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Abstract. In a graph G, a vertex u is said to be an eccentric vertex of a vertex v if the distance between u and

v is equals to the eccentricity of vertex v. A dominating set D of a graph G = (V,E) is said to be an eccentric

dominating set if for every v ∈V −D, there exists at least one eccentric vertex of v in D. The minimum cardinality

of the minimal eccentric dominating sets of graph G is said to be eccentric domination number, denoted by γed(G).

The eccentric domination numbers of some cycle related graphs have been investigated.
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1. INTRODUCTION

The domination in graphs is one of the most rapidly growing fields within and out side of

graph theory. Many researchers have been attracted to work on it due to its diversified applica-

tions in the various fields like linear algebra and optimization, design and analysis of commu-

nication networks as well as surveillance.
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There are many domination models available in the literature. Total domination [2], indepen-

dent domination [3], eccentric domination [5], equitable domination [6], restrained domination

[7], global domination [11], steiner domination [12] are among worth to mention.

Throughout this work, a graph G = (V,E), we mean a finite, simple and connected graph

with vertex set V = {v1,v2,v3, · · · ,vn} and edge set E. For any graph theoretic terminology and

notation we refer to West [13] while the terms related to domination are used in the sense of

Haynes et al. [4].

2. PRELIMINARIES

Definition 2.1. A set D⊆V of vertices in a graph G = (V,E) is said to be a dominating set if

every vertex in V −D is adjacent to at least one vertex in D.

Definition 2.2. A dominating set D is said to be a minimal dominating set if no proper subset

D′ ⊂ D is a dominating set. The set of all minimal dominating sets of a graph G is denoted by

MDS(G). The minimum cardinality of a set from MDS(G) is called domination number of

graph G and is denoted by γ(G).

Definition 2.3. Let G be a connected graph and v be a vertex of G. The eccentricity of v is

denoted by e(v) is defined by e(v) = max{d(u,v) : u ∈V}. The radius of graph G is defined as

rad(G) =min{e(v) : v∈V}while the diameter of graph G is defined as diam(G) =max{e(v) :

v ∈V}.

In a graph G, a vertex u is said to be an eccentric vertex of a vertex v if d(u,v) = e(v) =

eccentricity of vertex v. The eccentric set of a vertex v is denoted by E(v) and is defined as

E(v) = {u ∈V (G) : d(u,v) = e(v)}.

Definition 2.4. A set D ⊆ V (G) is an eccentric dominating set of G if D is a dominating set

of G and for every vertex v ∈V −D, there exists at least one eccentric vertex of v in D.

An eccentric dominating set D of graph G is a minimal eccentric dominating set if no proper

subset D′ ⊂ D is an eccentric dominating set of graph G.

The cardinality of a minimal eccentric dominating set of a graph G is called eccentric domi-

nation number of G which is denoted as γed(G).
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The concept of eccentric domination was introduced by Janakiraman et al [5].

3. SOME DEFINITIONS AND EXISTING RESULTS

Definition 3.1. [8] The m-shadow graph Dm(G) of a connected graph G is constructed by

taking m copies of G, say G1,G2, · · · ,Gm, then join each vertex u in Gi to the neighbours of the

corresponding g vertex v in G j, 1≤ i, j ≤ m.

Definition 3.2. [10] The extended m-shadow graph D∗m(G) of a connected graph G is con-

structed by taking m copies of G, say G1,G2, · · · ,Gm, then join each vertex u in Gi to the

neighbours of the corresponding vertex v and with v in G j, 1≤ i, j ≤ m.

Definition 3.3. [8] The m−splitting graph Splm(G) of a graph G is obtained by adding to each

vertex v of G new m vertices, say v1,v2,v3, · · · ,vm such that vi,1 ≤ i ≤ m is adjacent to each

vertex that is adjacent to v in G.

Definition 3.4. [9] The extended m−splitting graph Spl∗m(G) of a graph G is obtained by

adding to each vertex v of G new m vertices, say v1,v2,v3, · · · ,vm such that vi,1 ≤ i ≤ m is

adjacent to each vertex that is adjacent to v in G and also adjacent to v.

Definition 3.5. [1]

The square of graph G, denoted by G2, is defined to be the graph with the same vertex

set as G and in which two vertices u and v are joined by an edge if and only if in G we have

1≤ d(u,v)≤ 2.

Janakiraman et al [5] have proved the following results.

Theorem 3.6. [5] For any complete graph Kn, γed(Kn) = 1.

Theorem 3.7. [5] For any cycle Cn,

γed(Cn) =



n
2

;n is even

n
3

;n = 3m and n is odd⌈n
3

⌉
;n = 3m+1 and n is odd⌈n

3

⌉
+1 ;n = 3m+2 and n is odd
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In the following Theorem 4.1, we have improved the results proved in Theorem 3.7.

4. MAIN RESULTS

Theorem 4.1. For any cycle Cn, γed(Cn) =


n
2

;n is even

2
⌈

n+3
6

⌉
−1 ;n is odd

Proof. Let V = V (Cn) = {v1,v2, · · · ,vn} is the set of all vertices of cycle Cn,∀n ≥ 3 and let D

is a minimal eccentric dominating set of Cn.

To dominate all vertices of Cn, we have to take one middle vertex from every three consecutive

vertices of Cn in D.

Case-1: n is an even number.

Let n = 2t. Here, each vertex of cycle Cn has exactly one eccentric vertex and for each k,1 ≤

k ≤ t the eccentric vertex of the vertex vk is vk+t and vice versa.

So, we have to choose, either vk or vk+t , for 1≤ k ≤ t, to construct the set D.

Case-(i): n = 4.

Then, D = {v1,v2} is a minimal eccentric dominating set of C4.

So, γed(C4) = 2 =
4
2
=

n
2

Case-(ii): n≥ 6.

Here, we have to take one vertex from every two vertices, from v1 to vt+1 and one vertex from

every two vertices, from vt+2 to vn.

Case-(a): t is odd.

Then, t +1 is an even number and n−1 is an odd number.

Then, D = {v1,v3,v5, · · · ,vt}∪{vt+2,vt+4,vt+6, · · · ,vn−1}

= {v1,v3,v5, · · · ,vt ,vt+2,vt+4, · · · ,vn−1}

= {v1,v3,v5, · · · ,vn−1} is a minimal eccentric dominating set of Cn.

