Available online at http://scik.org

J. Math. Comput. Sci. 11 (2021), No. 6, 7728-7753
https://doi.org/10.28919/jmcs/6575

ISSN: 1927-5307

ECCENTRIC DOMINATION NUMBER OF SOME CYCLE RELATED GRAPHS

S. K. VAIDYA!*, D. M. VYAS?

lDepartment of Mathematics, Saurashtra University, Rajkot - 360005, Gujarat, India
ZDepartment of Applied Science and Humanities, V.V.P. Engineering College, Kalawad Road, Rajkot - 360005,

Gujarat, India

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In a graph G, a vertex u is said to be an eccentric vertex of a vertex v if the distance between u and
v is equals to the eccentricity of vertex v. A dominating set D of a graph G = (V,E) is said to be an eccentric
dominating set if for every v € V — D, there exists at least one eccentric vertex of v in D. The minimum cardinality
of the minimal eccentric dominating sets of graph G is said to be eccentric domination number, denoted by 7,4(G).
The eccentric domination numbers of some cycle related graphs have been investigated.
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1. INTRODUCTION

The domination in graphs is one of the most rapidly growing fields within and out side of
graph theory. Many researchers have been attracted to work on it due to its diversified applica-
tions in the various fields like linear algebra and optimization, design and analysis of commu-

nication networks as well as surveillance.
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There are many domination models available in the literature. Total domination [2], indepen-

dent domination [3], eccentric domination [5], equitable domination [6], restrained domination
[7], global domination [11], steiner domination [12] are among worth to mention.

Throughout this work, a graph G = (V,E), we mean a finite, simple and connected graph

with vertex set V = {vi,v,,v3,---,v,} and edge set E. For any graph theoretic terminology and

notation we refer to West [13] while the terms related to domination are used in the sense of

Haynes et al. [4].

2. PRELIMINARIES

Definition 2.1. A set D C V of vertices in a graph G = (V, E) is said to be a dominating set if

every vertex in V — D is adjacent to at least one vertex in D.

Definition 2.2. A dominating set D is said to be a minimal dominating set if no proper subset
D’ C D is a dominating set. The set of all minimal dominating sets of a graph G is denoted by
MDS(G). The minimum cardinality of a set from MDS(G) is called domination number of

graph G and is denoted by y(G).

Definition 2.3. Let G be a connected graph and v be a vertex of G. The eccentricity of v is
denoted by e(v) is defined by e(v) = max{d(u,v) : u € V}. The radius of graph G is defined as
rad(G) = min{e(v) : v € V'} while the diameter of graph G is defined as diam(G) = max{e(v) :
veVi.

In a graph G, a vertex u is said to be an eccentric vertex of a vertex v if d(u,v) = e(v) =
eccentricity of vertex v. The eccentric set of a vertex v is denoted by E(v) and is defined as

EW)={ueV(G):d(u,v)=e(v)}.

Definition 2.4. A set D C V(G) is an eccentric dominating set of G if D is a dominating set

of G and for every vertex v € V — D, there exists at least one eccentric vertex of v in D.

An eccentric dominating set D of graph G is a minimal eccentric dominating set if no proper
subset D' C D is an eccentric dominating set of graph G.
The cardinality of a minimal eccentric dominating set of a graph G is called eccentric domi-

nation number of G which is denoted as ¥,4(G).
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The concept of eccentric domination was introduced by Janakiraman et al [5].

3. SOME DEFINITIONS AND EXISTING RESULTS

Definition 3.1. [8] The m-shadow graph D,,(G) of a connected graph G is constructed by
taking m copies of G, say G1,G»,--- , Gy, then join each vertex u in G; to the neighbours of the

corresponding g vertex vin G, 1 <i,j <m.

Definition 3.2. [10] The extended m-shadow graph D, (G) of a connected graph G is con-
structed by taking m copies of G, say G1,G»,---,Gy,, then join each vertex u in G; to the

neighbours of the corresponding vertex v and withvin G;, 1 <i,j < m.

Definition 3.3. [8] The m—splitting graph Spl,,(G) of a graph G is obtained by adding to each
vertex v of G new m vertices, say vi,vz,v3, -,V such that v;; 1 <i < m is adjacent to each

vertex that is adjacent to v in G.

Definition 3.4. [9] The extended m—splitting graph Spl (G) of a graph G is obtained by
adding to each vertex v of G new m vertices, say vi,v2,v3,---,V, such that v;;1 <i <mis

adjacent to each vertex that is adjacent to v in G and also adjacent to v.

Definition 3.5. [1]
The square of graph G, denoted by G2, is defined to be the graph with the same vertex

set as G and in which two vertices u and v are joined by an edge if and only if in G we have

1 <d(u,v) <2.
Janakiraman et al [5] have proved the following results.
Theorem 3.6. [5] For any complete graph K,,, ¥.4(K,) = 1.

Theorem 3.7. [5] For any cycle C,,

inis even

:n=3mandnisodd
%d(cn) =

WIS WIS IS

+_|

in=3m+1and nis odd

[

:n=3m+2andnis odd

,
—
w3
1
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In the following Theorem 4.1, we have improved the results proved in Theorem 3.7.

4. MAIN RESULTS
n .
5 sniseven
n+3
6

Theorem 4.1. For any cycle C,, 7,4(C,) =
2 { -‘ —1 ;nisodd

Proof. Let V =V(C,) = {vi,v2,---,v,} is the set of all vertices of cycle C,,,Vn > 3 and let D
is a minimal eccentric dominating set of C,,.
To dominate all vertices of C,,, we have to take one middle vertex from every three consecutive
vertices of C,, in D.

