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Abstract. Let Sbe a x;,-set of G. A subset T C Sis called a forcing subset for S if S is the unique x;l-set containing
T. The forcing star-edge chromatic number fl;’ (S) of S in G is the minimum cardinality of a forcing subset for
S. The forcing star-edge chromatic number f%!-t (G) of G is the smallest forcing number of all x;t—sets of G. Some
general properties satisfied by this concept are studied. It is shown that for every pair a and b of integers with
0 <a < band b > a+2 there exists a connected graph G such that fX;I(G) = aand x,,(G) = b, where x,,(G) is
the star edge chromatic number of a graph.
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1. INTRODUCTION

By a graph G = (V,E), we mean a finite,undirected connected graph without loops or
multiple edges. The order and size of G are denoted by n and m respectively. For basic graph
theoretic terminology, we refer to [1]. Two vertices u and v are said to be adjacent if uv is

an edge of G. If uv € E(G), we say that u is a neighbor of v and denote by N(v), the set of
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neighbors of v. The degree of a vertex v € V is deg(v) =| N(v) |. A vertex v is said to be a

universal vertex if deg(v) =n— 1.

A p-vertex coloring of is an assignment of p colors, 1,2, ..., p to the vertices of G, the coloring
is proper if no two distinct adjacent vertices have the same color. If x(G) = p, G is said to be
p - chromatic, where p < k. A set C C V(G) is called chromatic set if C contains all vertices
of distinct colors in G. The Chromatic number of G is the minimum cardinality among all
the chromatic sets of G. That is x(G) = min{|C;|/ C; is a chromatic set of G }. The concept
of the chromatic number was studied in [1,2,4,5,8,9,13]. A star colouring of a graph G is
proper colouring such that no path of length 4 is bicolourable. The minimum colours needed
for a star coloring of G is called star chromatic number and is denoted by x;(G). Let G be
a star colourable. A set S C V(G) is called a star chromatic set if S contains all vertices of
distinct colours in G. Any star chromatic set of order y,(G) is called a y,-set of G. The edge-
chromatic number Y.(G) of G is defined to be the least number of colours needed to colour
the edges of G in such a way that no two adjacent edges have the same colour. The concept of
edge chromatic number was studied in [1,14]. A star edge colouring of a graph G is a proper
colouring without bichromatic 4-paths and 4-cycles and is denoted by X;;(G)- Let G be a star
edge colourable graph. A set S C E(G) is called a star edge chromatic set if S contains all edges
of distinct colours in G. Any star edge chromatic set of order x;t(G) is called a x;t—set of G. The
concept of the star edge chromatic number was studied in [3,6,7,10]. The chromatic number
has application in Time Table Scheduling, Map coloring, channel assignment problem in radio
technology, town planning, GSM mobile phone networks etc [8,9]. The following theorem is

used in the sequel.
Theorem 1.1. [14] For a complete graph G = K, (n > 2), x.,(G) = n.

2. THE FORCING STAR EDGE CHROMATIC NUMBER OF A GRAPH

Definition 2.1. Let S be a x;t-set of G. A subset T C S is called a forcing subset for S if S is the

unique x;,-set containing T. The forcing star-edge chromatic number f)d (S) of S'in G is the
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minimum cardinality of a forcing subset for S. The forcing star-edge chromatic number fx/ (G)
St

of G is the smallest forcing number of all x;,—sets of G.

Example 2.2. For the graph G of Figure 2.1, S| = {ej,ez,e3,eq,e5,e8}, So =
i
{61,62,63,65,67,68}, S3 = {61763764765766768} and S4 = {61763765766767768} are the Xsi-Sets

of G such that £, (S;) = 2, fori = 1 to 4 so that ,,(G) = 6 and f., (G) = 2.
f G such that f, (S;) = 2. fori=1to 4o that ,,(G) = 6 and f,; (G) =2

e 1
4 e,

6 (2 2 3
€g €3
2 4
€ €y

€s 5
G
Figure 2.1

Observation 2.3. For every connected graph G, 0 < fxl (G) < x.,(G).