Thus, γed(Cn) = |D|=
n
2

.

Case-(b): t is even.

Let, t = 2u, then n = 2t = 2(2u) = 4u.

Then, D = {v1,v3,v5, · · · ,vt−1}∪ {vt+2,vt+4,vt+6, · · · ,vn} is a minimal eccentric dominating

set of Cn.
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Thus, γed(Cn) = |D|=
⌈

t−1
2

⌉
+

⌈
n− (t +1)

2

⌉
=

⌈
2u−1

2

⌉
+

⌈
4u−2u−1

2

⌉

=

⌈
2u−1

2

⌉
+

⌈
2u−1

2

⌉
= 2

⌈
2u−1

2

⌉
= 2

⌈
u− 1

2

⌉

= 2(u) (Since u is an integer)

= t =
n
2

.

Case-2: n is an odd number.

Let n = 2t +1.

Here, each vertex has exactly two eccentric vertices and for each k,1 ≤ k ≤ t the eccentric

vertices of the vertex vk are vk+t and vk+t+1 and vice versa.

The eccentric vertices of the vertex vt+1 are vn and v1 and vice versa.

Case-(i): n = 3.

Then, D = {v1} is a minimal eccentric dominating set of C3.

So, γed(C3) = 1 = 2(1)−1 = 2
⌈

6
6

⌉
−1 = 2

⌈
3+3

6

⌉
−1 = 2

⌈
n+3

6

⌉
−1.

Case-(ii): n = 5.

Then, D = {v1,v3,v4} is a minimal eccentric dominating set of C5.

So, γed(C5) = 3 = 2(2)−1 = 2
⌈

8
6

⌉
−1 = 2

⌈
5+3

6

⌉
−1 = 2

⌈
n+3

6

⌉
−1.

Case-(iii): n≥ 7.

Here, we have to choose, one vertex from every three vertices, from v1 to vt+2 and one vertex

from every three vertices, from vt+3 to vn, to construct the set D.

Then, D = {v1,v4,v7, · · · ,vs}∪{vt+3,vt+6,vt+9, · · · ,vm} is a minimal eccentric dominating set

of Cn, where t ≤ s≤ t +2 and n−2≤ m≤ n.

Thus, γed(Cn) = |D|=
⌈

t +2
3

⌉
+

⌈
n− (t +2)

3

⌉
=


n−1

2
+2

3

+


n− n−1
2
−2

3


=

⌈
n+3

6

⌉
+

⌈
n−3

6

⌉
=

⌈
n+3

6

⌉
+

⌈
n+3−6

6

⌉

=

⌈
n+3

6

⌉
+

⌈
n+3

6
−1
⌉
=

⌈
n+3

6

⌉
+

⌈
n+3

6

⌉
−1
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= 2
⌈

n+3
6

⌉
−1.

Hence, γed(Cn) =


n
2

;n is even

2
⌈

n+3
6

⌉
−1 ;n is odd

�

Illustration 4.2. Minimal eccentric dominating set of cycle C11 = {v1,v4,v7,v8,v11}, is shown

in Figure 1.

Where, γed(C11) = 5 = 2(3)−1 = 2
⌈

14
6

⌉
−1 = 2

⌈
11+3

6

⌉
−1

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

v1
v2

v3

v4

v5

v6 v7

v8

v9

v10

v11

FIGURE 1. Minimal eccentric dominating set of cycle C11

Theorem 4.3. γed[D∗m(Cn)] =


1 ;n = 3

n ;n is even, n > 3⌈n
2

⌉
;n is odd, n > 3

Proof. Let C1
n ,C

2
n ,C

3
n , · · · ,Cm

n be the m copies of cycle Cn in the extended m−shadow graph of

Cn.

Let {vi
1,v

i
2,v

i
3, · · · ,vi

n,} is the vertex set of cycle Ci
n,1 ≤ i ≤ m and the set V is the set of all

vertices of all copies of cycle Cn.

Let the set D is a minimal eccentric dominating set of the extended m−shadow graph of Cn, i.e.

D∗m(Cn).

Now, in the graph D∗m(Cn), for 1 ≤ i ≤ m the vertices vi
j are adjacent to the vertices vk

j−1 and

vk
j+1, for all 1≤ k ≤ m and 2≤ j ≤ n−1 and vi

j are also adjacent to vl
j,1≤ i 6= l ≤ m.
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For j = 1, the vertices vi
1 are adjacent to the vertices vk

2 and vk
n,1≤ k≤m and vi

1 are also adjacent

to the vertices vl
1,1≤ i 6= l ≤ m.

And similarly for j = n, the vertices vi
n are adjacent to the vertices vk

n−1 and vk
1,1 ≤ k ≤ m

and vi
n are also adjacent to the vertices vl

n,1≤ i 6= l ≤ m.

If n is an even number and n = 2t then the eccentric vertices of the vertices vi
k are v j

k+t and

vice versa, for 1 ≤ i, j ≤ m and 1 ≤ k ≤ t and If n is an odd number and n = 2t + 1 then the

eccentric vertices of the vertices vi
k are v j

k+t and v j
k+t+1 and vice versa, for 1 ≤ i, j ≤ m and

1≤ k ≤ t.

Looking to the adjacency of vertices of the graph D∗m(Cn), it is possible to dominate all the

vertices of the graph D∗m(Cn), just by considering all the vertices of any one copy of cycle Cn

and we can also choose the eccentric vertices from any one copy of cycle Cn.

So, Without lose of generality, let we take the vertices from C1
n to construct the set D.

Case-1: n = 3

Then, D = {v1
1} is a minimal eccentric dominating set of the graph D∗m(C3), as the vertex v1

1

dominates the all vertices of V −D and distance between any two vertices in D∗m(C3) is 1, so v1
1

is also eccentric vertex of all vertices of V −D.

Thus, γed[D∗m(C3)] = 1

Case-2: n is an even number, n > 3.

Let n = 2t then the eccentric vertices of the vertices vi
k are v j

k+t and vice versa, for 1≤ i, j ≤ m

and 1≤ k ≤ t.

So, for each k,1≤ k ≤ t, we have to choose one vertex from vi
k and one vertex from v j

k+t , for

1≤ i, j≤m, to construct the set D. Without lose of generality, we may choose the vertices from

the vertex set of cycle C1
n . Then, D = {v1

1,v
1
2,v

1
3, · · · ,v1

n} is a minimal eccentric dominating set.