Case-1: n is an even number.
Let n = 2¢. Here, each vertex of cycle C, has exactly one eccentric vertex and for each k,1 <
k <t the eccentric vertex of the vertex vy is v, and vice versa.
So, we have to choose, either v or v, for 1 < k <t, to construct the set D.

Case-(i): n =4.
Then, D = {vy,v,} is a minimal eccentric dominating set of Cj.
S0, Yed(Cs) =2 = g = g

Case-(ii): n > 6.
Here, we have to take one vertex from every two vertices, from v to v, and one vertex from
every two vertices, from vy 7 to v,,.

Case-(a): 1 is odd.

Then, 7 + 1 is an even number and n — 1 is an odd number.

Thena D= {V17V3,V5, T ,Vt} U {vt+21vt+47vl‘+67 e 7Vn71}
= {VI,V3,V5, oV Vi 2, Vi 4, 7Vn71}
= {v1,v3,vs,---,v,_1} is a minimal eccentric dominating set of C,,.

Thus, %4(Cx) = |D| = 5.
Case-(b): ¢ is even.
Let, t = 2u, then n = 2t = 2(2u) = 4u.
Then, D = {v,v3,vs,+ ,vr—1} U{Vr12,Vr14,Vr 46, * ,Vn} is @ minimal eccentric dominating

set of C,,.
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Thus, %a(Cn) = |D| %1 + [#w - Ptz_lw * [4u—2u—1w

e

= 2(u) (Since u is an integer)
L n
=7

Case-2: n is an odd number.

Letn=2t+1.
Here, each vertex has exactly two eccentric vertices and for each k,1 < k <t the eccentric
vertices of the vertex vy are vy, and v, and vice versa.
The eccentric vertices of the vertex v,, | are v, and v{ and vice versa.
Case-(i): n = 3.
Then, D = {v; } is a minimal eccentric dominating set of Cs.

So,}/ed(Cg):1:2(l)—l:2[g—‘ —1:2[ﬂw—1:2[”+3w—1.

6
Case-(ii): n = 5.

Then, D = {vy,v3,v4} is a minimal eccentric dominating set of Cs.

SO,’}/ed(Cs):3:2(2)—1:2’72-‘ —1:2[%}—1:2[”2‘1—1.

Case-(iii): n > 7.

Here, we have to choose, one vertex from every three vertices, from vy to v;4, and one vertex

from every three vertices, from v; 3 to v,, to construct the set D.

Then, D = {vi,va,v7,-- , Vs } U{Vi43,Vr16,Vi+9, -+ , Vi } is @ minimal eccentric dominating set
of C,, wheret <s<t+2andn—2 <m<n. .
n—1 n—
r 2 n— -2
t+2 n—(t+2 +
hos, 7€) =191 = | 57| + [ 52 = | E |+ |

(n+3] _n—3-‘ [n—l—f‘ n+3—6
- + .

6

(n+3] [n+3 3] 3]
_ (3t _lw:[nqt +Fﬁt
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inis even

NS o

Hence, Yed(Cn> = n+3
|

c -‘—1 inisodd

Iustration 4.2. Minimal eccentric dominating set of cycle Cy; = {vi,v4,v7,vs,v11}, is shown

in Figure 1.
14 11+3
Where, %,4(C11) =5=23)—1=2 [FW —1=2 {TJFW —1
FIGURE 1. Minimal eccentric dominating set of cycle Cy
(
I ;n=3
Theorem 4.3. v,,(D},(C,)] = n niseven, n>3

{E-‘ snisodd, n >3
L 12

Proof. Let C},C2,C3,---,C™ be the m copies of cycle C, in the extended m—shadow graph of
Cn-

Let {vi,vh,vi, - Vi } is the vertex set of cycle Ci,1 < i < m and the set V is the set of all
vertices of all copies of cycle C,,.

Let the set D is a minimal eccentric dominating set of the extended m—shadow graph of C,, i.e.
D;,(Cy).

k

Now, in the graph D} (C,), for 1 <i < m the vertices vg- are adjacent to the vertices v i and

v’]‘.ﬂ,foralll§k§mand2§j§n—1 andvz. arealsoadjacenttové,l <i#l<m.
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For j =1, the vertices vil are adjacent to the vertices v’ﬁ and vk, 1 <k <mand v’i are also adjacent
to the vertices vll, 1<i#l<m.
And similarly for j = n, the vertices v/, are adjacent to the vertices v* | and v§,1 <k <m

and Vi, are also adjacent to the vertices v, 1 <i# [ <m.

If n is an even number and n = 2¢ then the eccentric vertices of the vertices v}'( are vi i and

vice versa, for 1 <i,j<mand 1 <k <t and If n is an odd number and n = 2¢ 4 1 then the
eccentric vertices of the vertices Vi are vi o and vi il and vice versa, for 1 <i,j < m and
1 <k<t.

Looking to the adjacency of vertices of the graph D}, (C,), it is possible to dominate all the
vertices of the graph D}, (C,), just by considering all the vertices of any one copy of cycle C,
and we can also choose the eccentric vertices from any one copy of cycle C,.

So, Without lose of generality, let we take the vertices from C} to construct the set D.