Remark 2.4. The bounds in Observation 2.3 are sharp. For the graph G given in Figure
2.2, S = E(G) is the unique ¥,,-set of G such that fx.;(G) = 0. For the graph G = C¢ with
edge set E(G) = {e1,ez,e3,ea4,e5,¢6}, S| = {e1,e2,e3}, S» = {er,e3,e4}, S3 = {e1,e2,¢6},
Sy ={ez,eq,e6}, S5 = {e1,e3,es5}, S¢ = {e3,ea,es5}, S7 = {e1,es,e6} and Sg = {e4,es5,¢€6} are
the only eight y_,-sets of G such that fxﬁt (S;) =3 for 1 <i<8sothat ., (G) =3 and fx‘; (G)=3.
Also the bounds are strict. For the graph G given in Figure 2.1, x,,(G) = 6, fx;l(G) = 2. Thus
0 < £, (G) < 24 (G).

1 3
e 5le, e3

ey 4 565

G
Figure 2.2
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Definition 2.5. An edge e of a graph G is said to be a star edge chromatic edge of G if e belongs

to every x;,—set of G.

Example 2.6. For the graph G of Figure 2.3, S| = {e1,e2,e3,¢6}, S» = {e1,e3,¢e4,€6}, S3 =

{e1,es4,e3,e¢} are the x;,—sets of G such that e; and eg are a star edge chromatic edge of G.
1 €4
e, €6
4

U G
Figure 2.3

Theorem 2.7. Let G be a connected graph of order n > 3 with A(G) =n—1. Let x be a
universal vertex of G and e be an edge incident with x. Then e is a star edge chromatic edge of

G.

Proof. On the contrary, suppose e is not a star edge chromatic edge of G. Then there exists a
x..-set S such that e = xv. Let c¢(e) = c¢|. Since e & S, there exists f = yz € E(G) such that
¢(f)=crandy # x, v and z # x,v. Since e and f are not adjacent, e and f are edges of a path

P of length 4. Hence it follows that P is bi-colourable, which is a contradiction. O

Observation 2.8. Let G be a connected graph. Then

(a) fx;l (G) = 0 if and only if G has a unique ,,-set.

(b) fx;t (G) = 1 if and only if G has at least x;t—set, containing one of its elements and

@) fx;t (G) = x.,(G) if and only if x,,-set of G is the unique minimum ,,-set containing any of

its proper subsets.

Theorem 2.9. Let G be a connected graph and W be the set of all star edge chromatic edges of
G. Then £, (G) < 2,,(G)— | W |

Proof. Let S be any y.,-set of G. Then x,,(G) =| S|, W C S and § is the unique ¥,,-set containing
S—W. Thus  (G) | S—W [=|S | = |W | = 2,(G)— | W |. 0
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Observation 2.10. (a) For the complete graph G = K, (n > 2), fx/ (G)=0.
(b) For the star G = Kj ,—1 (n > 3), fxl (G)=0.

(c) For the double star G = K> ., fx/ (G)=0.

Theorem 2.11. For the complete bipartite graph G = K,.; (1 <r <s),
(
0 ifr=12,5s>2

s—1 ifr=2,5s>3
[y (G)=
K ifr=3,s>3

s+r—3 ifr>4,s>4

Proof. If r =1 and s > 2, then the result follows from Observation 2.10(b). For r = 2 and
s = 2, the result follows from Theorem 2.13. So, let 2 <r <s. Let X = {x,x2,...,x,} and Y
= {y1,y2,..-,ys} be the bipartite sets of G. Let r =2 and s > 3. Let ¢;; = x1y; and e; = x2y;
(1<j<s),assigne(erj)=c; (1< j<s)andc(ezj) =cjqr1 (1< j<s—1)andc(es)=s+15s0
that x.,(G) = s+ 1. Since {e1],ea,} is the set of all star edge chromatic edge of G, by Theorem
2.9, fxét(G) <s+1—-2=s—1. Let S be a star edge chromatic edge set of G. We prove that
fx@ (S) = s — 1. On the contrary suppose that fx; (G) < s—2. Then there exists a forcing subset
T of S such that | T |< s—2. Let e € S such that e ¢ T. Then e is not a star edge chromatic
edge of G. Without loss of generality, let us assume that c¢(e) = ¢;. Since s > 3, there exists
f € E(G) such that ¢(f) = ¢;. Let 8’ = [S—{e}]U{f}. Then §' is a y,,-set of G. Hence T is a
proper subset of a )(;t—set S’ of G, which is a contradiction. Therefore fxs/t (G)=s—1.