Thus, γed[D∗m(Cn)] = |D|= n

Case-3: n is an odd number, n > 3.

Let n = 2t +1 then the eccentric vertices of the vertices vi
k are v j

k+t and v j
k+t+1 and vice versa,

for 1 ≤ i, j ≤ m and 1 ≤ k ≤ t and the eccentric vertices of the vertices vi
t+1 are v j

n and v j
1 and

vice versa, for 1≤ i, j ≤ m.
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So, for each k,1 ≤ k ≤ t, we have to choose one vertex from vi
k and one vertex from v j

k+t or

v j
k+t+1, for 1 ≤ i, j ≤ m, to construct the set D. Without lose of generality, we may choose the

vertices from the vertex set of cycle C1
n .

To construct the set D, we have to choose one vertex for every two vertices of cycle C1
n . Then,

D = {v1
1,v

1
3,v

1
5, · · · ,v1

n} is a minimal eccentric dominating set.

Thus, γed[D∗m(Cn)] = |D|=
n+1

2
=

(
n
2
+

1
2

)
=
⌈n

2

⌉
, since

(
n
2
+

1
2

)
is an integer.

Hence, γed[D∗m(Cn)] =


1 ;n = 3

n ;n is even, n > 3⌈n
2

⌉
;n is odd, n > 3

�

Illustration 4.4. Minimal eccentric dominating set of extended 3-Shadow graph of C5 =

{v1,v3,v5}, is shown in Figure 2.

Where, γed[D∗3(C5)] = 3 =

⌈
5
2

⌉

v1
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v3 v4

v5
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v3 v4

v5

v1

v2

v3 v4

v5

v1

v2

v3 v4

v5

v1

v2

v3 v4

v5

FIGURE 2. Minimal eccentric dominating set of D∗3(C5)

Theorem 4.5. γed[Spl∗m(Cn)] =


n ;n is even⌈n
2

⌉
;n is odd
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Proof. Let v1,v2,v3, · · · ,vn is the vertex set of cycle Cn.

Let vi
1,v

i
2,v

i
3, · · · ,vi

n are the m copies of the vertex set of cycle Cn,1 ≤ i ≤ m in the extended

m−splitting graph of Cn.

Let the set D is a minimal eccentric dominating set of the extended m−splitting graph of Cn,

i.e. Spl∗m(Cn).

Now, in the graph Spl∗m(Cn), for 1 ≤ i ≤ m the vertices v j and vi
j are adjacent to the vertices

v j−1 and v j+1 of cycle Cn, and vi
j are also adjacent to v j, for all 2≤ j ≤ n−1.

For j = 1, the vertices v1 and vi
1 are adjacent to the vertices v2 and vn and vi

1 are also adjacent

to the vertex v1,1≤ i≤ m.

Similarly for j = n, the vertices vn and vi
n are adjacent to the vertices vn−1 and v1 and vi

n are

also adjacent to the vertex vn,1≤ i≤ m.

Case-1: n is an even number.

Case-(i) n = 4

For the graph Spl∗m(C4), the eccentric vertices of the vertices vk and vi
k are vk+2 and v j

k+2 and

vice versa, for 1≤ i, j ≤m and 1≤ k≤ 2 and all the vertices vi
k are the eccentric vertices to one

another, for 1≤ k ≤ 4 and 1≤ i≤ m.

So, for each k,1 ≤ k ≤ 2, we have to choose one vertex from vk or vi
k and one vertex from

vk+2 or v j
k+2, for 1≤ i, j ≤ m, to construct the set D.

But to dominate all vertices and for minimum cardinality, we have to choose the vertices

from the vertex set of cycle C4 to construct the set D. Then, D = {v1,v2,v3,v4} is a minimal

eccentric dominating set.

Thus, γed[Spl∗m(C4)] = |D|= 4 = n.

Case-(ii) n > 4

Let n = 2t then the eccentric vertices of the vertices vk and vi
k are vk+t and v j

k+t and vice versa,

for 1≤ i, j ≤ m and 1≤ k ≤ t.

So, for each k,1≤ k≤ t, we have to choose one vertex from vk or vi
k and one vertex from vk+t

or v j
k+t , for 1≤ i, j ≤ m, to construct the set D.

But to dominate all vertices and for minimum cardinality, we have to choose the vertices

from the vertex set of cycle Cn to construct the set D. Then, D = {v1,v2,v3, · · · ,vn} is a minimal
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eccentric dominating set.

Thus, γed[Spl∗m(Cn)] = |D|= n

Case-2: n is an odd number.

Case-(i) n = 3

For the graph Spl∗m(C3), all the vertices other than vk are the eccentric vertices of the vertex

vk, for 1 ≤ k ≤ 3 and all the vertices vi
k are the eccentric vertices to one another, for 1 ≤ k ≤ 3

and 1≤ i≤ m.

Moreover, for any k, 1≤ k ≤ 3, the vertex vk dominates the all vertices of the graph Spl∗m(C3).

So, to construct the set D, we have to choose one vertex from vk and one vertex from vi
l , for

1≤ k, l ≤ 3 and 1≤ i≤ m.

Then, without lose of generality, we may take, D = {v1,v1
1}, which is a minimal eccentric

dominating set of Spl∗m(C3).

Thus, γed[Spl∗m(C3)] = |D|= 2 =

⌈
3
2

⌉
=
⌈n

2

⌉
.

Case-(ii) n = 5

For the graph Spl∗m(C5), the eccentric vertices of the vertices vk and vi
k are vk+2, v j

k+2, vk+3

and v j
k+3 and vice versa, for 1≤ i, j ≤m and 1≤ k≤ 2 and the eccentric vertices of the vertices

v3 and vi
3 are v5, v j

5, v1 and v j
1 and vice versa, for 1≤ i, j ≤ m. Moreover, all the vertices vi

k are

the eccentric vertices to one another, for 1≤ k ≤ 5 and 1≤ i≤ m.

So, for each k,1 ≤ k ≤ 2, we can choose one vertex from vk or vi
k and one vertex from vk+2

or v j
k+2 or vk+3 or v j

k+3, for 1 ≤ i, j ≤ m and we can choose one vertex from v3 or vi
3 and one

vertex from v5 or v j
5 or v1 or v j

1, for 1≤ i, j ≤ m, to construct the set D.