Case-1: n =3

Then, D = {v}} is a minimal eccentric dominating set of the graph D},(C3), as the vertex v

dominates the all vertices of V — D and distance between any two vertices in D, (C3) is 1, so v%
is also eccentric vertex of all vertices of V — D.
Thus, %.q[D},(C3)] =1

Case-2: n is an even number, n > 3.
Let n = 2t then the eccentric vertices of the vertices vfc are vi " and vice versa, for 1 <i,j<m
and 1 <k <rt.

So, for each k,1 < k <t, we have to choose one vertex from v}; and one vertex from v,{ A for
1 <, j < m, to construct the set D. Without lose of generality, we may choose the vertices from
the vertex set of cycle Cl. Then, D = {v% , vé, v%, .-+, v} is a minimal eccentric dominating set.
Thus, 4D, (Ca)] = D] =

Case-3: n is an odd number, n > 3.

Let n = 2t + 1 then the eccentric vertices of the vertices v}; are v,Jc w and v,Jc St and vice versa,

i

for 1 <i,j <mand 1<k <t and the eccentric vertices of the vertices v; "

| are v}, and v{ and

vice versa, for 1 <i,j < m.
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So, for each k,1 < k <t, we have to choose one vertex from vf{ and one vertex from vi 4, or
vi PIRY for 1 < i, j < m, to construct the set D. Without lose of generality, we may choose the
vertices from the vertex set of cycle C..

To construct the set D, we have to choose one vertex for every two vertices of cycle C,ll. Then,

D= {vi, v%, v;, .-, v} is a minimal eccentric dominating set.
1 1 1
Thus, Y.4[D;,(Cy)] = |D| = n; = (g + 5) = {g-‘, since <g + 5) is an integer.
( 1 ;n=3
Hence, v.4[D},(Cy)] = n ;niseven,n>3

[q snisodd, n >3
L 12
O

Illustration 4.4. Minimal eccentric dominating set of extended 3-Shadow graph of Cs =
{v1,v3,vs}, is shown in Figure 2.

Where, %,4[D5(Cs)] =3 = E-‘

NN
AN

\ /

FIGURE 2. Minimal eccentric dominating set of D}(Cs)

n (N is even

Theorem 4.5. y,4[Spl’ (C,)] = n
b-‘ ;nisodd
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Proof. Letvy,vy,v3,---,v, is the vertex set of cycle C,,.

Let v’i,vé,vé, e ,vﬁl are the m copies of the vertex set of cycle C,,1 <i < m in the extended
m—splitting graph of C,,.

Let the set D is a minimal eccentric dominating set of the extended m—splitting graph of C,,
ie. Spl(Cy).

Now, in the graph Spi;;,(C,), for 1 <i < m the vertices v; and vi- are adjacent to the vertices
vj—1 and v of cycle Gy, and vj- are also adjacent to v;, forall 2 < j <n-—1.

For j = 1, the vertices v and v’i are adjacent to the vertices v, and v, and v’i are also adjacent
to the vertex vi,1 <i<m.

Similarly for j = n, the vertices v, and vﬁl are adjacent to the vertices v,_1 and v; and vﬁl are
also adjacent to the vertex v,,1 <i <m.

Case-1: n is an even number.

Case-(i)n =4

For the graph Spl (C4), the eccentric vertices of the vertices vy and v}; are Vg4, and v,{ 4o and
vice versa, for 1 <i,j <mand 1 <k <2 and all the vertices v}; are the eccentric vertices to one
another, for 1 <k <4and1 <i<m.

So, for each k,1 < k < 2, we have to choose one vertex from v; or v}; and one vertex from
Vk42 OF v]{+2, for 1 <i,j < m, to construct the set D.

But to dominate all vertices and for minimum cardinality, we have to choose the vertices
from the vertex set of cycle Cy4 to construct the set D. Then, D = {v,v,,v3,v4} is a minimal
eccentric dominating set.

Thus, Y.4[Spl,(Cs)] = [D| =4 =n.

Case-(ii) n > 4
Let n = 2t then the eccentric vertices of the vertices v, and v}'( are vy, and v,{ 4, and vice versa,
forl <i,j<mand1<k<t.

So, foreach k, 1 < k <t, we have to choose one vertex from v; or v}'( and one vertex from vy,
or v£+[, for 1 <i, j < m, to construct the set D.

But to dominate all vertices and for minimum cardinality, we have to choose the vertices

from the vertex set of cycle C, to construct the set D. Then, D = {vy,v,,v3,---,v,} is a minimal
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eccentric dominating set.
Thus, %a[Splj,(C)] = D] = n

Case-2: n is an odd number.

Case-(i)) n =3

For the graph Spl;;,(C3), all the vertices other than v; are the eccentric vertices of the vertex
Vi, for 1 < k < 3 and all the vertices V;; are the eccentric vertices to one another, for 1 <k <3
and 1 <i<m.

Moreover, for any k, 1 < k < 3, the vertex v; dominates the all vertices of the graph Spl (C3).

So, to construct the set D, we have to choose one vertex from v; and one vertex from vé, for
1<k,/<3and1<i<m.

Then, without lose of generality, we may take, D = {vl,v%}, which is a minimal eccentric
dominating set of Spl* (C3).

Thus, Yea[Spl; (C3)] = D] =2 = m = 3]

Case-(ii)n =5

For the graph Spl (Cs), the eccentric vertices of the vertices v, and v}'( are vio, v,{ 425 Vi3
and v,]; 3 and vice versa, for 1 <i,j <mand 1 <k <2 and the eccentric vertices of the vertices
vz and vg are vs, vg, v1 and v{ and vice versa, for 1 < i, j < m. Moreover, all the vertices v}; are
the eccentric vertices to one another, for 1 <k <5and 1 <i<m.

