Available online at http://scik.org
J. Math. Comput. Sci. 2022, 12:23
https://doi.org/10.28919/jmcs/6590
ISSN: 1927-5307

EXISTENCE OF RENORMALIZED SOLUTIONS FOR NONLINEAR ELLIPTIC
PROBLEM IN MUSIELAK-ORLICZ-SOBOLEYV SPACES

MOHAMMED AL-HAWMI*, MUSTAFA AL-HASISI*

Department of Mathematics, Faculty of Sciences, Sheba Region University, Marib, Yemen

Copyright © 2022 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. In this paper, we prove the existence of renormalized solutions for some class nonlinear elliptic problem
of the type

—diva(x,u, Vu) + H(x,u,Vu) = u —div ¢ (u),

in the Musielak-Orlicz-Sobolev spaces W, Ly (). No Ay—condition is assumed on the Musielak function. We as-
sume that H (x, s, &) satisfies has a natural growth with respect to its third argument and satisfies the sign condition.
The pt is assumed to belong to L' (Q) + W' Ey(Q) and ¢(-) € C°(R, R") is a continuous function.
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1. INTRODUCTION

Let Q be an open subset of R" (N > 2). This paper is concerned with the existence of

renormalized solutions for some class nonlinear elliptic problem of the form:

Au+H (x,u,Vu) = p —div ¢ (u) in Q
u= 0 on 0Q,

(1.1)
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where A is the Leray-Lions operator defined as:
A(u) = —div a(x,u, Vu)
and H (x,s,&) presents the nonlinearity of the problem (1.1) and satisfies :

H(x,5,8)| < b(|s|)(d(x)+ ¢ (x,]&])), (natural growth condition)
H(x,s,&).s > 0, (sign condition)

where b(-) : Rt — IR" is a continuous and non-decreasing function and the nonnegative

function d(x) € L'(Q), = £ — div F belongs to L' (Q) + W 1E,(Q) and ¢(-) € CO(R,R").

The concept of renormalized solutions was introduced by Diperna and Lions in [18] for the
study of the Boltzmann equations, this notion of solutions was then adapted to the study of the
problem (1.1) by Boccardo et al. in [15] when the right hand side is in W‘l’l;/(Q) and in the
case where the nonlinearity g depends only on x and u, this work was then studied by Rakotoson
in [24] when the right hand side is in L' (Q) and finally by DalMaso et al. in [16] for the case in
which the right hand side is general measure data. Some elliptic boundary value problems with
L'(Q) or Radon measure data or involving the p-Laplacian have been studied by Radulescu
et al. in [25], [26] and[27]. On Orlicz-Sobolev spaces and in variational case, Benkirane and
Bennouna have studied in [10] the problem (1.1) where the nonlinearity g depends only on x
and u under the restriction that the N-function satisfies the Ap— condition, this work was then
extended in [1] by Aharouch, Bennouna and Touzani for N-function not satisfying necessarily
the Ap— condition. If g depends also on Vu the problem (1.1) has been solved by Aissaoui
Fgayeh, Benkirane, El Moumni and Youssfi in [2] without assuming the A, — condition on the
N-function. In the framework of variable exponent Sobolev spaces, Bendahmane and Wittbold
have treated in [9], they proved the existence and uniqueness of a renormalized solution in
Sobolev space with variable exponents Wol’p ® (Q). In [8] Azroul, Barbara, Benboubker and
Ouaro have proved the existence of a renormalized solution for some elliptic problem involv-
ing thep(x)-Laplacian with Neumann nonhomogeneous boundary conditions in the case where
the second member f is in L' () Further works for nonlinear elliptic equations with variable

exponent can be found in [28] and [29]. In the variational case of Musielak-Orlicz spaces and
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in the case where H = 0 and ¢ = 0, an existence result for (1.1) has been proved by Benkirane
and Sidi El Vally in [11] and then in [12] when the non-linearity g depends only on x and u If g
depends also on Vu the problem (1.1) has recently been solved by Ait Khellou, Benkirane and
Douiri in [3] and then in [5] when the right hand side is in LI(Q). M. AL-Hawmi, E.Azroul,
H. Hjiaj and A.Touzani have studied (1.1)in [6] the existence of entropy solutions for some
anisotropic quasilinear elliptic unilateral when H = 0. AL-Hawmi, A. Benkirane, H. Hjiaj and
A. Touzani have studied (1.1) in [7] the existence and uniqueness of Entropy Solutions for some
Nonlinear Elliptic Unilateral Problems in Musielak-Orlicz-Sobolev spaces when H =0, ¢ =0
and F = 0. Our main goal, in this paper, is to prove the existence of a renormalized solutions
for the problem (1.1) in Musielak-Orlicz space Wqu, (Q). The paper is organized as follows: In
section 2, we give some preliminaries and background. Section 3 is devoted to some auxiliary
lemmas which can be used to our result. In Section 4, we state our main result and finally give

the prove of an existence of a renormalized solutions in section 5.

2. PRELIMINARIES

In this section, we introduce some definitions and known facts about Musielak-Orlicz-

Sobolev spaces. Standard reference is [23].

2.1. Musielak-Orlicz function. Let Q be an open subset of RY (N >2), and let ¢(x,t) be a

real-valued function defined in Q x IR™ and satisfying the following conditions:
(a): @(x,-) is an N-function, i.e. convex, nondecreasing, continuous, @(x,0) = 0,

¢©(x,t) >0forallt >0, and :
¢ (x,1)

, x,t .
lim sup aCa) =0 , liminf =0
t=0,c0 t t—rooxeQ t

(b): @(-,1) is a measurable function.

A function ¢(x,t) which satisfies conditions (a) and (b) is called a Musielak-Orlicz function.
For a Musielak-Orlicz function ¢ (x,t) we set ¢, (t) = ¢(x,¢) and let ¢! (¢) the reciprocal func-

tion with respect to z of @,(7), i.e.

o (0(x,1) = o(x, 0, ' (1) =1.

For any two Musielak-Orlicz functions @(x,#) and y(x,t), we introduce the following ordering:
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(c): If there exists two positives constants ¢ and T such that for almost everywhere x € Q

y(x,t) < @(x,ct) for t>T,

we write Y << @, and we say that ¢ dominate y globally if 7 = 0, and near infinity if
T > 0.