But to dominate all vertices and for minimum cardinality, we have to choose the vertices

from the vertex set of cycle C5 to construct the set D. Moreover, to construct the set D, we have

to choose one vertex for every two vertices of cycle C5. Then, D = {v1,v3,v5} is a minimal

eccentric dominating set.

Thus, γed[Spl∗m(C5)] = |D|= 3 =

⌈
5
2

⌉
=
⌈n

2

⌉
.

Case-(iii) n > 5.
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Let n = 2t +1 then for the graph Spl∗m(Cn), the eccentric vertices of the vertices vk and vi
k are

vk+t , v j
k+t , vk+t+1 and v j

k+t+1 and vice versa, for 1 ≤ i, j ≤ m and 1 ≤ k ≤ t and the eccentric

vertices of the vertices vt+1 and vi
t+1 are vn, v j

n, v1 and v j
1 and vice versa, for 1≤ i, j ≤ m.

So, for each k,1≤ k≤ t, we can choose one vertex from vk or vi
k and one vertex from vk+t or

v j
k+t or vk+t+1 or v j

k+t+1, for 1 ≤ i, j ≤ m and we can choose one vertex from vt+1 or vi
t+1 and

one vertex from vn or v j
n or v1 or v j

1, for 1≤ i, j ≤ m, to construct the set D.

But to dominate all vertices and for minimum cardinality, we have to choose the vertices from

the vertex set of cycle Cn to construct the set D. Moreover, to construct the set D, we have to

choose one vertex for every two vertices of cycle Cn. Then, D = {v1,v3,v5, · · · ,vn} is a minimal

eccentric dominating set.

Thus, γed[Spl∗m(Cn)] = |D|=
n+1

2
=

(
n
2
+

1
2

)
=
⌈n

2

⌉
, since

(
n
2
+

1
2

)
is an integer

.

Hence, = γed[Spl∗m(Cn)] =


n ;n is even⌈n
2

⌉
;n is odd

�

Illustration 4.6. Minimal eccentric dominating set of extended 2-Splitting graph of

C6 = {v1,v2,v3,v4,v5,v6}, is shown in Figure 3.

Where, γed[Spl∗2(C6)] = 6
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FIGURE 3. Minimal eccentric dominating set of Extended 2-Splitting graph of

C6
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Theorem 4.7. For any square of a cycle Cn,

γed(C2
n) =



n
2

;n≡ 2(mod4)

2
⌈

n+5
10

⌉
−1 ;n≡ 1(mod4)⌈

n+1
6

⌉
+

⌈
n−3

6

⌉
;n≡ 3(mod4)⌈

n+2
8

⌉
+

⌈
n−4

8

⌉
;n≡ 0(mod4)

Proof. Let V =V (C2
n) = {v1,v2, · · · ,vn} is the set of all vertices of graph C2

n ,∀n≥ 3 and let D

is a minimal eccentric dominating set of C2
n .

To dominate all vertices of C2
n , we have to take one vertex from every five consecutive vertices

of C2
n in D.

Case-1: n≡ 2(mod4)

Let n = 4u+2 and t = 2u+1 then n = 2t, where n is an even number and t is an odd number.

Here, each vertex has exactly one eccentric vertex and for each k,1≤ k ≤ t the eccentric vertex

of the vertex vk is vk+t and vice versa.

So, we have to choose, either vk or vk+t , for 1 ≤ k ≤ t, to construct the set D. Moreover, we

have to take one vertex from every two vertices, from v1 to vt+1 and one vertex from every two

vertices, from vt+2 to vn.

Then, D = {v1,v3,v5, · · · ,vt}∪{vt+2,vt+4,vt+6, · · · ,vn−1}= {v1,v3,v5, · · · ,vn−1} is a minimal

eccentric dominating set of C2
n .

Thus, γed(C2
n) = |D|=

n
2

.

Case-2: n≡ 1(mod4)

Case-(i): n = 5

Then, the graph C2
5 is same as the complete graph K5.

So, γed(C2
5) = γed(K5) = 1 (Using Theorem 3.6)

= 2(1)−1 = 2
⌈

10
10

⌉
−1 = 2

⌈
5+5

10

⌉
−1 = 2

⌈
n+5

10

⌉
−1.

Case-(ii): n > 5
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Let n = 4u+1 and t = 2u then n = 2t+1, where n is an odd number and t is an even number.

Here, each vertex has exactly four eccentric vertices and for each k,1≤ k ≤ t−1 the eccentric

vertices of the vertex vk are vk+t−1,vk+t ,vk+t+1 and vk+t+2 and vice versa.

The eccentric vertices of the vertex vt are vn−2,vn−1,vn and v1 and vice versa.

The eccentric vertices of the vertex vt+1 are vn−1,vn,v1 and v2 and vice versa.

The eccentric vertices of the vertex vt+2 are vn,v1,v2 and v3 and vice versa.

So, we have to choose, one vertex from every five vertices, from v1 to vt+3 and one vertex from

every five vertices, from vt+4 to vn, to construct the set D.

Then, D = {v1,v6,v11, · · · ,vs}∪ {vt+4,vt+9,vt+14, · · · ,vm} is a minimal eccentric dominating

set of C2
n , where s≤ t +3 and m≤ n.

Thus, γed(C2
n) = |D|=

⌈
t +3

5

⌉
+

⌈
n− (t +3)

5

⌉
=


n−1

2
+3

5

+


n− n−1
2
−3

5


=

⌈
n+5

10

⌉
+

⌈
n−5

10

⌉
=

⌈
n+5

10

⌉
+

⌈
(n+5)−10

10

⌉

=

⌈
n+5

10

⌉
+

⌈
n+5

10
−1
⌉
=

⌈
n+5

10

⌉
+

⌈
n+5

10

⌉
−1

= 2
⌈

n+5
10

⌉
−1.

Case-3: n≡ 3(mod4)

Case-(i): n = 3

Then, the graph C2
3 is same as the graph C3.