So, for each k,1 < k <2, we can choose one vertex from v;, or v}'( and one vertex from vy o
or v,{ 4o OF Vi3 OF vi 13 for 1 <i, j < m and we can choose one vertex from v3 or vé and one
vertex from vs or vé or v| or v{ , for 1 <i, j < m, to construct the set D.

But to dominate all vertices and for minimum cardinality, we have to choose the vertices
from the vertex set of cycle Cs to construct the set D. Moreover, to construct the set D, we have
to choose one vertex for every two vertices of cycle Cs. Then, D = {v|,v3,vs} is a minimal

eccentric dominating set.
5 n

Thus, %4[Spl;,(Cs)] = |D| =3 = [5—‘ = (ﬂ

Case-(iii) n > 5.
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Let n = 2t + 1 then for the graph Spl;,(C,), the eccentric vertices of the vertices vy and v}; are
Vit V£+z’ Vit+s+1 and V,{+l+l and vice versa, for 1 <i,j <mand 1 < k <t and the eccentric
vertices of the vertices v, and vf 41 are vy, v,]q., v1 and v{ and vice versa, for 1 <i,j < m.

So, for each k,1 < k <t, we can choose one vertex from v; or v}; and one vertex from vy, or

i

1+1 and

V£+z Of Vjys41 OF vi+t+1, for 1 <i,j < m and we can choose one vertex from v, | or v
one vertex from v,, or v,Jl. or vy or v{ , for 1 <, j < m, to construct the set D.

But to dominate all vertices and for minimum cardinality, we have to choose the vertices from
the vertex set of cycle C, to construct the set D. Moreover, to construct the set D, we have to
choose one vertex for every two vertices of cycle C,,. Then, D = {v{,v3,vs,-+,v,} is a minimal
eccentric dominating set.

1 1
Thus, Y.4[SpLi(C,)] = |D| 7= (g + 5) = g-‘ , since <g + 5) is an integer

n niseven
Hence, = Y.q4[Spl,,(Cy)] = n
bw ;nisodd

Ilustration 4.6. Minimal eccentric dominating set of extended 2-Splitting graph of
Ce = {v1,v2,v3,V4,Vs,V6}, is shown in Figure 3.

Where, 7,4[Spl;(Cs)] = 6

FIGURE 3. Minimal eccentric dominating set of Extended 2-Splitting graph of

Ce
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Theorem 4.7. For any square of a cycle C,,

( g ;n =2(mod4)
2[n—|—5—‘_1 ;n = 1(mod4)
(Cz) 10
Yea\&n) = n+1 n—3
[ c -‘ + [ G -‘ ;n = 3(mod4)
n+2 n—4|
\ [ g -‘—l—[ A -‘ ;n = 0(mod4)

Proof. Let V =V (C2) = {v{,v2,---,v,} is the set of all vertices of graph C2,¥n > 3 and let D
is a minimal eccentric dominating set of C2.

To dominate all vertices of C,%, we have to take one vertex from every five consecutive vertices
of C2in D.

Case-1: n =2(mod4)

Letn =4u+2 and t = 2u+ 1 then n = 2¢, where n is an even number and ¢ is an odd number.
Here, each vertex has exactly one eccentric vertex and for each k,1 < k <t the eccentric vertex
of the vertex vy is v, and vice versa.

So, we have to choose, either v; or v, for 1 <k <t, to construct the set D. Moreover, we
have to take one vertex from every two vertices, from vy to v;4| and one vertex from every two
vertices, from v, ;5 to vy,.

Then, D = {vi,v3,vs, -+ .,V } U{Vis2,Vira, Va6, ,Vn—1} = {V1,V3,Vs,- ,v,—1 } is a minimal
eccentric dominating set of C2.

Thus, %4(C3) = D] = 3.

Case-2: n = 1(mod4)

Case-(i): n=>5

Then, the graph Cg is same as the complete graph Kj.

So, '}/ed(CSZ) = %.4(Ks) = 1 (Using Theorem 3.6)

:2(1)—1:2[%}—1:2[%}—1:2[”;;5}—1.

Case-(ii): n > 5
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Letn=4u+1 and t = 2u then n = 2t + 1, where n is an odd number and ¢ is an even number.
Here, each vertex has exactly four eccentric vertices and for each k,1 < k <t — 1 the eccentric
vertices of the vertex vi are viis—1,Vits, Virr+1 and vi, 1o and vice versa.
The eccentric vertices of the vertex v, are v,,_7,V,,_1,V, and v and vice versa.
The eccentric vertices of the vertex v;4 are v,—1,Vv,, v and v, and vice versa.
The eccentric vertices of the vertex v;;, are v, vy, v, and v3 and vice versa.
So, we have to choose, one vertex from every five vertices, from v; to v, 3 and one vertex from
every five vertices, from v;4 to v,, to construct the set D.
Then, D = {v,ve, Vi1, " ,Vs} U{Viia, V149,V 14,*+ , Vi } i @ minimal eccentric dominating

set ofC,zl, where s <t+3 and m <n.

n—l+3 n—1 3
(143 n—(r+3) 2 TS T
Th 2y |p|= | —= A R
_[n+5 n—5] [n+5 (n+5)—10
B 10}% 10}‘ 10%{ 10 w
n+5 n+5 ] n+5 n+5
_{ 10 %{ T _[ 10 L{ 10 w_l
_o |3
10
Case-3: n = 3(mod4)

Case-(i): n =3
Then, the graph C% is same as the graph C;.
So, }/ed(Cg) = %a4(C3) = 1 (Using Theorem 4.1)

oo -2 )

Letn=4u-+3 and ¢t =2u -+ 1 then n = 2r + 1, where n and ¢ are both odd numbers.