(d): For every positive constant ¢ and almost everywhere x € Q, if

: y(x,ct) : y(x,ct)
lim(su =0 or lim(sup——=
A o er)? e o))

Remark 2.1. [12] If Y << @ near infinity, then ¥ € > 0 there exist k(€) > 0 such that for almost

all x € Q we have

Y(x,1) <k(e)o(x,et) YV t>0.

Remark 2.2. [12] Let y(x,t) is the Musielak-Orlicz function complementary to (or conjugate)

of @(x,t) in the sense of Young with respect to the variable s such that

y(x,s) = sup{st — @(x,1)}.

>0

Remark 2.3. [12] The Musielak-Orlicz function ¢(x,t) is said to satisfy the Ay—condition if,

there exists k > 0 and a nonnegative function h(-) € L' (Q), such that
©(x,2t) < k(x,t)+h(x) a.e. x€Q,
for large values of t, or for all values of t.

2.2. Musielak-Orlicz Lebesgue space. In the following, the measurability of a function u :

Q — IR means the Lebesgue measurability. We define the functional

poalu) = | glx.|u(x)))dx
where u : Q —— IR is a measurable function. The set

Ko(Q) ={u:Q+— R measurable / pyq(u) < +eo}
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is called the Musielak-Orlicz class (the generalized Orlicz class). The Musielak-Orlicz space
(the generalized Orlicz space) Ly (Q) is the vector space generated by Ky (Q), that is, Ly(L) is

the smallest linear space containing the set Ky (£2); equivalently
Lo(Q) = {u :Q+—— R measurable / p(p7g(%) <o, for some A > O}.

In the space Ly (L), we define the following two norms:

y|u||q,,9:inf{/1>0/ /ng(x, |M§C)|)dx§1},

which is called the Luxemburg norm, and the so-called Orlicz norm by:

llulllp.o = sup [ fu(x)v(x)|dx,
[IVlly<1

where y/(x,1) is the Musielak-Orlicz function complementary (or conjugate) to ¢(x,z). These
two norms are equivalent [23]. The closure in Ly () of the bounded measurable functions with

compact support in Q is denoted by E¢ (). It is separable space and Ey (Q)* = Ly (Q) [23].

2.3. Musielak-Orlicz-Sobolev space. We now turn to the Musielak-Orlicz-Sobolev space.
WLy (Q) (resp. WIE,(Q)) is the space of all measurable functions u such that « and its dis-
tributional derivatives up to order 1 lie in Ly (Q) (resp. E¢(Q)). Let @ = (i, (a, . .., 0,) with
nonnegative integers o;, |a| = |a|+|0g|+ ... + || and D%u denotes the distributional deriva-

tives.

— . _ u
Ppa)= Y ppa(D®) and |[lullig0=inf{A >0:Pyq(5) <1}

o<1

for u € W!Ly(£), these functionals are a convex modular and a norm on WLy (), respectively,

and the pair (W'Ly(Q),||ul|1,¢.0) is a Banach space if ¢ satisfies the following condition [23]:
there exists a constant ¢ >0 such that insf2 o(x,1)>c.
xe

The spaces WL, (Q) and W!E(Q) can be identified with subspaces of the product of n+ 1
copies of Ly(L2). Denoting this product by I1L,, we will use the weak topologies o (I1Lgy,T1Ey,)
and o(T1Ly,T1Ly,). The space W E(€) is defined as the (norm) closure of the Schwartz space
D(Q) in W!E,(Q), and the space Wy Ly (Q) as the o(T1Ly,T1Ey) closure of D(Q) in WLy ().



6 MOHAMMED AL-HAWMI, MUSTAFA AL-HASISI

2.4. Dual space. Let WL, (Q) (resp. W 1Ey(Q)) denotes the space of distributions on Q
which can be written as sums of derivatives of order < 1 of functions in Ly (Q) (resp. Ey (Q)).
It is a Banach space under the usual quotient norm. If y(x,7) has the A;—condition, then the

space D(Q) is dense in W, Ly () for the topology o (I1L¢,T1Ly,) (see corollary 1 of [11]).

3. SOME TECHNICAL LEMMAS

We present here some lemmas, which will be used later in order to prove the existence theo-

rem:

Lemma 3.1. Let Q be an open bounded subset of RN satisfying the segment property. If u €
(W Lo ()Y, then

/Qdiv ()dx=0

Lemma 3.2. ([13]) Let Q be a bounded Lipschitz domain in RN and let ¢ and v be two

complementary Musielak-Orlicz functions which satisfy the following conditions

(a): There exists a constant ¢ > 0 such that insf2 o(x,1) >c,
xe

(b): There exists a constant A > 0 such that for all x,y € Q with |x —y| < % we have

A
3.1) olx.t) r(l"g(\ﬁyﬂ forall 1> 1;
o(y,1)

(0):

3.2) / 0 (x, 1) dx < oo;
Q

(d): There exists a constant

(3.3) C>0 suchthat y(x,1)<C aein Q.

Under this assumptions, D(2) is dense in Ly () with respect to the modular topology, D(Q)
is dense in W Ly(Q) for the modular convergence and D(Q) is dense in W!Ly(Q) for the

modular convergence.
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Lemma 3.3. ([2]) Let Q be a bounded Lipschitz domain of RN and let ¢ be a Musielak-Orlicz

function satisfying

(3.4) % ) 4y — oo and fl ) dr < oo
0 t N 0 ¢~
Define a function
= -1 _ [fecl(n)
O, 1 Qx[0,00) = [0,00) by @, ' (x,5) = v dT forx€Q ands € [0,).
0 W

and the conditions of Lemma 3.1. Then
Wy Lp(Q) < Ly, (),

where @, is the Sobolev conjugate function of @. Moreover, if ¢ is any Musielak function

increasing essentially more slowly than Q.. near infinity, then the imbedding
WoLo(Q) = Ly (),
is compact.

Lemma 3.4. [2] (Poincaré inequality) Let Q be a bounded Lipchitz domain of RN and let ¢ be
a Musielak-Orlicz function satisfying the same conditions of Theorem 3.3. Then there exists a

constant C > 0 such that
lullg < ClIVully Vi € WiLo( ).

