dt from [4] shows clearly that f and f’ share 1 CM but
0

f # f'. In a special case, we recall a well-known conjecture by Briick:
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Conjecture 2.1. ([4], page 22) Let f be a non-constant entire function such that hyper-order

p2(f) == limsup,%w% is not a positive integer or infinity. If f and f’ share the finite

/_ .
value a CM, then % = ¢, where c is nonzero constant.

The conjecture has been verified in the special cases when a = 0 [4], or when f is of finite
order [12], or when p>(f) < % [7]. Many results have been obtained for this and related topics
(See [1, 5,11, 17, 18],[23]-[28],[34, 35, 38, 39, 41, 43],[45]-[48], and the references therein).
Heittokangas et al. considered analogues of Briick’s conjecture for meromorphic functions

concerning their shifts, and proved the following theorem.
Theorem 2.2. ([15], Theorem 1, page 353) Let f be a meromorphic function of order

: logT (r, f)
=1 ———=<2
p(f) = lim sup Togr
and let ¢ € C. If f(z) and f(z+ c) share the values a € C and oo CM, then

flz+c)—a
fQ—a 7

Since then, many mathematicians considered this topic (See [6, 8, 10, 19, 22, 30, 42] and the
references therein). In 2018, Qi, Li and Yang considered the value sharing problem related to

f'(z) and f(z+ c), where ¢ is a complex number. They obtained the following result.

Theorem 2.3. ([29], Theorem 1.5, page 570) Let f be a non-constant meromorphic function
of finite order and n > 9 be an integer. If [f'(z)]" and f™(z+ ¢) share a(# 0) and e CM, then

f(z) =tf(z+c), for a constant t that satisfies " = 1.

It is natural to ask whether the f’ can be extended to f (%) in Theorem 2.3. Here f" denotes the
n'" power of the function f and f (%) stands for the k' derivative of f, where k is a non-negative

integer. Considering this question, C. Meng and G. Liu proved the following results.

Theorem 2.4. Let f be a non-constant meromorphic function of finite order and n be a positive

integer. If one of the following conditions is satisfied:
(D) [fRQ) and f'(z+c) share (1,2),(c0,0) and n > 2k+8;
(1) [f®()]" and f"(z+c) share (1,2),(s0,00) and n>2k+T7;

(1) [fOR)" and f*(z+c) share (1,0),(c0,0) and n > 3k+ 14;
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then f®)(z) =tf(z+c), for a constant t that satisfies 1" = 1.

If they consider entire function instead of meromorphic function, the counting functions re-
lated to the poles of [f(¥)(z)]" and f"(z+ ¢) can be neglected. Arguing similarly as in Theorem
2.4, one can see that & is not related to the coefficient of Ny | (r, },) . So obtained the following

corollary.

Corollary 2.1. Let f be a non-constant entire function of finite order and n > 5 be an integer.
If [f%(2)]" and f*(z+c) share (1,2), then f®)(z) =tf(z+c), for a constant t that satisfies

"=1

If the shifts f(z+ c¢) in Theorem 2.3 and 2.4 are replaced by g-difference f(gz), where g €
C\{0}, they obtained:

Theorem 2.5. Let f be a non-constant meromorphic function of zero order and n be a positive

integer. If one of the following conditions is satisfied:
() [fOQ)]" and f"(gz) share (1,2),(s,0) and n>2k+8;
(1) [fR ()] and f"(qz) share (1,2),(c0,00) and n>2k+17;

(1) [fO))" and f*(gz) share (1,0),(c0,0) and n>3k+14;

then f%)(z) =1 f(qz), for a constant t that satisfies " = 1.

Corollary 2.2. Let f be a non-constant entire function of zero order and n > 5 be an integer. If

[F 8 (2)]" and f"(gz) share (1,2), then f®)(z) =t f(qz), for a constant t that satisfies 1" = 1.

We present some lemmas which will be needed later on. We will denote by H the following

F// 2F/ G// 2G/
H=| —— - _
<F’ F—l)(G/ G—1>

where F' and G are non-constant meromorphic functions. From above, it can be easily calculated

function:

that the possible poles of H occur at (i) multiple zeros of F' and G, (ii) those 1 points of F' and G

whose multiplicities are different, (iii) those poles of ' and G whose multiplicities are different,
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(iv) zeros of F’ which are not the zeros of F(F — 1) and zeros of G’ which are not the zeros of

G(G —1). And we define the following notations which are used in the proof.