So, γed(C2
3) = γed(C3) = 1 (Using Theorem 4.1)

= 1+0 =

⌈
4
6

⌉
+

⌈
0
6

⌉
=

⌈
3+1

6

⌉
+

⌈
3−3

6

⌉
=

⌈
n+1

6

⌉
+

⌈
n−3

6

⌉
.

Case-(ii): n > 3

Let n = 4u+3 and t = 2u+1 then n = 2t +1, where n and t are both odd numbers.

Here, each vertex has exactly two eccentric vertices and for each k,1 ≤ k ≤ t the eccentric

vertices of the vertex vk are vk+t and vk+t+1 and vice versa.

The eccentric vertices of the vertex vt+1 are vn and v1 and vice versa.
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So, we have to choose, one vertex from every three vertices, from v1 to vt+1 and one vertex

from every three vertices, from vt+3 to vn, to construct the set D.

Then, D = {v1,v4,v7, · · · ,vs}∪{vt+3,vt+6,vt+9, · · · ,vm} is a minimal eccentric dominating set

of C2
n , where s≤ t +1 and m≤ n.

Thus, γed(C2
n) = |D|=

⌈
t +1

3

⌉
+

⌈
n− (t +2)

3

⌉
=


n−1

2
+1

3

+


n− n−1
2
−2

3


=

⌈
n+1

6

⌉
+

⌈
n−3

6

⌉
.

Case-4: n≡ 0(mod4)

Case-(i): n = 4

Then, the graph C2
4 is same as the complete graph K4.

So, γed(C2
4) = γed(K4) = 1 (Using Theorem 3.6)

= 1+0 =

⌈
6
8

⌉
+

⌈
0
8

⌉
=

⌈
4+2

8

⌉
+

⌈
4−4

8

⌉
=

⌈
n+2

8

⌉
+

⌈
n−4

8

⌉
.

Case-(ii): n > 4

Let n = 4u and t = 2u then n = 2t, where n and t are both even numbers.

Here, each vertex has exactly three eccentric vertices and for each k,1≤ k≤ t−1 the eccentric

vertices of the vertex vk are vk+t−1,vk+t and vk+t+1 and vice versa.

The eccentric vertices of the vertex vt are vn−1,vn and v1 and vice versa.

The eccentric vertices of the vertex vt+1 are vn,v1 and v2 and vice versa.

So, we have to choose, one vertex from every four vertices, from v1 to vt+1 and one vertex from

every four vertices, from vt+3 to vn, to construct the set D.

Then, D = {v1,v5,v9, · · · ,vs} ∪ {vt+3,vt+7,vt+11, · · · ,vm} is a minimal eccentric dominating

set of C2
n , where s≤ t +1 and m≤ n.

Thus, γed(C2
n) = |D| =

⌈
t +1

4

⌉
+

⌈
n− (t +2)

4

⌉
=


n
2
+1

4

 +


n− n

2
−2

4

 =⌈
n+2

8

⌉
+

⌈
n−4

8

⌉
.
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Hence, γed(C2
n) =



n
2

;n≡ 2(mod4)

2
⌈

n+5
10

⌉
−1 ;n≡ 1(mod4)⌈

n+1
6

⌉
+

⌈
n−3

6

⌉
;n≡ 3(mod4)⌈

n+2
8

⌉
+

⌈
n−4

8

⌉
;n≡ 0(mod4)

�

Illustration 4.8. Minimal eccentric dominating set of C2
9 = {v1,v6,v8}, is shown in Figure 4.

Where, γed(C2
9) = 3 = 2(2)−1 = 2

⌈
14
10

⌉
−1 = 2

⌈
9+5

10

⌉
−1

v1
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v8
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v7
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v7

v8

v9
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v3

v4

v5 v6

v7

v8

v9

FIGURE 4. Minimal eccentric dominating set of cycle C2
9

Theorem 4.9. γed[Dm(Cn)] =



n ;n = 3 or n is an even number with n≥ 6

2 ;n = 4

3 ;n = 5⌈
2n
3

⌉
;n is an odd number with n≥ 7

Proof. Let C1
n ,C

2
n ,C

3
n , · · · ,Cm

n are the m copies of cycle Cn in the m−shadow graph of Cn.

Let {vi
1,v

i
2,v

i
3, · · · ,vi

n,} is the vertex set of cycle Ci
n,1 ≤ i ≤ m and the set V is the set of all

vertices of all copies of cycle Cn.
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Let the set D is a minimal eccentric dominating set of the m−shadow graph of Cn, i.e. Dm(Cn).

Now, in the graph Dm(Cn), the vertices vi
k are adjacent to the vertices v j

k−1 and v j
k+1, for all

1≤ i, j ≤ m and 2≤ k ≤ n−1.

For k = 1, the vertices vi
1 are adjacent to the vertices v j

2 and v j
n,1≤ i, j ≤ m.

And similarly for k = n, the vertices vi
n are adjacent to the vertices v j

n−1 and v j
1,1≤ i, j ≤ m.

Case-1: n = 3

Then, for the graph Dm(C3), the vertices v1
k ,v

2
k ,v

3
k , · · · ,v

m
k are the eccentric vertices to each other

for 1≤ k ≤ 3.

So, for each k,1 ≤ k ≤ 3, we have to choose one vertex from the vertices v1
k ,v

2
k ,v

3
k , · · · ,v

m
k to

construct the set D. Moreover, any two vertices of any one copy of cycle C3 will dominate to

all remaining vertices of Dm(C3).

Without lose of generality, let we take the vertices from the vertex set of C1
3 to construct the set

D.

Then, D = {v1
1,v

1
2,v

1
3} is a minimal eccentric dominating set of the graph Dm(C3).

Thus, γed[Dm(C3)] = 3 = n

Case-2: n = 4

Then, for the graph Dm(C4), the vertices v1
k ,v

2
k ,v

3
k , · · · ,v

m
k ,v

1
k+2,v

2
k+2,v

3
k+2, · · · ,v

m
k+2 are the ec-

centric vertices to each other for 1≤ k ≤ 2.

So, for each k,1≤ k≤ 2, we have to choose one vertex from the vertices v1
k ,v

2
k ,v

3
k , · · · ,v

m
k ,v

1
k+2,

v2
k+2,v

3
k+2, · · · ,v

m
k+2 to construct the set D. Moreover, any two consecutive vertices of any one

copy of cycle C4 will dominate to all remaining vertices of Dm(C4).