Lemma 3.5. [4] Let be a bounded Lipschitz domain of RN and let ¢ be a Musielak- Orlicz
function satisfying the conditions of (3.1). Assume also that the function ¢ depends only on

N — 1 coordinates of x. Then there exists a constant A > 0 depending only on Q such that
/ O (x,|v])dx < / @(x, A|Vv|)dx forall veEWyLy(Q)
Q Q

Lemma 3.6. [19] Let (u,), be a sequence in L' (Q) and u € L' (Q) such that

(): uy, > ua.e inQ,

(ii): u, >0and u >0 a.e. in Q,

(iii): /undx—>/udx

then u, — u in L'(Q).
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Lemma 3.7. [11]. Let u € Ly(Q) and u, € Ly(Q) with ||luy||e 0 < C.
If up(x) — u(x) a.e. in Q, then u, — u in Ly(Q) for 6(Ly(Q),Ey(Q)).

Lemma 3.8. [12] Let F : R — R be uniformly Lipschitz function, with F(0) = 0. Let ¢(x,-) be
a Musielak-Orlicz function and u € Wi Ly(Q). Then F(u) € W)Ly (Q). Moreover; if the set D

of discontinuity points of F'(-) is finite, we have

(3.5) iF(u): F’(u)g—; ae in {x€Q:u(x)¢ D},
ox; 0 ae in {x€Q:u(x) € D}.

Lemma 3.9. Let Q be an open subset of RN with finite measure. Let @, W and Y be Musielak
functions such that Y <<V, and let f : Q X IR — R be a Carathéodory function such for a.e.

xeQandall s € R:

(3.6) £ (x,5)] < e(x) + ki yy L o(x,kals])

where ki,k are real constants and c(x) € Ey(Q).

Then the Nemytskii operator Ny defined by: Ny(u)(x) = f(x,u(x)) is strongly continuous from

P(Ep(Q), 1/ky) = {u € Lp(Q) : d(u,Ep(Q)) <1/ka}  into  Ey(Q).

Proof.
Let u,, u € P(Ey(Q),1/k2), we suppose that u, — u in P(Ey(Q),1/k>) and we prove that
Nf(up) = Ny(u) in Ey(Q).

e Firstly, we prove that :
forany ue P(Ep(Q),1/ky) wehave Np(u) € Ey(Q).
From (3.6) we have: [Ny (u)(x)| = | f(x,u(x))] < c(x) + k1w ' @(x, ko|u(x)])

BN @) @)]) < %lel) +hkyy ' ol kalu(x)]))

= K(5e0) + 52k ol kalu()])

< SN+ 3R Ch o kalu(x)])
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since ¥ << y i.e. Ve >0, Ja > 0 such that %.(¢) < oy, (&r), then:

BV @)(0)) < 30 2e() + S wiekiy (e olu(o)])

we choice € as 0 < 2€k; < 1, since Y, is a convex function, it follows that

RNAW() < 5%(2e00) + 32ekvis (0(x kalu(x))

< %mc@)+ask1<p<x,k2|u<x>\>

we have ¢(x) € Ey(Q) and u € P(Ey(Q),1/k>) then:

/Q?’x(Zc(x))dx < oo and /Q 0 (x, ko |u(x)]) dx < o

and we deduce that: N¢(u) € Ey(Q).
e Secondly, we prove that Ny (u,) — Ny(u) in Ey(Q):

we have Ny (u,)(x) = f(x,u,(x)) is a caratheodory function i.e. f is continuous for x fixed in Q.

We have supposed that
up —u in P(Ey(Q),1/k) then u, > u ae.in Q,

then
Fun(x)) = fx,u(x))  aein Q
hence
%(f(xun(x))) = %(f(x,u(x)))  aein Q,

and there exists g € L' (Q) such that y.(f(x,u,(x))) < g(x) a.e. in Q, then by using Lebesgue’s

theorem, we can write:
New) = Ny(w)  in E/(Q),

which achieve the proof of Lemma 3.9.
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4. ESSENTIAL ASSUMPTIONS

Let Q be a bounded open subset of RN (N >2), and ¢(x,¢) be a Musielak-Orlicz function. We
set W(x,t) the Musielak-Orlicz function complementary (or conjugate) to @(x,¢) and satisfies
the condition of Lemma 3.8. Let y(x,?) be a Musielak-Orlicz function such that y << ¢. We

consider a Leray-Lions operator A : D(A) C W Ly(Q) — WLy, (Q) given by
A(u) = —div a(x,u, Vu)

where a : Q x R x R — IRV is a Carathéodory function (measurable with respect to x in Q
for every (s,&) in R x RV, and continuous with respect to £,E* € R" for almost every x € Q)

which satisfies the following conditions

(4.1) la(x,s,8)| < ki(c(x)+w, ' (Y(x kals)) + vy ' (@(x, ks [E 1)),
4.2) (a(x,s,é)—a(x,s,&*))-(&—é*) >0 for & #E&F,
(43) a(x,s,‘g’)-é ZOC'(P(X,|€ |)a

fora.e. x € Qandall (s,£) € R x RN, where ¢(x) is a nonnegative function lying in Ey(Q) and

a,A > 0and ky,kp, k3 > 0. The nonlinear terms H (x, s, &) is a Carathéodory functions satisfying

(4.4) H(x,s5,8)s = 0,

(4.5) H (x,5,8)| < b(|s])(d(x) + ¢ (x,]&])),

where b(-) : R* — R™ is a continuous and non-decreasing function and the nonnegative func-
tion d(x) € L' (Q). We consider the problem

Au+H (x,u,Vu) = f— divF — div¢(u) in Q,

u=0 on dQ.

(4.6)

(4.7) fel(Q), FeW'Ey(Q) and  ¢()€C'(R,R").

Remark 4.1. A consequence of (4.3) and the continuity of a with respect to &, is that, for almost

every x in Q and s in R such that a(x,s,0) = 0.