1 _ 1 _ 1
M2 (?) :N<“?) e (?)

where a simple zero point of f is counted once and a multiple zero point of f is counted twice.

Let zg be a zero of f — 1 of multiplicity p and a zero of g — 1 of multiplicity g. We denote by

N é) (r, ﬁ) the counting function of those 1-points of f where p =g = 1; by N (r, ﬁ) the
counting function of the 1-points of f whose multiplicities are greater than 1-points of g; each
point in these counting functions is counted only once. We are ignoring g in the notations above
only because the reader can interpret from the context with which function g we are comparing

the function f.

Lemma 2.1. . ([2], Lemma 2.13, page 13) Let F, G be two non-constant meromorphic functions.

If F, G share (1,2) and (e0,k), where 0 < k < co, and H # 0, then
1 1 — — _
T(rn,F) <N, (r,F) +N, (r,a) +N(r,F)+N(r,G) 4+ N.(r,oo; F,G) + S(r, F) + S(r,G),

where N, (r,o0; F,G) denotes the reduced counting function of those poles of F whose multiplic-

ities differ from the multiplicities of the corresponding poles of G.

Lemma 2.2. ([36], Lemma 2, page 108) Let f be a non-constant meromorphic function, and let

ai,ay,...,a be finite complex numbers, a, # 0. Then
T(ranf"+...+arf>+arf+ao) =nT(r,f)+5(r.f).

Lemma 2.3. ([19], Theorem 2.1, page 109) Let f be a meromorphic function of finite order

p(f), and let ¢ be a nonzero constant. Then
T(r.f(z+¢) =T(rf(2)+0(PV~"1) + 0(logr),
for an arbitrary € > 0.

We mention that Lemma 2.3 holds also for ¢ = 0 as in the case T'(r, f(z+¢)) =T (r, f(2))-
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Lemma 2.4. ([48], Lemma 2.1, page 4) Let f be a non-constant meromorphic function, p, k be

positive integers, then

1 1 _
N, ( m) <Ny ( ?) KNG f)+S(1. ).

where N, (r, ]ﬁ) denotes the counting function of the zeros of f *) where a zero of multiplicity

m is counted m times if m < p and p times if m > p.

We point out that in Lemma 2.4 one obviously has that N (r, ﬁ) =N (r, ﬁ)

Lemma 2.5. ([13], Theorem 2.1, page 465) Let f be a non-constant meromorphic function of
finite order, and let c € C and 6 € (0,1). Then

(555 s ) —o (R ) st

Lemma 2.6. ([43], Lemma 3.3, page 349) Suppose that two non-constant meromorphic func-

tions F and G share 1 and oo IM. Let H be given as above. If H # 0, then

_ 1 1 ! I
T(r,F)+T(r,G) <3N(r,F) + N (r, f) +N (r, 5) N <r, ﬁ)

1 1 1
NG 3N 3N
T R (e R ey

+S(r,F)+S(r,G).

Lemma 2.7. ([44], Theorem 1.1, page 538) Let f be a zero-order meromorphic function, and
q € C\{0}. Then

T(r,f(gz)) = (L+o(1)T(r, f(2))
and
N(r, f(gz)) = (L +o(1))N(r, f(2))

on a set of lower logarithmic density 1.

Lemma 2.8. ([3], Theorem 1.1, page 457) Let f be a zero-order meromorphic function, and

g € C\{0}. Then
flg2)\
m<r7 f(Z) ) —S(}’,f)

on a set of logarithmic density 1.
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3. MAIN RESULTS

In this paper, by considering the difference operator A.F in Theorem 2.4 and 2.5, we obtain

analogous results which are more general.

Theorem 3.1. Let f be a non-constant meromorphic function of finite order and n be a positive

integer. If one of the following conditions is satisfied:
() [fO@R)]" and AF share (1,2),(x,0) and n> k+6;
(1) [f®()]" and AF share (1,2),(e0,0) and n>k+5;
(1) [fOQ)]" and AF share (1,0),(c0,0) and n > 2k+12;

where A.F = f"(z+n) — f"(z) then f%)(z) =t f(z+c), for a constant t that satisfies t" = 3.

proof. Let
ey F=AF = f"(z+n) - f"(z)

(1. Suppose [f¥) (z)]" and A.F share (1,2), (eo,0) and n > 2k + 8. Then it follows directly from
the assumption of the theorem that F and G share (1,2) and (e°,0). Let H be defined as above.