Case-(ii): n > 3

Here, each vertex has exactly two eccentric vertices and for each k,1 < k <t the eccentric
vertices of the vertex vy are vy, and v,1 and vice versa.

The eccentric vertices of the vertex v,; | are v, and v{ and vice versa.
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So, we have to choose, one vertex from every three vertices, from v; to v, and one vertex

from every three vertices, from v; 3 to v,, to construct the set D.

Then, D = {vi,v4,v7, -+ ,vs } U{V113,Vr16,V149, -+ , Vi } is @ minimal eccentric dominating set
ofC,zl, where s <t+1and m < n.
n—1 41 n—1 )
(141 n—(t+2 n—= -
Thus, %4(C3) = D] = | 5~ W + [—(3 )W = |2 | %

_[n+1 n n—3
| 6 6 |
Case-4: n = 0(mod4)

Case-(i): n=4

Then, the graph Cf is same as the complete graph Kj.
S0, %.d(C?) = Yea(K4) = 1 (Using Theorem 3.6)

=reo= 3]s =[5 5=l 1)

Let n = 4u and t = 2u then n = 2¢, where n and ¢ are both even numbers.

Case-(ii): n > 4

Here, each vertex has exactly three eccentric vertices and for each k, 1 < k <t — 1 the eccentric
vertices of the vertex vy are vyy;_1,vr4; and vi, 11 and vice versa.

The eccentric vertices of the vertex v, are v,,_1,v, and v and vice versa.

The eccentric vertices of the vertex v, are v,,v; and v, and vice versa.

So, we have to choose, one vertex from every four vertices, from v to v, | and one vertex from

every four vertices, from v, 3 to v,, to construct the set D.

Then, D = {vy,vs,vo, -+ ,vs} U{Vi13,V,47,Vrs11, "+ ,Vm} 1S @ minimal eccentric dominating
set ofC,%, where s <t+1and m <n.
n n
“ 1 n—-—2
r+1 n—(t+2) 2+ 2
Thus, 3y = |ID| = |—/— TTVTa 2 A
I e I R

SRl
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( g ;n = 2(mod4)
2[’11—;5-‘ -1 ;n = 1(mod4)
Hence, 7,4(C2) = {
n n+1 n—3 .
[ ¢ -‘ + [ Z -‘ ;n = 3(mod4)
nt2 + n—4 ;n = 0(mod4)
( 8 8

O

Illustration 4.8. Minimal eccentric dominating set of Cg = {v1,Vve,V8}, is shown in Figure 4.

14 945
Where, %,4(C3) =3=2(2)—1=2 [EW —1=2 [%W —1
U1
(%] Vg
U3 Ug
V4 U7
Vs Vg

FIGURE 4. Minimal eccentric dominating set of cycle Cg

n :n = 3 or nis an even number with n > 6
2 n=4

Theorem 4.9. v.,(D,,(C,)] =
3 n=>5

[%-‘ ;n1s an odd number with n > 7
\

Proof. LetC},C2,C3,- .. ,C™ are the m copies of cycle C, in the m—shadow graph of C,.
Let {vil,vé,vg, e ,vﬁl,} is the vertex set of cycle C,il,l <i < m and the set V is the set of all

vertices of all copies of cycle C,.
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Let the set D is a minimal eccentric dominating set of the m—shadow graph of C,, i.e. D,,,(Cy,).
Now, in the graph D,,(C,), the vertices vfC are adjacent to the vertices vi_l and v,{ 41 for all
I1<i,j<mand2<k<n-—1.

For k = 1, the vertices v’i are adjacent to the vertices vé and vﬁ, 1<i,j<m.

J

And similarly for k = n, the vertices vf1 are adjacent to the vertices v, _; and v{ A<, j <m.

Case-1: n=3
Then, for the graph D,,(C3), the vertices v,i, v,%, vi, -++, vy are the eccentric vertices to each other
for1 <k <3.
So, for each k,1 < k < 3, we have to choose one vertex from the vertices v}{,v,%,vz, s,V to

construct the set D. Moreover, any two vertices of any one copy of cycle C3 will dominate to
all remaining vertices of D,,(C3).
Without lose of generality, let we take the vertices from the vertex set of C31 to construct the set
D.
Then, D = {v},v},v1} is a minimal eccentric dominating set of the graph D,,(C3).
Thus, Yeq[Dm(C3)] =3 =n
Case-2: n=4
Then, for the graph D,,(Cy), the vertices v,lc,v,%,vz, fe ,vkm7v,1<+2,v,%+2,v,3€+2, o, WL, are the ec-

centric vertices to each other for 1 < k < 2.