EXISTENCE OF RENORMALIZED SOLUTIONS FOR NONLINEAR ELLIPTIC PROBLEM 11

5. MAIN RESULTS

Let k > 0, we define the truncation function 7;(-) : R — IR, by

s if  |s| <k,

TkS =
(5 kﬁ i |s| > k.
h)

Definition 5.1. A measurable function u is called renormalized solutions of the strongly non-

linear problem (4.6) if
[ T) eWILo(Q),  ale. T(w), VT (W) € (Ly ()Y,
/ a(x,u,Vu)-Vudx — 0asm — 0
{m<|u|<m+1}
a(x,u, Vi) -V (h(u )9)dx+/H(x,u,Vu)h(u)de:/th(u)edx

(5.1 .
+/ ¢ (u )dx+/F V(h(u)0)dx,

forany he€CHR)andforall ¢ D(Q).

\

Theorem 5.1. Assuming that (4.1) — (4.5) and (4.7) holds , then the problem (4.6) has at least

one renormalized solution.
Proof of the Theorem 5.1.

Step 1 : Approximate problems. Let (fy)nenw € W'Ey(Q) be a sequence of smooth func-
tions such that f, — f in L'(Q) and |f,| < |f| (for example f, = T,(f)), @u(s) = ¢ (Tp.(s))
and H,(x,s,&) = T,(H(x,s,&). Not that Hy,(x,s,&)s > 0, |Hy(x,s,&)| < |H(x,s,&)| and
|Hy(x,s,&)| < n. Since ¢ is continuous, we have |9,(7)| = |¢(T,(¢))| < c¢,. We consider the

approximate problem

—div a(x, un, Vuy) + Hy, (x,uy, Vuy) = f, — div F, — div ¢,(u,)  in D'(Q),
(5.2)
Uun € Wy Lo (Q).

There exists at least solution u,, € WolL(p(Q) of equation (5.2) (see [21], Proposition 1 and [12]

Theorem 4 ).
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Step 2 : A priori estimates. taking v = Ti(u,) as a test function in (5.2), we get

/a(x,un,Vu,,)-VTk(un)dx-l—/Hn(x,un,Vun)Tk(un)dx:/fnTk(un)dx
Q Q Q
(5.3)

+ [ 0(Tutun)) - Vitwn)dv+ [ Fy-VTiun)d

Remark that, by Lemma 3.1

(5.4) /Q 0 (T (1)) - Vi (1) dx — /Q div (@ (un))dx = 0,

Ti(s)
where ®,(s) = / On(T, (7)) dT, Dy (uy) € W()'L(p(Q)N by Lemma 3.8, which implies, by
0

using the fact that

(5.5) Hy (x,u, Vi) T (uy) > 0,

On the other hand we have

(5.6) | B Vhundx < S [ ol VT Dax

from (5.3), (5.4) , (5.6)and by using the hypothesis (5.5) we get

/ a(x,up, Vuy) - Vu, dx < Ck.
{|un| <k}

where C is a constant such that || f,)||1,o < C,Vn.

Thanks to (4.1) one easily has

(5.7) / 0 (x, [V T (1) )dx < é / a(x, 1, Vity) - VTi(uty) dx < Cik.
Q Q

On the other hand, by using Lemma 3.5. Taking v = %\Tk(un)] in (5.7) gives

[ ot T dx < [ 90x VT < kC
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Then, we deduce that,

meas({[un] > k}) < ;k/g(p(x,g)dx

i&fz“’(x’ I)

1
< — 7 | olr. 7 Tl dx
inf o(x,~) 72 A
xeQ A

kCi —, Vn, Yk>0.

o K
;ggfp(x,l)

<

For all 6 > 0, we have

meas{|u, — up| > 0} < meas{|u,| > k} + meas{|u,| >k} +meas{|T(u,) — Ti(um)| > 6}.

2kCy

) k
25007

(5.8) meas{|up, —up| > 6} < +meas{|Tx(uy) — Ty (um)| > 6}

By using (5.7) and Lemma 3.4, we deduce that T (u,) is bounded in W Ly(Q), and then there
exists wy € Wy Lo(Q) such that Ty (u,) — wy weakly in Wy Ly (Q) for o(T1Ly, I1Ey,) strongly in
Ey(Q) and a.e. in Q Consequently, we can assume that Tj(u,) is a cauchy sequence in measure
in Q.
2kCy

nf k
inf ¢ (x, +)
k(€) > 0 such that meas{|u, —uy| > 8} <& Vn,m > ny(k(€),d), it follows that (u,), is a

Let € > 0, using (5.8) and the fact that — 0 ask — oo there exists some k =

Cauchy sequence in measure, then converges almost everywhere, for a subsequence, to some

measurable function u. Consequently, we have
Ti(un) — Ti(u) weaklyin WyLy(Q) for o(ILy,IIEy)
it follows that

(5.9) Ti(up) — Ti(u) stronglyin Ep(Q) ae. in &
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Now, we shall prove that a(x, Ty (u,), VT (1)), is bounded in (Ly (Q))" for all k > 0, by using
the dual norm of (Ly(Q))V. Let vo € (Eo(Q))" such that ||vo|lp.o = 1 . We have from (4.2)

(@ Tela). VT4 ) = e, Tn), 2)) - (Vi) = 22))dx > 0
3 3

this implies by (5.7)

/ kl (a(x, Ti(un), VT (uy) ) vodx / a(x, T (up) VTk(u,,))-VTk(un)dx
Q

a(x, Ty (i), )) (VTk(un)—Z—;)))dx
Ck / alx, Tk(un) kS)) VT (1dx

Vo
+% /Qa(x, Tie(un), k—3))v0dx

\

By using Young’s inequality in the last two terms of the last side and (5.7) we have

a(x, Ti(un), 12)
/a(x,Tk(un),VTk(un)vodx < Ckks + 3k (1 +k3) / v (x, T
Q 1

+/ %, [V T(u) dx+/ o (x, |vo|)dx
< Ckkz+3Ckk ks + 3k
a(x, Ti(un), 12)
+3k1(1+k3)/ u/(x,#
o 3ky
Using (4.1) and the convexity of y yields

ja(x, Ti(un), 22|
X
’ 3ky

)dx

)dx

) < ¥ (xc(x)) +¥(x ko Tic(un)) + @(x, [vo)

W | =

and, since y grows essentially less rapidly than ¢ near infinity there exists pt(k) > 0 such that
Y(x, ko Ty (un)) < y(x,kok) < u(k)@(x,1) Lemma 3.1 then we have by integrating over Q and
using (3.2)

a(x, T (u,), 2
/gwx,'( g(,q)"3)'>s§</gw<x,c<x>>+u</ 1)+ [l <6

where Cj is a constant depending on k, we deduce that
[ e Telun) VTilan)vodx < G Vo € (E(@))" with [l <1
Q

which shows that (a(x, T (un), Vi (tn) ), is bounded in (Ly (Q))V.
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Step 3 : Almost everywhere convergence of the gradients. Let1(t) =t.exp(ct?) ,6 > 0 where

o> (%)2 one has

(5.10) ') = 28 o) z% Ve R.