Let r =3,5>3. Let ¢;; = x1y;, e2j = x2y}, e3j = x3y; (1 < j <'s5). Assign c(eyj) =¢; (1<
J<s)cler) =cjp1 (1 <j<s—1), clesj) =cjp2 (1 <j<s—2) and c(e3s) =5+2 so0
that x;t(G) = s+ 2. Since {e]1,e3;} are the star edge chromatic edges of G, by Theorem 2.9,
fx;; (G) <s+2—2=s. Let S be a star edge chromatic edge set of G. We prove that fx;t (G) =s.
On the contrary, suppose that fx;t(G) < s— 1. Then there exists a forcing subset 7" of S such
that | 7 |[<s—1. Let e € S such that e € T. Then e is not a star edge chromatic edge of G.
Without loss of generality, let us assume that c(e) = ¢;. Since s > 3, there exists f € E(G) such
that ¢(f) = ¢;. Let §' = [S—{e}]JU{f}. Then S is a x,,-set of G, which is a contradiction.
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Therefore Hence T is a proper subset of a x;l—set S’ of G, which is a contradiction. Therefore
fx;; (S) = s. Since this is true for all y,,-set S of G, fxs/t (G) =s.

Letr >4,5s>4. Lete;j =x1yj, e2j =x2yj,....ei =xy; (1 <i<r), (1 <j<s). Assignc(er)) =
cj(1<j<s),clerj)=cjr1 (1< j<s—1),...cleij) =cjric1 (1 <i<r)(1<j<s—i+1)and
c(eig) = s+r—1so that ., (G) = s+r— 1. Since {e}1, e} is the set of all star edge chromatic
edges of G, by Theorem 2.9, fxs/t (G) <s-+r—3. Let S be a star edge chromatic edge set of G.
We prove that fx;; (S) = s+r—3. On the contrary, suppose that fx;; (S) < s+r—4. Then there
exists a forcing subset T of S such that | T |< s+ r—4. Let e € S such that e & T. Then e is not
a star edge chromatic edge of G. Without loss of generality, let us assume that c¢(e) = ¢;. Since
s > 3, there exists f € E(G) such that ¢(f) = c¢1. Let §' = [S—{e}]U{f}. Then §' is a x,,-set
of G. which is a contradiction. Therefore fxs/r (S) = s+ r—3. Since this is true for all )(;,—set S

of G, f,; (G)=s+r-3. O

0 ifn=34

1 ifn=>5

Theorem 2.12. For the path G = B, (n > 3), fx/ (G) =

2 ifn=6

3  otherwise
\

Proof. Let P,be vi,vy,...,vyand e; =v;_1v; (2<i<n). Forn=3and n=4, S =E(G) is the
unique x;t—set then the result follows from Observation 2.8 (a). Forn =5, S; = {e},e2,e3} and
Sy ={ea,e3,e4} are the only x;t—sets of G such that fx;t(G) =1.Forn=6,S; = {e1,ez,e3}, 5
={ez,e3,e4}, Sz ={er,e3,e4}, Sy = {e3,e4,es5} are the only x;,—sets of G such that fxs',(G) =2.
For n > 7, we consider the following cases.

Case () n=3r+1,r>2. Assignc(e;) =1,i=1,4,...,3r—2,c(e;) =2, j=2,5,...,3r— 1,
c(ex) =3, k=3,6,...,3r. Then S;jx = {e;,ej,ex} and Sy = {e;,e3,_2,ex} are the x;t—sets of G
such that y,, (Sij) = Xu (Sit) =3 for i, j,k (i=1,4,...,3r=2,j=2,5,....3r— 1,k =3,6,...,3r)
so that x,,(G) = 3. By Observation 2.3, 0 < fxs/;(G) < 3. Since x,-set of G is not unique
fx;; (G) > 1. It is easily observed that no singleton subsets or two elements subsets of S;; for
alli,j,k (i=1,4,..,3r—2,j=2,5,...,3r— 1,k =3,6,...,3r) is a forcing subset of S;; so that

fl/st(si k) = 3. Similarly no singleton or two element subsets of S is a forcing subset of Sj
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so that fx;; (Sjx) = 3. Since this is true for all x;t—set Sijk forall i,j,k (i =1,43r—2,j =
2,5,...,3r—1,k=3,6,...,3r) so that fx;t(G) =3.