So, for each k,1 < k <2, we have to choose one vertex from the vertices v}(, v,%, vz, RN A v}( Iy
2 3 m : :
Vit2r Virar " 2 Viaa to construct the set D. Moreover, any two consecutive vertices of any one

copy of cycle C4 will dominate to all remaining vertices of D,,;(Cy).
Without lose of generality, let we take the vertices from the vertex set of C )1 to construct the
set D.
Then, D = {v},v}} is a minimal eccentric dominating set of the graph D,,(Cy).
Thus, Y,q[Din(C3)] =2
Case-3: n=>5

Then, for the graph D,,(Cs), the vertices v,lc, v,%, vi, -++, vy are the eccentric vertices to each other

for 1 < k < 5. Moreover, the eccentric vertices of the vertices v}'{ are vi 4 and v,]c 3 and vice

versa, for 1 <k <2and 1 <i,j <m and the eccentric vertices of the vertices vg are vg and v{
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and vice versa, for 1 <i,j < m. Moreover, any three consecutive vertices of any one copy of
cycle Cs will dominate to all remaining vertices of D,,(Cs).
Without lose of generality, let we take the vertices from C51 to construct the set D.
Then, D = {v% , v%, v%} is a minimal eccentric dominating set of the graph D,,(Cs).
Thus, %a[Dm(Cs)] =3

Case-4: n is an even number, with n > 6.
Let n = 2t, then the eccentric vertices of the vertices v}; are vi w and vice versa, for 1 <i,j <m
and 1 <k <rt.
So, for each k,1 < k <t, we have to choose one vertex from v}; and one vertex from v,{ 1 for
1 <, j < m, to construct the set D.
Without lose of generality, we may choose the vertices from the vertex set of cycle C..
Then, D = {v%,v%, vé, S ,v,ll} is a minimal eccentric dominating set, as they are dominating to
all vertices and eccentric vertices of all vertices of the set V — D of the graph D,,(Cy,).
Thus, Yeq[Dn(Ca)] = |D| = n

Case-5: n is an odd number, with n > 7.

Let n = 2r + 1 then the eccentric vertices of the vertices v}'( are v,’( w» and v,’( St and vice versa,

i

for 1 <i,j <mand 1<k < and the eccentric vertices of the vertices v; "

| are v£ and v{ and
vice versa, for 1 <i,j < m.

So, for each k,1 < k <t, we can choose one vertex from v;; and one vertex from vi 4, or
V£+z+1’ for 1 <i,j < m, to construct the set D.
Without lose of generality, we may choose the vertices from the vertex set of cycle Cnl.
To construct the set D, we have to choose two consecutive vertices for every three vertices of
cycle C.

Case-(i): t = 3s.

Then,n=2¢+1=2(3s)+1=6s+]1

So, D = {v% , vé, vi,v;,v%,vé, e ,vésfz,vésfl,vésﬂ} is a minimal eccentric dominating set.

Let D' = {v},vi, v, vl o} ={vl vl vl vl .} where, I =25 and so, |D'| =1 = 2s.
—1 2n—2 2n—2+3

Moreover, |D| = 2|D/| +1 = 2(2s) + 1 :4s+1:4(”T) 1= ”3 +1 :%
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_2n+1_2n+1_ 2n . 2n+1 . -
=5 =3 t37|3 , since 3 T3 is an integer.

Thus, 7a1D(C)] = ] = | 5|

Case-(ii): t =35+ 1.
Then,n=2r+1=23s+1)+1=6s+3

So, D = {vi, vl v}, v;, v%, vé, e ,vésﬂ , Vés+2} is a minimal eccentric dominating set.
Let D' = {v},v}l,v%,~-~ ,véHl} = {v%,v}l,v%,m ,vélH} where, [ = 2s and so, |[D'| =1+1 =
25+ 1.
Moreover, |[D| =2|D/| =2(2s+1) =4s+2 =4 (";3) +2= 2”3_6+2: 2’1_3&
2n 2n| . 2n\ . .
=3 = [?—‘ , since (;) is an integer.
Thus, 4(Dn(C2)] =101 = | 5|
Case-(iii): r =35+ 2.
Then,n=2t+1=2(3s+2)+1=6s+5
So,D = {v%,vé,v}l,vé,vé,vé, e ,vés+4,vés+5} is a minimal eccentric dominating set.
Let D' = {v},vj,vi, -+ ,vesrat = {Vi,V4: V3, -+ V3 a} Where, [ =25 and so, [D'| =142 =
25+ 2.
Moreover, |D| =2|D/'| =2(2s+2) =4s+4=4 (%) +4= 2n; 10 +4= w

2n+2 2n 2  [2n] . 2n+2 i -
= =4+ Z=|=|,since | =— + = | is an integer.
3 33 |3/ 373 &
2n
Thus, ¥%,q[Dm(C,)] = |D| = {?-‘
S
Thus, for all odd n > 7, ¥,4[Dn(Cy)] = |D| = 3|
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n :n =3 or nis an even number with n > 6
2 n=4
Hence, Y,4[Dm(Cy)] =
3 n=>5
2n . .
[?-‘ :n 1s an odd number with n > 7
\

Illustration 4.10. Minimal eccentric dominating set of 3-Shadow graph of Cy =

{v1,v2,v4,vs5,v7,vs}, is shown in Figure 5.

18

Where, %.4[D3(Co)] = 6 = {?—‘ = [

3

FIGURE 5. Minimal eccentric dominating set of D3(Co)

n ;n = 3 or nis an even number with n > 4

5 in=5andm=1

Theorem 4.11. v,,[Spl,,(C,)] =
6 in=5andm>?2

[——‘ ;n 1s an odd number withn > 7
\
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Proof. Letvy,vy,v3,---,v, is the vertex set of cycle C,,.
Let v’i ) vé, vé, e ,v; are the m copies of the vertex set of cycle Cy,,1 <i < m in the m—splitting
graph of C,,.