Where k£ > 0 is a fixed real number which will be used as a level of the truncation.
Let v; € D(Q) be a sequence which converges to T;(u) for the modular convergence W, Ly ()

and define the function

1 if s| <m
Pm(s) =12 0 if |s| >m+1
m—+1—|s| if m<|s| <m+1.

Where m > k.

Let 6] = Ti(un) — Ti(v)), 0/ =Ti(u) — Te(v;) and z},, =1(6])pm(un)

Using in (5.2) the test function z{;,m gives

/ a(x,un,Vun)-Vz{;mdx—i-/ Hn(x,un,Vu,,)zé'mdx
Q ’ Q ’
5.11) = [ fith s Onttn) - Vitapiy (1)1 (Tiltt) — Ti(v))

mg‘un|§m+1

[ 9n(un)) - V0 (Ti0) = el )+ [ F- Vi

In the sequel, we denote by €;(n, j), i=1,2,... various real-valued functions of real variables
that converge to 0 as n — oo and j tends to infinity, i.e. lim lim &(n, j) = 0.
j—}oo n—oo

In view of (5.9), we have Z{;,m — 1(687)pm(u) weakly* in L=(Q) as n— oo and then

/fnzﬁmdxﬁ/fn(ej)pm(u)dxao as 1 — oo,
o " Q

and since 8/ — 0 weakly* in L”(Q) we get / fn(6)pm(u)dx —0 as j— oo, then
Q

| Fichm = eo(on. ).
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By Lemma 3.1, it’s easy to see that

/mslu |<m+1 O (14n) - Vit Py ()1 (Tic(un) = Ti(v))dx = 0

Concerning the third term in the left-hand side of (5.11) we can write

/Q ol k() =k o= /Q On(1n)) - V() (8]) Pin (1) dx
_/Q(pn(un))'VTk(Vj)T],(er{)pm(un)dx‘

By Lemma 3.1, it’s easy to see that

[ 9n(00)) - T (8])pi ) x =0

From (5.9) we have ¢ (11,))1(63) P (tn) — ¢ (1)1’ (67) (1) almost everywhere in Q as

n — oo, furthermore, we can check that

19 (un) )" (8]) Pra (1) |y < emern’ (26)1€2)

Where ¢, = | ‘maX ¢(t) and ¢y is the constant defined in (3.3). Applying [25, Theorem 14.6]
t|I<m+1

we get

tim | 9u(0,))- V()N (6))putn)dx = [ () - VTi(v))'(6))pn(u)dx

n—yoo

and by using the modular convergence of v;, we obtain

lim lim | () VI (6])prn)dx = [ 9(0)- VT (0)pr()d

j%oo n—oo

then, by Lemma 3.1, one has / O(u))  VTi(u) pm(u)dx = 0.
Hence ’
| 9ulan)) - i Ti1) = T03)) o) = e, ),
similarly we have
/QF" : Vzim dx = ¢g1(n,j).
Since H,(x, un,Vun)zAm > 0 on the subset {x € Q: |u,(x)| > k} and p,,(u,) = 1 on the subset
{x € Q: |u,(x)| >k} we have, from (5.11),

(5.12) / a(x,un, Vity) - V), dx+ / H, (x,up, Vup)(6]) dx < &(n, j).
Q {‘“n|§k}
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For what concerns the first term of the left-hand side of (5.12) we have

/a(x,un,Vun)-Vzémdx :/{ | }a(x,un,Vun)-(VTk(un)—VTk(vj))n/(O,{)pm(un)dx
Q ’ up| <k
[ an, Vi) - VT’ (6]) puier) d
{Jun| >}
+ [ aestn, Vi) - Viean (89} un)
Q
_ / a(x, ttn, Vitn) - (VTe(tn) — VTe(v;))0'(67) dx
Q
[ an, V) - VT’ (6] puier)
(Jun| >k}

+ [ttt Vi) - Vi (604 1)
Q

and then
(5.13)
/Q a(, Vi) - Vel dx = / (a, T(un), VT (1)) — a(x, Tiotn), VI (v)) 1)
X (VTi(u ) VTi(v) ) (61) dx
+ [ @ T30, VIL()2) (Vi) = VI (7)) ' (6]

a(x, Ty (un), VTi(un) -VTk(Vj)T] (Og)dx
Q\Q;

[ aleun, Vi) VT’ (6]) P dx
{|un|>k}
+ [ .t Vi) - Vi) (6, 1) .
where x; is the characteristic function of the set Q% = {x € Q: [VTi(v;)| < s}.
For the third term, since (a(x,Ti(un), VTi(tn))n is bounded in (Ly(Q))", we have, for a
subsequence, a(x, T (un), Vi (un)) — Iy weakly in (Ly (Q))N for o(IILy(Q),IIEy(Q)) with
I € (Ly(Q))N and since VTk(vj)xQ\Q.; € (Eo(2))N we have, by letting n — oo
- / a(x, Ti(un), Vi) - VTvy)n' (6 dx — — | b VTi(w)n'(67) d,
Q\Q; Q\Q8
Using now, the modular convergence of (v;), we get

—/ VL) (09)dx — — | - VT(u)dx as j— oo,
o\ Q\Q,

where Q; = {x € Q: |VT;(u)| < s}. We have then proved that

(5.14) —/ a(x, Ti(un), VTi(un)) - VI (v;)n' (8]) dx — — - VTi(u) dx+ & (n, j).
o\ Q\Q,
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Concerning the fourth term, since p,(#,) = 0 on the subset {|u,| > m+ 1}, we have

/ a(x,un, ;Mn) ;Tk(Vj)n,(er{)pm(url)dx
{un| >k}
i k}a(x, Tt (Un), Vi1 (un)) - VI (v )N (6]) pn(un) dx
Up|>
and as above