Without lose of generality, let we take the vertices from the vertex set of C1
4 to construct the

set D.

Then, D = {v1
1,v

1
2} is a minimal eccentric dominating set of the graph Dm(C4).

Thus, γed[Dm(C4)] = 2

Case-3: n = 5

Then, for the graph Dm(C5), the vertices v1
k ,v

2
k ,v

3
k , · · · ,v

m
k are the eccentric vertices to each other

for 1 ≤ k ≤ 5. Moreover, the eccentric vertices of the vertices vi
k are v j

k+2 and v j
k+3 and vice

versa, for 1 ≤ k ≤ 2 and 1 ≤ i, j ≤ m and the eccentric vertices of the vertices vi
3 are v j

5 and v j
1
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and vice versa, for 1 ≤ i, j ≤ m. Moreover, any three consecutive vertices of any one copy of

cycle C5 will dominate to all remaining vertices of Dm(C5).

Without lose of generality, let we take the vertices from C1
5 to construct the set D.

Then, D = {v1
1,v

1
2,v

1
3} is a minimal eccentric dominating set of the graph Dm(C5).

Thus, γed[Dm(C5)] = 3

Case-4: n is an even number, with n≥ 6.

Let n = 2t, then the eccentric vertices of the vertices vi
k are v j

k+t and vice versa, for 1≤ i, j ≤ m

and 1≤ k ≤ t.

So, for each k,1 ≤ k ≤ t, we have to choose one vertex from vi
k and one vertex from v j

k+t , for

1≤ i, j ≤ m, to construct the set D.

Without lose of generality, we may choose the vertices from the vertex set of cycle C1
n .

Then, D = {v1
1,v

1
2,v

1
3, · · · ,v1

n} is a minimal eccentric dominating set, as they are dominating to

all vertices and eccentric vertices of all vertices of the set V −D of the graph Dm(Cn).

Thus, γed[Dm(Cn)] = |D|= n

Case-5: n is an odd number, with n≥ 7.

Let n = 2t +1 then the eccentric vertices of the vertices vi
k are v j

k+t and v j
k+t+1 and vice versa,

for 1 ≤ i, j ≤ m and 1 ≤ k ≤ t and the eccentric vertices of the vertices vi
t+1 are v j

n and v j
1 and

vice versa, for 1≤ i, j ≤ m.

So, for each k,1 ≤ k ≤ t, we can choose one vertex from vi
k and one vertex from v j

k+t or

v j
k+t+1, for 1≤ i, j ≤ m, to construct the set D.

Without lose of generality, we may choose the vertices from the vertex set of cycle C1
n .

To construct the set D, we have to choose two consecutive vertices for every three vertices of

cycle C1
n .

Case-(i): t = 3s.

Then, n = 2t +1 = 2(3s)+1 = 6s+1

So, D = {v1
1,v

1
2,v

1
4,v

1
5,v

1
7,v

1
8, · · · ,v1

6s−2,v
1
6s−1,v

1
6s+1} is a minimal eccentric dominating set.

Let D′ = {v1
1,v

1
4,v

1
7, · · · ,v1

6s−2}= {v1
1,v

1
4,v

1
7, · · · ,v1

3l−2} where, l = 2s and so, |D′|= l = 2s.

Moreover, |D|= 2|D′|+1 = 2(2s)+1 = 4s+1 = 4
(

n−1
6

)
+1 =

2n−2
3

+1 =
2n−2+3

3
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=
2n+1

3
=

2n
3
+

1
3
=

⌈
2n
3

⌉
, since

(
2n
3
+

1
3

)
is an integer.

Thus, γed[Dm(Cn)] = |D|=
⌈

2n
3

⌉
.

Case-(ii): t = 3s+1.

Then, n = 2t +1 = 2(3s+1)+1 = 6s+3

So, D = {v1
1,v

1
2,v

1
4,v

1
5,v

1
7,v

1
8, · · · ,v1

6s+1,v
1
6s+2} is a minimal eccentric dominating set.

Let D′ = {v1
1,v

1
4,v

1
7, · · · ,v1

6s+1} = {v1
1,v

1
4,v

1
7, · · · ,v1

3l+1} where, l = 2s and so, |D′| = l + 1 =

2s+1.

Moreover, |D|= 2|D′|= 2(2s+1) = 4s+2 = 4
(

n−3
6

)
+2 =

2n−6
3

+2 =
2n−6+6

3

=
2n
3

=

⌈
2n
3

⌉
, since

(
2n
3

)
is an integer.

Thus, γed[Dm(Cn)] = |D|=
⌈

2n
3

⌉
.

Case-(iii): t = 3s+2.

Then, n = 2t +1 = 2(3s+2)+1 = 6s+5

So, D = {v1
1,v

1
2,v

1
4,v

1
5,v

1
7,v

1
8, · · · ,v1

6s+4,v
1
6s+5} is a minimal eccentric dominating set.

Let D′ = {v1
1,v

1
4,v

1
7, · · · ,v1

6s+4} = {v1
1,v

1
4,v

1
7, · · · ,v1

3l+4} where, l = 2s and so, |D′| = l + 2 =

2s+2.

Moreover, |D|= 2|D′|= 2(2s+2) = 4s+4 = 4
(

n−5
6

)
+4 =

2n−10
3

+4 =
2n−10+12

3

=
2n+2

3
=

2n
3
+

2
3
=

⌈
2n
3

⌉
, since

(
2n
3
+

2
3

)
is an integer.

Thus, γed[Dm(Cn)] = |D|=
⌈

2n
3

⌉
.

Thus, for all odd n≥ 7, γed[Dm(Cn)] = |D|=
⌈

2n
3

⌉
.
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Hence, γed[Dm(Cn)] =



n ;n = 3 or n is an even number with n≥ 6

2 ;n = 4

3 ;n = 5⌈
2n
3

⌉
;n is an odd number with n≥ 7

�

Illustration 4.10. Minimal eccentric dominating set of 3-Shadow graph of C9 =

{v1,v2,v4,v5,v7,v8}, is shown in Figure 5.