Let the set D is a minimal eccentric dominating set of the m—splitting graph of C,, i.e.
Spln(Cp).
Now, in the graph Spl,,(C,), for 1 <i < m, the vertices v; and v}; are adjacent to the vertices
vi—1 and v of cycle Gy, forall 2 <k <n—1.
For k = 1, the vertices v| and v’i are adjacent to the vertices v, and v, for 1 <i < m.
Similarly for k = n, the vertices v,, and vf; are adjacent to the vertices v,—1 and vy, for 1 <i <m.
Case-1: n =3
Then, for the graph Spl,,(C3), the vertices vy, v}(, v%, vz, -+, vy are the eccentric vertices to each
other for 1 < k < 3. Also, the eccentric vertices of v’i are vé and vé the eccentric vertices of vé
are v{ and vé and the eccentric vertices of vé are v{ and vé, for1 <i,j<m.
So, for each k,1 < k < 3, we have to choose one vertex from the vertices vy, v,i, v,%, vi, s,V to
construct the set D.
Moreover, any two vertices of cycle C3 will dominate to all remaining vertices of Spl,,(C3).
For minimum cardinality, we have to take the vertices from cycle C3 to construct the set D.
Then, D = {vy,v,,v3} is a minimal eccentric dominating set of the graph Spl,,,(C3).
Thus, %eq[Spla(C3)] = 3 = n
Case-2: n=4
Then, for the graph Spl,,(Cy4), the eccentric vertices of the vertex vy are v}'(, Vit and v}; 4 for
1 <k<2and 1 <i<m. And, the eccentric vertices of the vertex v are v}'{, Vi—p and V;;—z for
3<k<4and1<i<m.
The eccentric vertices of the vertices v’i and vg are vé and v£ for 1 <i,j < m and vice versa.
So, we have to choose one vertex from vi1 or vé and one vertex from vé or vi to construct the
set D for1 <i<m.

Moreover, any two consecutive vertices of cycle C4 will dominate to all remaining vertices of

Splm(c4)'
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Then, D = {v1,v2,v},v}} is a minimal eccentric dominating set of the graph Spl,,(Cy).
Thus, Yeq[Spln(Cs)] =4 =n

Case-3: n=>5
Then, for the graph Spl,,(Cs), the eccentric vertices of the vertex vy are v};, Vit2, v}; 42y Vk+3 and
vi sy for 1 <k<2and 1 <i<m,the eccentric vertices of the vertex vy are vi,vi_2,Vi_,,Vk—3
and v{_, for4 <k <5and 1 <i<m. And, the eccentric vertices of the vertex v3 are v;,vi,v|,vs
and v& for 1 <i<m.

The eccentric vertices of the vertices vf( are vifl and vi g for2<k<4andl<i,j<m. The
eccentric vertices of the vertices vi1 are vg and vé, for 1 <i, j < m. The eccentric vertices of the
vertices v are v} and v/ for 1 <i,j <m.

Moreover, any three consecutive vertices of cycle Cs will dominate to all remaining vertices
of S plm (C5 ) .

Case-(i): m=1
Then, for the graph Spl;(Cs), the set D = {v, v, V3,V%,Vé} is a minimal eccentric dominating
set.

S0, Yea[Spl (Cs)] =5

Case-(ii): m > 2

Then, for the graph Spl,,(Cs), the set D = {vy,v2,v3,v}, v}, v},} is a minimal eccentric dominat-

ing set.
S0, Yea[Spln(Cs)] =6
Case-4: n=6

Then, for the graph Spl,,(Cg), the eccentric vertices of the vertices v, and v;'( are vi,3 and
vi 13 for 1 <k<3and 1 <i,j <m. And the eccentric vertices of the vertices v; and v;C are
vi—3 and vi_3, ford <k<6and1<i,j<m.

The vertices vi_l and vi 4 are also eccentric vertices of the vertices v;'(, for 2 <k <5 and
1 <i,j < m. The vertices vé and vé are also eccentric vertices of the vertices v’i and the vertices
vg and v{ are also eccentric vertices of the vertices vg, for1 <i,j<m.

So, for minimal eccentric dominating set, we have to choose the vertices from cycle Cg to

construct the set D. And for each k,1 < k < 6, we have to choose vertex v, for eccentric vertices
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of all remaining vertices of the graph Spl,,(Cg).
Then, D = {vy,v2,v3,v4, V5,V } is a minimal eccentric dominating set of the graph Spl,,,(C).

Thus, Y%,q[Splu(Cs)] = 6 = n

Case-5: n=17

Then, for the graph Spl,(C;7), the eccentric vertices of the vertices v; and vfc are
vk+3,vi+3,vk+4 and v,£+4, for 1 <k<3and 1 <i,j <m. And the eccentric vertices of the
vertices v and vf( are vk_g,v,{_3,vk_4 and vi_4, for5<k<7and 1 <i,j<m. The eccentric
vertices of the vertices v4 and vi are V7,v4, vy and v{, for1 <i,j<m.

The vertices vi_l and vi 4 are also eccentric vertices of the vertices v};, for 2 < k <6 and
1 <i,j < m. The vertices vé. and vé are also eccentric vertices of the vertices v’i and the vertices
vé and v{ are also eccentric vertices of the vertices v%, for1 <i,j<m.