_/H | k}a(x?Tm-H(un)aVTm—H(Mn))'VTk(Vj)T[/(e,{)pm(un)dx
Up|>

= - lm—i—l : VTk(u)le(u) dx+ 84(1’1,j) =& (l’l,j)
{lul>k}

(5.15)

where we have used the fact that VT;(«) = 0 on the subset {x € Q : |u(x)| > k}.
For the second term of (5.13), remark that by using Lemma 3.9 and the fact that VT;(u,) —
VTi(u) weakly in (Ly(Q))Y, by (5.9), we have

a(x, Ti(un), VI(v) ;0" (8]) — a(x, Ti(u), VIi(v;) ;)" (67)

strongly in (Ey(Q))Y as  n— oo, then
/Qa(% Ti(un), VI (v) X)) - (VTr () = VTi(v)) 2))0' (6]) dx

~ [ 4 Tiw). VT))) - (VT () = VI’ (07) dx - as oo

on the other hand, since VI (v;)x; — VIi(u)x* strongly in (Eg(Q))N as  j— oo, it is easy

to see that

/Qa(x, Ti(u), VIi(v)2)) - (VTi(u) = VTi(v)x)))n' (67)dx — 0 as  j— oo,

where y° is the characteristic function of the set Q; then

(5.16) /Qa(xv Tie(un), VI ) ) - (VTi(un) = VTi(v) 2" (6]) dx = €(n, j).
The last term of (5.13) reads as

/ a(x,un, Vuy) - Vuy, H(OJ)P/(W) dx = / a(x,un, Vuy) - Vuy, U(GJ)P/(Mn) dx,
Q

{m<|u,|<m+1}
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then

| / (%, 1, Vitn) - Vitn 11(80)p" (1) dx| < 1(2K) / a(x, 1, Vitn) - Vit dx
Q

{m§|un‘§m+1}

Taking i (u, — T,n(uy)) as test function in (5.3) yields

/ a(x,u,, Vuy) - Vu, dx + Hy (x,up, Vi) Ty (uy — Ty (1)) dx
{m<|un|<m-+1} {[an|>m}

:f{‘un|>m}fnTk(un)dx+ gb(Tn(un)).VTk(un)dx—l—/{ Fy - VTi(u,)dx.

{m<|uy|<m+1} m<|up|<m-+1}

Thanks to Lemma 3.1 we have

/ O (T (un)) - VT (tn)dx =0
{m=lup|<m-+1}

/ F,-VTi(uy,)dx =0
{m<|u,|<m+1}

which implies, by using the fact that H,(x,u,,Vu,)Ti(u, — T(u,)) > 0 on the subset

{xeQ:|u,| >m}

(5.17) a(x,un,Vun)-Vunde/ | fu] dx.

{lun|>m}

/{ms»tngmm

consequently

| @t Vi) - Vit (8P () dx| <020 [ |fyld
Q {lun|=m}
Combining this inequality with (5.14), (5.15) and (5.16) we obtain

Vu,)-Vz — Rv _

/Qa(x, Un, Vitp) - V) pydx > /Q\Qs Iy - VTi(u) dx — n(2k) /{u”>m} | fu] dx

(5.18) —|—/Q(a(x, Tic(un), Vi () — a(x, Ti(un), VIi(v) X;)
X[VTi(un) = VI(v)) ]’ (67) dx -+ &(n. j)

Concerning the second term of the left-hand side of (5.12), we have
[ Han Vi) Vel ds =] [ (H e Tin), VTG00 (6) d
{‘”n|§k} {|”n‘§k}
< [ bein(flax+b(0) [ ol VT(w)|n(6])dx

< ex(n./)+ " | alor, Tu(wn), Vi) - VTk(an) ' (8))|
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We can write the last term of the last side of this inequality as

M [t Tu). Vi) =l ). V302
1o X (VTi(un) = VT (v)) )M (61| dx
| 28 ] e o) V() 1) (V) — VL )2)) (6 i

Q
S5

a(x, Tic(un), VTic(un) - VIi(v;) x5 1 (6]) | dx,

we argue as above to show that

/Qa(x, Tic(un), VTe(v)25) - (VTi(un) = VTi(v))27) I (8]) ] dx = &(n. )

and

0 | 4, Vi) V028D 5 = )

then

| gn(x,un,Vun) 'VZ{;mdx|
{lun| <k} ’

b(k)

< 7/9(0()67 Tk<un>7VTk(un)) _a(x7 Tk(un),VTk(Vj)X;)

X (VTi(un) = VTi(vj)2)) 10 (67)| dx + €10 (n. )

Combining this with (5.12) and (5.19), we obtain

/Q[a(x, Ti(un), VTi(un)) — ax, Te(un), VIi(vi) 27)] - [VTic(un) = Vi (vj) %))

<6~ T m DDy < enn )+ [ w VI e o) [l

‘”n

and by using (5.10) we deduce that

(5.20)
/Q la (6, Tic(un), Vi (un)) = a(x, Ti(un), V(v ) X)) - [V (un) = VTi(v) 27)]

<(n'(0]) =m0 dx < 2en(n )42 [ VI dx+2n(K) [ Ll

|un|>m
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On the other hand
@ Ti 1), VTe(0)) = (. T (1), VTe(a)2)] - [VTe{1) = Vi ()"))
= /Q [a(x, Tic(un), Vi (un)) = a(x, Tic(un ), VI (v ) 27)] - [V () = VTi(vj) 7)) dx
+ [ ae ), VI (w) - [VTL()) ) = VTl )] d
— | . Telun) VT (w)) - [VTi0) = VT ()
+ [ @l Telun) VT(0)25) - VT3 ) = VTl .
We shall pass to the limit in # and in j in the last three terms of the right-hand side of the above

equality. Similar tools as in (5.13) and (5.19) gives

| @l ), Vi) - [VTL(0) ) = VTk) ) dx = e )
/Q a(x, To(ur), VI (1)1 - [VT(t) = V() 2°)] dx = £13(n, j)

(5.21)

and

/Q a(x Te(un), VI(vi) ;) - [V Ti(un) = Vi (vj) %) dx = €14(n, j),

Which implies that
/Q [a (e, Te(un), VT (un)) — a(x, T (un ), VI () )] - [V T () — V() )] dx
= /Q [a(x, Tic(un), Vi (un)) = a(x, Tic(un ), VI (v ) 27)] - [VIk(un) = VTi(vj) 7)) dx

+815(n7j)7
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For r <'s, one has

O§/Q[a(x,Tk(u,,),VTk(un))—a(x,Tk(un),VTk(u)]-[VTk(un)—VTk(u)]dx

< /Q la(x, Ty (i), VT () — a(x, Ti(tn), VT ()] - [V T () — V()] dx

- /Q la(x, Te(un), V() — a(x, Ti(un), VIe(0) )] - [V T () — Vi (1) %)) dix
< [ fale i), Vi) = ae, Tun). VI(0)2)) - [VTit) = VT ) )]
= | e, Te(un). VT (un)) = . i), V()2 [V i) = VT () )]

Jnldx,
N!