Where, γed[D3(C9)] = 6 =

⌈
18
3

⌉
=

⌈
2(9)

3

⌉
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FIGURE 5. Minimal eccentric dominating set of D3(C9)

Theorem 4.11. γed[Splm(Cn)] =



n ;n = 3 or n is an even number with n≥ 4

5 ;n = 5 and m = 1

6 ;n = 5 and m≥ 2⌈
2n
3

⌉
;n is an odd number with n≥ 7
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Proof. Let v1,v2,v3, · · · ,vn is the vertex set of cycle Cn.

Let vi
1,v

i
2,v

i
3, · · · ,vi

n are the m copies of the vertex set of cycle Cn,1≤ i≤ m in the m−splitting

graph of Cn.

Let the set D is a minimal eccentric dominating set of the m−splitting graph of Cn, i.e.

Splm(Cn).

Now, in the graph Splm(Cn), for 1≤ i≤ m, the vertices vk and vi
k are adjacent to the vertices

vk−1 and vk+1 of cycle Cn, for all 2≤ k ≤ n−1.

For k = 1, the vertices v1 and vi
1 are adjacent to the vertices v2 and vn, for 1≤ i≤ m.

Similarly for k = n, the vertices vn and vi
n are adjacent to the vertices vn−1 and v1, for 1≤ i≤m.

Case-1: n = 3

Then, for the graph Splm(C3), the vertices vk,v1
k ,v

2
k ,v

3
k , · · · ,v

m
k are the eccentric vertices to each

other for 1≤ k ≤ 3. Also, the eccentric vertices of vi
1 are v j

2 and v j
3, the eccentric vertices of vi

2

are v j
1 and v j

3 and the eccentric vertices of vi
3 are v j

1 and v j
2, for 1≤ i, j ≤ m.

So, for each k,1≤ k ≤ 3, we have to choose one vertex from the vertices vk,v1
k ,v

2
k ,v

3
k , · · · ,v

m
k to

construct the set D.

Moreover, any two vertices of cycle C3 will dominate to all remaining vertices of Splm(C3).

For minimum cardinality, we have to take the vertices from cycle C3 to construct the set D.

Then, D = {v1,v2,v3} is a minimal eccentric dominating set of the graph Splm(C3).

Thus, γed[Splm(C3)] = 3 = n

Case-2: n = 4

Then, for the graph Splm(C4), the eccentric vertices of the vertex vk are vi
k,vk+2 and vi

k+2 for

1 ≤ k ≤ 2 and 1 ≤ i ≤ m. And, the eccentric vertices of the vertex vk are vi
k,vk−2 and vi

k−2 for

3≤ k ≤ 4 and 1≤ i≤ m.

The eccentric vertices of the vertices vi
1 and vi

3 are v j
2 and v j

4 for 1≤ i, j ≤ m and vice versa.

So, we have to choose one vertex from vi
1 or vi

3 and one vertex from vi
2 or vi

4 to construct the

set D for 1≤ i≤ m.

Moreover, any two consecutive vertices of cycle C4 will dominate to all remaining vertices of

Splm(C4).
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Then, D = {v1,v2,v1
1,v

1
2} is a minimal eccentric dominating set of the graph Splm(C4).

Thus, γed[Splm(C4)] = 4 = n

Case-3: n = 5

Then, for the graph Splm(C5), the eccentric vertices of the vertex vk are vi
k,vk+2,vi

k+2,vk+3 and

vi
k+3 for 1≤ k ≤ 2 and 1≤ i≤ m, the eccentric vertices of the vertex vk are vi

k,vk−2,vi
k−2,vk−3

and vi
k−3 for 4≤ k≤ 5 and 1≤ i≤m. And, the eccentric vertices of the vertex v3 are vi

3,v1,vi
1,v5

and vi
5 for 1≤ i≤ m.

The eccentric vertices of the vertices vi
k are v j

k−1 and v j
k+1 for 2≤ k≤ 4 and 1≤ i, j≤m. The

eccentric vertices of the vertices vi
1 are v j

5 and v j
2, for 1≤ i, j ≤ m. The eccentric vertices of the

vertices vi
5 are v j

4 and v j
1 for 1≤ i, j ≤ m.

Moreover, any three consecutive vertices of cycle C5 will dominate to all remaining vertices

of Splm(C5).

Case-(i): m = 1

Then, for the graph Spl1(C5), the set D = {v1,v2,v3,v1
1,v

1
3} is a minimal eccentric dominating

set.

So, γed[Spl1(C5)] = 5

Case-(ii): m≥ 2

Then, for the graph Splm(C5), the set D = {v1,v2,v3,v1
1,v

1
2,v

1
3} is a minimal eccentric dominat-

ing set.

So, γed[Splm(C5)] = 6

Case-4: n = 6

Then, for the graph Splm(C6), the eccentric vertices of the vertices vk and vi
k are vk+3 and

v j
k+3, for 1 ≤ k ≤ 3 and 1 ≤ i, j ≤ m. And the eccentric vertices of the vertices vk and vi

k are

vk−3 and v j
k−3, for 4≤ k ≤ 6 and 1≤ i, j ≤ m.

The vertices v j
k−1 and v j

k+1 are also eccentric vertices of the vertices vi
k, for 2 ≤ k ≤ 5 and

1≤ i, j ≤m. The vertices v j
6 and v j

2 are also eccentric vertices of the vertices vi
1 and the vertices

v j
5 and v j

1 are also eccentric vertices of the vertices vi
6, for 1≤ i, j ≤ m.

So, for minimal eccentric dominating set, we have to choose the vertices from cycle C6 to

construct the set D. And for each k,1≤ k≤ 6, we have to choose vertex vk for eccentric vertices
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of all remaining vertices of the graph Splm(C6).

Then, D = {v1,v2,v3,v4,v5,v6} is a minimal eccentric dominating set of the graph Splm(C6).

Thus, γed[Splm(C6)] = 6 = n

Case-5: n = 7

Then, for the graph Splm(C7), the eccentric vertices of the vertices vk and vi
k are

vk+3,v
j
k+3,vk+4 and v j

k+4, for 1 ≤ k ≤ 3 and 1 ≤ i, j ≤ m. And the eccentric vertices of the

vertices vk and vi
k are vk−3,v

j
k−3,vk−4 and v j

k−4, for 5 ≤ k ≤ 7 and 1 ≤ i, j ≤ m. The eccentric

vertices of the vertices v4 and vi
4 are v7,v

j
7,v1 and v j

1, for 1≤ i, j ≤ m.