So, for minimal eccentric dominating set, we have to choose two consecutive vertices from
every three vertices of cycle C7 to construct the set D. Then, D = {vy,v,v4,vs,v7} is a minimal

eccentric dominating set of the graph Spl,,(C7).

S0, Yea[SPIm(C7)] =5 = {13_4} - [@W N {2311

Case-6: n is an even number, with n > 8.

Let n = 2t, then the eccentric vertices of the vertices v; and v}; are vy, and vi ., and vice
versa, for 1 <i,j<mand1 <k <t.

So, for each k,1 < k <t, for eccentric vertices, we have to choose one vertex from v; or v};
and one vertex from vy, or v,{ L for 1 <i,j < m, to construct the set D.

For minimum cardinality, to dominate all remaining vertices, we have to choose the vertices
from the vertex set of cycle C,, to construct the set D.

Then, D = {v{,v2,v3,--+,v,} is a minimal eccentric dominating set of the graph Spl,,(C,).

Thus, ’}/ed[Splm(Cn)] = |D| =n

Case-7: n is an odd number, with n > 9.

Let n = 2t + 1 then the eccentric vertices of the vertices v, and v}'{ are Vi, vi 4oo Vi1 and
vi it and vice versa, for 1 <i,j <m and 1 < k <t and the eccentric vertices of the vertices

viy1 and vl | are v,,v,vi and v{ and vice versa, for 1 < i, j <m.
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So, for each k,1 < k <t, we can choose one vertex from v; or v}; and one vertex from vy, or
V£+z Of Viisy] OF v,{+t+l, for 1 <i, j < m, to construct the set D.

For minimum cardinality, we have to choose the vertices from the vertex set of cycle C, to
construct the set D. And we have to choose two consecutive vertices from every three vertices
of cycle C,.

Without lose of generality, we may choose first two consecutive vertices from every three
vertices of cycle C,,.

Case-(i): t = 3s.

Then,n=2¢+1=2(3s)+1=6s+1

So, D = {v,v2,v4,V5,V7,V8, "+ ,Ves—2,Ves—1, Ves+1 | 1S @ minimal eccentric dominating set.

Let D' = {vi,v4,v7,-++ ,ves—2} = {v1,v4,v7, -+ ,v3,_2} where, [ = 2s and so, |D'| =1 = 2s.
—1 2n—72 2n—2+43

Moreover, |D| = 2|D/| +1 = 2(2s) + 1 :4s+1:4(" )+1 = :%

_2n—|—1_2n+1_ 2n . 2n+1 . -
= =31t3=|3 , since 3 T3 is an integer.

2n
Thus, Y.q[Spln(Cy)] = |D| = [?-‘

Case-(ii): t =35+ 1.
Then,n=2t+1=23s+1)+1=6s+3

So, D = {v1,v2,v4,V5,V7,V8, - ,Ves+1,Ves+2 } 1S @ minimal eccentric dominating set.
Let D' = {vi,v4,v7,-- ,V6s+1} = {v1,v4,v7,--- ,v3141} where, [ = 25 and so, |D'| =1+1 =
25+ 1.
-3 2n—=6 2n—6+6
Moreover, |D| = 2|D/| =2(25+ 1) = 4s +2 = 4 ”T) t2=""40= % -
2n 2n ) 2n\ . -
— = | = |, since | = | is an integer.
3|3 3 8
2n

Thus, Y,4[Spln(Cy)] = |D| = 5|

Case-(iii): t =35+ 2.

Then,n=2r+1=2(3s+2)+1=6s+5
So, D = {v1,v2,v4,V5,V7,V8, "+, Ves14, Vests ) 1S @ minimal eccentric dominating set.
Let D' = {Vl,V4,V7,"‘ 7V6S+4} = {V17V4,V7," ’ ,V3[+4} where, [ = 2s and so, ‘D/‘ =1+2=

25+ 2.
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5 21— 10 2n—10+12
Moreover, |D| = 2|D/| = 2(25 +2) = 4s+4 = 4 (”T) pa="""" 4 %

2n+2 2n 2 2n| . 2n 2\ . )
= :——|—§: — |, since ?+§ 1S an 1nteger.

3 3 3
2n
Thus, 2a(Spin(Co)] =101 = | 5 |
2
Thus, for all odd n > 9, ¥,4[Splu(C,)] = |D| = {?n—‘ .
(
n ;n =3 ornis an even number withn > 4

5 m=5and m=1

Hence, ¥,4|Spln(Cy)| = <
ea Pl () 6 nm=5andm>?2

[—-‘ ;n1s an odd number with n > 7
\

Illustration 4.12. Minimal eccentric dominating set of 1-splitting graph of Cs5 =
{vl,vz,v;;,v{,v%}, is shown in Figure 6 and minimal eccentric dominating set of 2-splitting
graph of Cg = {v,v2,v3,

V4,V5,V6,V7,V8 }, is shown in Figure 7.

Where, ¥.4[Spl1(Cs)] = 5 and ¥,4[Spl>(Cg)] = 8

FIGURE 6. Minimal eccentric dominating set of Spl;(Cs)
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FIGURE 7. Minimal eccentric dominating set of Spl»(Cs)

5. CONCLUSION

The concept of eccentric domination relates a dominating set with the eccentricity of
a vertex. We have investigated eccentric domination number of cycle as well as some cycle
related graphs including m—shadow, extended m—shadow, m—splitting, extended m—splitting

and square of cycle.
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