Case (i) n =3r+2,r>2. Assignc(e;)) =1,i=1,4,...,3r+ 1, c(ej) =2, j=2,5,...,3r— 1,
c(ex) =3,k=3,6,...,3r. Then S;jx = {ei,ej,ex}, Sij = {ei,ej,e3,—2}, Si = {ei,e3,41,€3,—1 } are
the x.,-sets of G such that X;I(Sijk) = . (Si) = X;;(Sij) = x.,(8;) =3fori,j k(i=1,4,..3r+
1,j=2,5,...,3r—1,k=3,6,...,3r) so that xs/l(G) = 3. By Observation 2.3, 0 < fxs/t(G) < 3.
Since x;,—set of G is not unique fx;; (G) > 1. It s easily observed that no singleton subsets or
two elements subsets of §; j; for all 7, j, k (i=1,4,..3r+1,j=2,5,....3r— 1,k=3,6,...,3r) is
a forcing subset of S; j; so that fx;,(S,- k) = 3. Similarly no singleton or two element subsets of
Sik forall i,k (i=1,4,...,3r+ 1,k = 3,6,...,3r) is a forcing subset of Sy so that fx;; (Sik) = 3.
Similarly no singleton subsets or two elements subsets of S;; forall i, j,k (i=1,4,...,3r+1,j =
2,5,...,3r— 1,k = 3,6,...,3r) is a forcing subset of S;x so that fx;t(’sijk) = 3. Similarly no
singleton or two element subsets of S;; for all i,j (i=1,4,....3r+1,j=2,5,...,3r—1) is a
forcing subset of S;; so that f L (Sij) = 3. Similarly no singleton subsets or two elements subsets
of S; foralli (i =1,4,...,3r+ 1) is a forcing subset of S; so that fx;,(S,-):3. Since this is true for
all x;t—sets Sijk» Sik> Sij and S; for all i, j,k (i=1,4,....3r+1,j=2,5,....3r— 1,k =3,6,...,3r)
so that fx;r(G) =3.

Case (iii) n = 3r, r > 3. Assign c(e;) =1,i=1,4,...,3r—2, c(e;) =2, j=2,5,...,3r— 1,
cler) =3, k=3,6,...,3r — 3. Then S;jx = {ej,ej, e} is a y-set of G such that x,,(Sij) =
3fori,j,k(i=1,4,...,3r—2,j=2,5,...,3r— 1,k =3,6,...,3r — 3) so that xs/,(G) = 3. By
Observation 2.3, 0 < fx;r(G) < 3. Since y,-set of G is not unique fX;I(G) > 1. It is easily
observed that no singleton subsets or two elements subsets of S for all i, j, k (i=1,4,..,3r—
2,j=2,5,...,3r— 1,k =3,6,...,3r — 3) is a forcing subset of S so that fx;,(Sijk) = 3. Since
this is true for all x;t—set Sije foralli, j k (i=1,4,..,3r—=2,j=2,5,...,3r— 1,k =3,6,...,3r —
3) so that f%;t(G) =3. O

0 ifn=4,5
Theorem 2.13. For the cycle G = C, (n > 4), f%/ (G) =

St

3 otherwise
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Proof. Let C, be vi,vy,...,vy,vi and ¢; = v;_1v; (2 <i<n), e, =vyv;. Forn=4and 5, S =
E(G) is the unique x,,-set so that fxs/t(G) = 0. For n > 6, we consider the following cases.
Case (i) n =3r, r > 2. Assignc(e;) =1,i=1,4,...,3r=2, clej) =2, j=2,5,...,3r— 1,
clex) =3,k=3,6,....,3r. Then S;jx = {ej,ej,ex} isa xs/l—set of G such that x;,(S,-jk) = 3 for all
L, j,k(i=1,4,..,3r—=2,j=2,5,....3r—1,k=3,6,...,3r) so thatx;t(Sijk) = 3. By Observation
23,0< fx;; (G) < 3. Since g, -set of G is not unique f%s/r (G) > 1. It is easily observed that no
singleton subsets or two elements subsets of S; j; forall i, j, k (i=1,4,...,3r—=2,j=2,5,...,3r—
1,k=3,6,...,3r) is a forcing subset of S so that fx;,(S,-jk) = 3. Since this is true for all x;t—set
Sije forall i, j,k (i =1,4,3r =2,/ =2,5,...,3r— 1,k =3,6,..,3r) so that f,; (G) = 3.

Case (i) n=3r+1,r>2. Assignc(e;) =1,i=1,4,...,3r—2,c(e;) =2, j=2,5,...,3r— 1,
clex) =3, k=3,6,....3r, c(e,) =4, n=3r+1. Then S;jx, = {ei,ej,ex,e,} and Sy, =
{ei,e3r_2,ex,e,} are the y,,-sets of G such that )(;,(S,-jkn) = % (Sikn) = 4 for all i, j,k,n (i =
1,4,...,3r—2,j=2,5,....3r—1,k=3,6,...,.3r,n =3r+1) so that X;Z(G) =4 and fxs’t(Sijkn) =
fx (Sikn) = 3. Since this is true for all i, j,k,n (i = 1,4,...,3r—2,j =2,5,....3r— 1,k =

3,2, w3nn=3r+1), fx;t(G) =3.