Suppose that H # 0. It follows from Lemma 2.1 that

1 1 — _ _
2) T(rnF)<N; (r, f) + N, (r, 5) +N(r,F)+N(r,G)+N.(r,o;F,G)+S(r,F )+ S(r,G).
According to Lemma 2.2 and Lemma 2.3, we have

() T(rF)=nT(r,f(z+10))+nT(r,f(2)+S(r,f) = 20T (r,f) + 0P =1H€) L S(r, ).

NZ(’”’%> B _< T z))

@ ( z+n))+2 (r’ (Z>

<4T(r, f) 4+ O(r" D) =1+8) L 8(r, 1).

It is obvious that

N(r,F) =N(r,f"(z+n) - f"(z))

2T (1, f) + O(rP V) 71HE) 1 S(1, f).

&)
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©) N.(r,0;F,G) < N(1,F) < 2T (r, f) + O(rP V)= 14&) 1. 51, ).
Since F(oo’f(k)) — F(oo7f), we have

) N(,G) =N(r,[fM(@)]") =N(r, /¥ (2)) =N(r, ) < T (1, ).
Lemma 2.4 gives

1 — 1 1 _
) N (”;5) :2N(V,W> < 2Njy1 (Hj;) +2kN(r, f) +S(r, f)
<@+ 2T (rf) +S(r. ).

Combining (2)-(8), we deduce

T(r,F) <N, (r, %) +N, (ré) +N(r,F)+N(r,G)
+N,(r,00;F,G)+S(r, f) + S(,8),

20T (r, f) <A4T(r,f)+ (24+2k)T (r,f) +2T(r, )+ T(r, f)
H2T (1, f) + O(rP D 1E) £ 8(r, f),

20T (r, f) <(2k+ 1T (1, f) + 0PV 1€ L S(r f).

©9) (2n—2k—11)T(r,f) < O(PV)"14€) 18(r, 1),

which contradicts n > % > k+ 6. Therefore H = 0, that is

F// 2F/ B G// 2Gl

F' F—-1 G G-1

By integrating twice, we get

1 A
1 - _—_ B
(10) F—1 G—1+ ’

where A # 0 and B are constants. From (10) we have

(B—A)F +(A—B—1)

(D G= BF —(B+1)

Suppose that B # 0,—1. From (11), we have

(12) N(r,;BH) =N(r,G)
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From the second fundamental theorem and Lemma 2.3, we have

20T (r,f) =T (r,F)+S(r, f)
SJT/(r,F)Jr]T/( F)+N( _%)+S(”f)

(13) (rACf)+N( if>+ (r.f)+5(r.f)

2T (r f)+2T (1, f) + T (r,. f) +S(r, f)
<ST (1, f) + 0P D14 L S(r, £),

which contradicts n > k4 6. Suppose that B = —1. From (11) we have
(A+1)F—-A

(14) G=
If A # —1, we obtain from (14) that

_ 1 (1
(15) N(n____):N(n_)
F—44 G

From the second fundamental theorem, Lemma 2.3 and Lemma 2.4, we have

2nT (r, f) =T (r,F) +S(r, f) < (rF)—I—N( ;) +1T/<r,F_;A%)+S(r,f)
SN(r,AC,f)—i—N( if) +N( f%k)) +8(r, f)

sN(r,AcfHN(n ! >+Nk+1(n}) KN+ S(r,f)

Acf

(16) < (k+5)T(r,f)+ 0P V=148 L 5(r, 1),

which contradicts with n > k+ 6. Hence A = —1. From (14) we get FG = 1, that is
(17) ) = @) Y=

Since [f%)(2)]" and [f(z+ 1) — f™(z)] share (c,0), from (17) we get

(18) N f9) =0, T(rf®) =T(r fz+m) +S(r.f),
and

n [P (2"
(19) FLCI E hl — i

(
filetn) =)~ T IE
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From Lemma 2.5 and logarithmic derivative lemma, we get
2T (r, X)) = T(r, [fOP") = m(r, [fOP") + N [FOP) = m(r, [f P (2)]*") = S(, ).
that is
(20) T(r, /M) =S(r.f)
By (18) and (20), we know that
@1 T(r,f(z+n)) =T(rfY) =5(r.f).

which is a contradiction with Lemma 2.3.

Suppose that B = 0. From (11), we have
(22) G=AF—-(A-1)
If A # 1, from (22) we obtain

— 1 —( 1
©3) W) =¥ (n5):
F_I% G

From the second fundamental theorem, Lemma 2.3 and Lemma 2.4, we have

2nT (r, f) =T (r,F )+ S(r, f)

<N ASf) + (

<N(r,Acf) +N(

(24) < (k+35)T(r, f) + 0PV £ S(r, f),

which contradicts with n > k+6. Thus A = 1. From (22) we have F = G, that is
f(z+n) — f*(z) = [f®(2)]". Hence f*)(z) =1f(z+n), for a constant ¢ with 1" = % We can

get the conclusion of Theorem 3.1.