{[un|=m

+eis(nj) < ers(nj)+2 | o I V) dx 20 2K) /

This implies that, by passing at first to the limit sup over n and then over j,

0 < limsup Q[a(xa Tk(un)7VTk<un)) - a(x> Tk(un)7VTk(u)] ’ [VTk(un) - VTk(”)] dx

n—oo

gz/‘ Q,Vnwyu+2n@m/’
Q\Q,

{lotn|>

[ful dx
}

Letting s and m — 1 and using the fact that ;- VTj(u) € L' (Q) we get, since |Q\Q,| — 0 and

[{lun| = m}| =0

/Q[a(x, Ti(un), VTi(uy)) — a(x, Te(un), VT (1)) - [VTi(un) — VT () dx — 0 as n — eo.
As in [14] , we deduce that there exists a subsequence, still denoted by u,,, such that
(5.22) VTi(uy) — VT (u) a.e in Q.

which implies that

a(x, Ti(un), VTi(uy)) = a(x,Ti(u),VTi (1)) weakly in (L (Q)) for
(5.23)
o(IlLy(Q),TIEy(Q)), Yk > 0.
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Step 4 : Modular convergence of the truncations. Going back to the equation (5.20), we can

write

/Cl(X,Tk(un)aVTk(un)) -VTk(Mn)dxﬁ/“(X,Tk(un)aVTk(“n))'VTk(VJ')X/S'dx
0 o
+/Qa(x, Ti(un), VT (vj) ;) - [VTi(un) — VIi(v;) xjldx

< 2811(n,j)+2/9\g L VTi(u) dx+2n(2k)/ ol dx,

{lun|=m}

then, by using (5.21), we have

/ a(x, o), V() -VTi()dx < €17(n, j) + / a6, T(un), V() - VT (v)) g Sx
Q Q

w2 [ heVIwdcrmeR) [ filds
Q\Qy {lun|>m}

Passing to the limit sup over # in both sides of this inequality yields

limsup [ a(x,Ti(un),VTi(uy)) -VTi(up)dx < li_r>n 817(n,j)+/ a(x, Ti(u), VTi(u)) - VIi(v;) x;dx
n—soo Q

n—roo Q

42 / - VTi(u) dx -+ 21 (2k) / ful dx,
Q\Q;

{lu|=m}

when j — oo, we obtain

limsup [ a(x,Ti(un), VTi(un)) -VTk(un)dx§/Qa(x,Tk(u),VTk(u))-VTk(u)xsdx

n—oo  JQ

+2 / e~ VT (1) dx + 204 (2K) / ] dx,
0\Q,

{lu|zm}

Letting s and m — oo gives

limsup [ a(x,Ti(un), Vi (1)) - VT (uy)dx < /Qa(x, Ti(u),VTi(u)) - VTi(u)dx,

n—oo JQ

then by using Fatou’s Lemma we have

/Qa(x, Ti(u),VTi(u)) - VTi(u)dx < liminf | a(x,Ti(un), VTi(uy)) - VT (uy)dx,

n—oo Q
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consequently

lim a(x,Tk(un),VTk(un))'VTk(u,,)dx:/a(x,Tk(u),VTk(u))-VTk(u)dx,
n—e | Q

and, by using Lemma 3.6, we conclude that

(5.24) a(x, T (uy), VTi(u)) - Vi () — a(x, Ti(u), VTi(u)) - VT (1) in LY(Q).,

The convexity of the Musielak-Orlicz function ¢ and (9) allow us to get

|VTk(un)2—VTk(”)|) < %Q(X,Tk(un),wk(un» -VTi(un)

o

+%a(x, Tk(l/t),VTk(l/l)) : VTk(”)?

and by (5.24) we obtain

: VT (tn) — VTi ()|
] dx =0
lEﬁrgosgp/Q o( 5 )dx

which implies, by using Vitali’s theorem, that

T (un) — T(u) in WOIL(,,(Q) for the modular convergence Vk > 0

Step 5 : Equi-integrability of the non-linearities. We shall prove that H,(x,u,,Vu,) —
H(x,u,Vu) strongly in L'(Q) by using Vitali’s theorem. Thanks to (5.22) we have
H,(x,un,Vu,) — H(x,u,Vu) a.einQ , so it suffices to prove that H, (x,u,, Vu,) is uniformly
equi-integrable in Q.

Let E C Q be a measurable subset of 2. We have for any m > 1,

/ |Hy, (x, up, Vuy)|dx = / |H, (x, up, Vuy)|dx+ |Hy, (x, up, Vuy)| dx
E En{|un|<m} EN{|up|>m}
Taking
0 if lup| <m—1
Ty (un — Tin—1(un)) = sgn(uy,) if lup| >m

up — (m—1)sgn(u,) if m—1<|u,| <m.
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as test function in (5.2), gives