Case (iii) n =3r+2,r > 2. Assignc(e;)) =1,i=1,4,...,3r—2, c(ej) =2, j=2,5,...,3r —
1, clex) =3, k =3,6,...,3r, cleam1) =4, n=3r+2, cle,) =5, n=3r+2. Then
Sijin = {eirej,ex,en—1,en}, Sikn = {€ire3r—2,ex,en_1,en}, Sijn = {ei,ej,e3,_1,en_1,€n}, Sin =
{ei,e3r—2,

€3r—1,€n—1,€, t are the only x;t—sets of G such that x;t(Sijkn) = x;,(Sikn) = X;;(Sijn) = xs/,(Sin) =
5 for all i, j,k,n (i = 1,4,....3r —2,j = 2,5,...,3r — 1,k = 3,6,....3r,n = 3r +2) so that
%..(G) =5 and fx;t (Sijkn) = fx;t (Sikn) = f%;t(S,-jn) = fx;,(Si") = 3. Since this is true for all

i, jkon(i=1,4,....3r—2,j=2,5..3r—1,k=3,6,...3rnn= 3r+2)’fx§,(G) =3. 0J

Theorem 2.14. For every pair a and b of integers with 0 < a < b and b > a + 2 there exists a

connected graph G such that f (G) =aand y.,(G) = b.

Proof. Fora=0and b > 2, let G = K},. Then by Observation 2.9(a) and Theorem 1.1, fx/ (G) =
0 and ¥, (G) =b. Fora=1, b =23, let G=Ps. Then by Theorem 2.12, fx/ (G) =1 and
x;, (G) =3. Let P5 : vi,v3,v3,v4,vs. Let G be the graph obtained from Ps by adding new vertices

21,22, ---,Zp—3 and introducing edge viz; (1 <i < b—3). The graph G is shown in Figure 2.4.
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Let c(viz1) =1, c(vizo) =2, c(vizp—2) =b—3, c(viva) =b—2, c(vov3) =b— 1, c(v3v4) = D,
c(v4vs) =b—2. Then Z = {viz1,v222, ..., V1Zp_3,V2V1, V34 } is the set of all star edge chromatic
edge of G. Then S; = ZU{vv,} and Sy = ZU{v4vs} are the only two )(;t—sets of G such that
fxs/t (S1) :fx;t (S2) = 1 so that fxs/t(G) =1 and X;;(G) =b.So,leta>2andb>4. Let H=Kj3,a
be a complete bipartite graph with bipartite sets X; = {x1,x2,x3} and ¥; = {y1,y2,...,y4}. Let
G be the graph obtained from H by adding new vertices z1,22, ...,25—q—2 and introducing edges
x1zi (1 <i<a-—2). The graph G is shown in Figure 2.5.

Assign c(x1y;) = ¢; (1 <i<a), c(xyi) = civ1 (1 <i<a), c(xy) =cip2 (1 <i<a),
c(xizi) = cqyo+i (1 <i<b—a—2). Then C is a proper star edge colouring of G such that
Xu(G)=a+2+b—a—2=bh.

We prove that fxs/r(G) =a. Let Z ={x121,x122,---,X12p—a_2,X3Y4} be the set of all star
edge chromatic edge of G. By Theorem 2.9, fxs/r (G) <b—(b—a—2+2)=a. Suppose that
fx;t (G) < a. Then there exists a forcing subset 7 of S such that | 7 |[< a— 1. Let e € Z such that
e € T. Then e is not a star edge chromatic edge of G. Without loss of generality, let us assume
c(e) = ¢;. Since a > 2, there exists f € E(G) such that ¢(f) = ¢3. Let Z = [Z—{e}]U{f}. Then

Z'isa x;t—set of G. Hence T is a proper subset of x;t—set of Z' of G, which is a contradiction.

Therefore f, / (G)=a. O
Z
Z2
.7 L]
——————0— v v, v, .
Us Uy G
Figure 2.4

Zp-3
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Figure 2.5

3. CONCLUSION

In this paper, we studied the concept of forcing star edge chromatic number of a graph. We

extend this concept to graph products in future work.
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