(I0). Suppose [f*)(z)]" and f"(z+1n) — f"(z) share (1,2),(co,0) and n > 2k +7. Then
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it follows directly from the assumption of the theorem that F and G share (1,2) and (o, ). Let

H be defined as above. Suppose that H # 0. It follows from Lemma 2.1 that

1 1 — — —
(25) T(n,F) <N, (r, f) +N; (r, 5) +N(r,F)+N(r,G)+N.(r,0; F,G)+S(r,F)+S(r,G).
According to Lemma 2.2 and Lemma 2.3, we have

(26) T(r,F)=nT(r,f(z+1))+nT(r,f(z))+S(r,f) = 2nT (1, f) + O(FP ) "HE) L 8(r, f).

It is obvious that

@7 M2 (r’ %) =4T(r, /) +O(rPV715) 1. 8(r, f),
(28) N(r,F) =2T(r,f) + O(r") =158 L S(r, f),
(29) N(r,G) =N(r.f) < T(r.f),

(30) N.(r,0;F,G) =0

Lemma 2.4 gives

31) N> (%) — (k+2)T(r. )+ S(r, ).
Combining (25)-(31), we deduce

(32) (2n—2k =T (r, f) < O(rPV=14E) L 5(r, f),

which contradicts with n > k4 5. Therefore H = 0. Similar to the proof in (I), we can get the

conclusion of Theorem 3.1.

(II). Suppose [f*)(z)]" and f*(z+n) — f(z) share (1,0),(c0,0) and n > 3k + 14. Then it

follows directly from the assumption of the theorem that F and G share (1,0) and (0,0). Let
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H be defined as above. Suppose that H # 0. It follows from Lemma 2.6 that

(33)

1)+ T(:6) <NF) + 8 (1 )+ Mo () +0 (y ) 428 (-

1 1
+3NL<r,F_ 1) +3NL<r, G 1) +S(r,F)+5(r,G).

Ng(r,Fl l)+2N (

<N( G_l) <T(r,G)+0(1),

Since

(34)

we get from (33) and (34) that

_ 1 1 1
< — _
T(r,F) _3N(r,F)+N2(r,F) +N, (r, G) +2NL<r,F_ 1)

(35) |
—|—NL(r, G 1) +S(r,F)+S(r,G).

According to Lemma 2.2 and Lemma 2.3, we have
(36) T(r,F)=2nT(r,f)+O(rP 1) £ (1, f).
It is obvious that

37) N(r,F)=2T(r,f)+O(rPV)=1E) 1. 5(r, f),

(38) N (r —) = 4T (r, f) + O(rPV"14) L 5(r, f),

1 F F’
NL(raF_l) SN(raﬁ) SN(F7F> +S(7’,f)

gﬁ(r,F)—HV(r,%) +58(r,.f)

=N(r,A.f) —Hv(nif) +8(r,.f)

(39) <AT (1, f)+ 0PV L 5(r, f).
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Lemma 2.4 gives

G

1 G G
NL(r’G—l) §N(r,a §N(r,6) +S(r,f)
1

)50

(40) N, (1) < K+ 2T (1) +S(r 1),

<N(r,G)+N (r,

— Ql

N

<N(r,f) +N(r, f(—k) +S(r, f)

W)+ N (57 ) + 4N ) 4506
(41) < (k+2)T(r, f) +S(r, f).
Combining (35)-(41), we deduce
(42) (2n—3k—22)T(r,f) < O(rPN 1) 1 8(r, f).

which contradicts with n > % > 2k + 12. Therefore H = 0. Similar to the proof of (I), we

can get the conclusion of Theorem 3.1. U

Corollary 3.1. Let f be a non-constant meromorphic function of zero order and n be a positive

integer. If one of the following conditions is satisfied:

(1) [f(k)(Z)]n and A.f(qz) share (1,2),(,0) and n>k+6;
(II) [f(k)(z)]n and Acf(CIZ) share (172),(00,00) and n>k+5;

(1) [fO@)]" and Acf(gz) share (1,0),(c0,0) and n>2k+12;
where AF = f"(qz+n) — f")(gz) then f%)(z) =1 f(qz), for a constant t that satisfies t" = %
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