/ (%, 1, Vity) - Vel + Hy (%, th, Vit Ty (1t — Ty (1)) dx
1<yl <m) {ua>m—1}

= ST (uy — Tm_l(un))dx—l—/ O (T, (uy)) - Vundx—i-/ F,-Vu,dx.
{m—1<u,|<m} {

{Jun|>m—1} m—1<|u,|<m}

consequently

H o, Vi) dx < [ fuldx
/{|un>m—l} {|un|>m—1}

Let € > 0, there exists m = m(€) > 1 such that

€
/ |Hp, (x,up, Vuy)|dx < =, Vn
En{|uy|>m} 2
On the other hand

/ Ho (ot th, Vi) dx - < / (6, Ton (), Vo (1) | dx
En{|up|<m} E

< b(m) [ (dx)+ @5, VT 1)
b
< % /E (%, Ty (ttn), VT (1)) - VT (1) dx
—|—b(m)/ d(x)dx,
E
By virtue of the strong convergence (5.24) and the fact that d € L'(Q), there exists v > 0 such
that
€
|[E| < v implies / |H, (x,up, Vuy)|dx < =, Vn
ENJuy|<m} 2
So that

|[E| < v implies / |Hy, (x,uy, Vuy)|dx <€, Vn
E

which shows that H,(x,u,,Vu,) is uniformly equi-integrable in Q. By Vitali’s theorem, we

conclude that H (x, u,, Vu,) € L'(Q)

(5.25) H,(x,u,,Vu,) — H(x,u,Vu) in L'(Q).,



26 MOHAMMED AL-HAWMI, MUSTAFA AL-HASISI

Step 6 : Passage to the limit. Turning to the inequality (5.17), we have for the first term

/ a(x,un, Vuy) - Vudx :/a(x un, Vi) - (Vi1 (un) — VT (uy))dx
{m<[un|<m+1}

:/ alx Tm—H un VTm—b—l(un))'V];n-i-l(un))dx
/ (%, Ty (1), V(1)) - VT (18, .
then by (5.24) we obtain
fim (%, 1, Vity) - Vitndx = / a(x, Ty (1), Vo1 (1)) - Vi1 (1)l
n—=ee JIm<|uy|<m+1} Q
_ /Q 4(x), V(1)) - Vit )dx

_ /Q a(x, 1, Vit) - (VTy 1 (1) — VT () )dx

= a(x,u,Vu) - Vudx.
{m<|u|<m-+1}

Consequently, by letting n to infinity in (5.17) we get

a(x,u,Vu) - Vudx < / fldx.
/{m§u§m+l} ( ) {|”|2m}‘ |

we take m — oo, we obtain

(5.26) lim a(x,u,Vu)-Vudx = 0.

m=ee J{m<|u|<m-+1}

Now, from (5.24) and Lemma 3.6 we deduce that

(5.27) a(x,uy, Vity) - Vi, — a(x,u,Vu) - Vu in L1(Q)..

Let 1 € C!(R) and 6 € D(Q). Taking h(u,)0 as test function in (5.2), we get

(5.28)
/ a(x,uy, V) - Vuph' (uy) de-l—/ a(x,uy, Vuy) - Vh(uy) de—l-/ H,(x,up, Vi, )h(u,)0 dx

_/fn Uy, 9a’x+/¢n up) -V (h(u,)0 dx+/F V(h(uy,)0)dx

Since h and A’ have compact support in IR there exists € such that supph C [—€,€] and

supph’ C [—¢€, €] then for n > € we can write

()R (1)) = O(Tu()H (1) = ¢(Te (1)1 (1)
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Moreover, the functions ¢/ and ¢/’ belong to (C°(R) NL=(IR))" Since u, € W)Ly (Q) there

exists two positive constants U, Uy such that

Vu,
[ ot S <
Q Uy

Let B be a positive constant such that ||A(u,)VO|/. < B and ||# (u,)0||« < B For & large

enough, we have

/(P(X,W)dx S/ ox, |h(un)V9|+|;,/(un)9HVun\
Q Q

5 )dx

ﬁ#l‘vun‘
4 PHLIYUn]
g/Q(p(x,ﬁT“l)dx

B B Vu,|
S/Q(p(x,g)dx-l—T/Q(p(x, L

B
<
5 <C

§/¢@Um+
Q

which implies that /(u,)0) is bounded in W Ly () and then we deduce that
(5.29) h(un)0 — h(u)0 weakly in Wy Ly(Q) for 6(T1Ly(Q),TIEy(Q)).
On the other hand, for any measurable subset E of 2 we have

|¢(Te(un)xelly = sup | [ &(Te(un))vdx|
Ivllp<1 JE

<ce sup ||xellylv|lodx
[vllg<t

where ¢ = Tr‘lax ¢(t) and M is the N-function defined by M = sup y(x,7) then
t|<e xeQ

lim sup ||¢(Te(un) xElly =0
|E|—e n
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consequently from (5.9) and by using [ [22], Lemma 11.2] we obtain
(3.30) ¢ (Te () — ¢(Te(u)) strongly in (Ey(Q))Y
It follows that by (5.29) and (5.30)
/Q On(10) - V (1) 0) dx — /Q 0 (1) - V(h(1)8) dx as n — oo

and
/Fn-V(h(un)G)dx—>/F-V(h(u)@)dxasn—>oo
Q Q

For the first term of (5.28), we have

la(x, tn, Vi) - Vuyh' (1) 0| < Ba(x,uy, Vuy) - Vuy,

So, by using Vitali’s theorem and (5.27) we get

/Qa(x, U, Viy) - Vun h' (u,)0 dx — /Qa(x,u, Vu)-Vuh'(u)6 dx
Concerning the second term of (5.28), we have
h(un)VO — h(u)V strongly in  (E¢(Q))Y
and
a(x, un, Viy) — a(x,u, Vu) weakly in (Ly(Q))" for o(TILy (Q),TEx(Q)).

then

/a(x,un,Vun)-VGh(un)dx%/a(x,u,Vu)~V9h(u)dx
Q Q

Since h(u,)0 — h(u)8 weakly in L=(Q))N for 6*(L=(Q),L!(Q)) and by using (5.24), we

have

/Hn(x,un,Vun)h(un)deﬁ/H(x,u,Vu)h(u)de
Q Q

and

/S2fnh(un)9dx—>/gfh(u)9dx
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Finally, we can easily pass to the limit in each term of (5.28) and obtain

/ a(x,u,Vu) - [h'( )OVu+h(u)VO] dx+/H X, u Vu)h(u)@dx:/gfh(u)edx
+/ o (1) - |1 (1) OV + h(u )VQ]d)H—/QF-[h’(u)OVu+h(u)V9] dx,

which completes the proof of the Theorem 5.1.
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