The vertices v j
k−1 and v j

k+1 are also eccentric vertices of the vertices vi
k, for 2 ≤ k ≤ 6 and

1≤ i, j ≤m. The vertices v j
7 and v j

2 are also eccentric vertices of the vertices vi
1 and the vertices

v j
6 and v j

1 are also eccentric vertices of the vertices vi
7, for 1≤ i, j ≤ m.

So, for minimal eccentric dominating set, we have to choose two consecutive vertices from

every three vertices of cycle C7 to construct the set D. Then, D = {v1,v2,v4,v5,v7} is a minimal

eccentric dominating set of the graph Splm(C7).

So, γed[Splm(C7)] = 5 =

⌈
14
3

⌉
=

⌈
2(7)

3

⌉
=

⌈
2n
3

⌉
Case-6: n is an even number, with n≥ 8.

Let n = 2t, then the eccentric vertices of the vertices vk and vi
k are vk+t and v j

k+t and vice

versa, for 1≤ i, j ≤ m and 1≤ k ≤ t.

So, for each k,1 ≤ k ≤ t, for eccentric vertices, we have to choose one vertex from vk or vi
k

and one vertex from vk+t or v j
k+t , for 1≤ i, j ≤ m, to construct the set D.

For minimum cardinality, to dominate all remaining vertices, we have to choose the vertices

from the vertex set of cycle Cn, to construct the set D.

Then, D = {v1,v2,v3, · · · ,vn} is a minimal eccentric dominating set of the graph Splm(Cn).

Thus, γed[Splm(Cn)] = |D|= n

Case-7: n is an odd number, with n≥ 9.

Let n = 2t + 1 then the eccentric vertices of the vertices vk and vi
k are vk+t ,v

j
k+t ,vk+t+1 and

v j
k+t+1 and vice versa, for 1 ≤ i, j ≤ m and 1 ≤ k ≤ t and the eccentric vertices of the vertices

vt+1 and vi
t+1 are vn,v

j
n,v1 and v j

1 and vice versa, for 1≤ i, j ≤ m.
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So, for each k,1≤ k≤ t, we can choose one vertex from vk or vi
k and one vertex from vk+t or

v j
k+t or vk+t+1 or v j

k+t+1, for 1≤ i, j ≤ m, to construct the set D.

For minimum cardinality, we have to choose the vertices from the vertex set of cycle Cn to

construct the set D. And we have to choose two consecutive vertices from every three vertices

of cycle Cn.

Without lose of generality, we may choose first two consecutive vertices from every three

vertices of cycle Cn.

Case-(i): t = 3s.

Then, n = 2t +1 = 2(3s)+1 = 6s+1

So, D = {v1,v2,v4,v5,v7,v8, · · · ,v6s−2,v6s−1,v6s+1} is a minimal eccentric dominating set.

Let D′ = {v1,v4,v7, · · · ,v6s−2}= {v1,v4,v7, · · · ,v3l−2} where, l = 2s and so, |D′|= l = 2s.

Moreover, |D|= 2|D′|+1 = 2(2s)+1 = 4s+1 = 4
(

n−1
6

)
+1 =

2n−2
3

+1 =
2n−2+3

3

=
2n+1

3
=

2n
3
+

1
3
=

⌈
2n
3

⌉
, since

(
2n
3
+

1
3

)
is an integer.

Thus, γed[Splm(Cn)] = |D|=
⌈

2n
3

⌉
.

Case-(ii): t = 3s+1.

Then, n = 2t +1 = 2(3s+1)+1 = 6s+3

So, D = {v1,v2,v4,v5,v7,v8, · · · ,v6s+1,v6s+2} is a minimal eccentric dominating set.

Let D′ = {v1,v4,v7, · · · ,v6s+1} = {v1,v4,v7, · · · ,v3l+1} where, l = 2s and so, |D′| = l + 1 =

2s+1.

Moreover, |D| = 2|D′| = 2(2s+ 1) = 4s+ 2 = 4
(

n−3
6

)
+ 2 =

2n−6
3

+ 2 =
2n−6+6

3
=

2n
3

=

⌈
2n
3

⌉
, since

(
2n
3

)
is an integer.

Thus, γed[Splm(Cn)] = |D|=
⌈

2n
3

⌉
.

Case-(iii): t = 3s+2.

Then, n = 2t +1 = 2(3s+2)+1 = 6s+5

So, D = {v1,v2,v4,v5,v7,v8, · · · ,v6s+4,v6s+5} is a minimal eccentric dominating set.

Let D′ = {v1,v4,v7, · · · ,v6s+4} = {v1,v4,v7, · · · ,v3l+4} where, l = 2s and so, |D′| = l + 2 =

2s+2.
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Moreover, |D|= 2|D′|= 2(2s+2) = 4s+4 = 4
(

n−5
6

)
+4 =

2n−10
3

+4 =
2n−10+12

3

=
2n+2

3
=

2n
3
+

2
3
=

⌈
2n
3

⌉
, since

(
2n
3
+

2
3

)
is an integer.

Thus, γed[Splm(Cn)] = |D|=
⌈

2n
3

⌉
.

Thus, for all odd n≥ 9, γed[Splm(Cn)] = |D|=
⌈

2n
3

⌉
.

Hence, γed[Splm(Cn)] =



n ;n = 3 or n is an even number with n≥ 4

5 ;n = 5 and m = 1

6 ;n = 5 and m≥ 2⌈
2n
3

⌉
;n is an odd number with n≥ 7

�

Illustration 4.12. Minimal eccentric dominating set of 1-splitting graph of C5 =

{v1,v2,v3,v1
1,v

1
3}, is shown in Figure 6 and minimal eccentric dominating set of 2-splitting

graph of C8 = {v1,v2,v3,

v4,v5,v6,v7,v8}, is shown in Figure 7.

Where, γed[Spl1(C5)] = 5 and γed[Spl2(C8)] = 8
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FIGURE 6. Minimal eccentric dominating set of Spl1(C5)
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FIGURE 7. Minimal eccentric dominating set of Spl2(C8)

5. CONCLUSION

The concept of eccentric domination relates a dominating set with the eccentricity of

a vertex. We have investigated eccentric domination number of cycle as well as some cycle

related graphs including m−shadow, extended m−shadow, m−splitting, extended m−splitting

and square of cycle.
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