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1. INTRODUCTION

Multiset (bag) is a well established notion both in mathematics and in computer science ([10],
[11], [22]). In mathematics, a multiset is considered to be the generalization of a set. In classical
set theory, a set is a well-defined collection of distinct objects. If repeated occurrences of any
object is allowed in a set, then a mathematical structure, that is known as multiset (mset, for
short), is obtained ([21], [23], [24]). In various counting arguments it is convenient to distin-
guish between a set like {a,b,c} and a collection like {a,a,a,b,c,c}. The latter, if viewed as a
set, will be identical to the former. However, it has some of its elements purposely listed several
times. We formalize it by defining a multiset as a collection of elements, each considered with
certain multiplicity. For the sake of convenience a multiset is written as {k| /x1,ka /X2, ..., kn /X }
in which the element x; occurs k; times. We observe that each multiplicity &; is a positive integer.
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From 1989 to 1991, Wayne D. Blizard made a through study of multiset theory, real val-
ued multisets and negative membership of the elements of multisets ([1], [2],[3],[4]). K.
P. Girish and S. J. John introduced and studied the concepts of multiset topologies, multi-
set relations, multiset functions, chains and antichains of partially ordered multisets ([12],
[13],[14],[15],[16]). D. Tokat studied the concept of soft multi continuous function [25]. Con-
cepts of multigroups and soft multigroups are found in the studies of Sk. Nazmul and S. K.
Samanta ([18], [19]). Many other authors like Chakrabarty et al. ([S], [6], [7], [8]), S. P. Jena et
al. ([17]), J. L. Peterson ([20]) also studied various properties and applications of multisets.

Classical set theory states that a given element can appear only once in a set; it assumes that
all mathematical objects occur without repetition. Thus there is only one number four, one field
of complex numbers, etc. So, the only possible relation between two mathematical objects is
either they are equal or they are different. However in the physical world it is observed that there
is enormous repetition. For instance, there are many hydrogen atoms, many water molecules,
many strands of DNA, etc. Coins of the same denomination and year, electrons or grains of
sand appear similar, despite being obviously separate.

Functional analysis is an important branch of Mathematics and it has many applications in
Mathematics and Sciences. Metric space is the beginning of functional analysis and it has
several applications in many branch of functional analysis. An extension of metric spaces is
done by using multi set and multi number instead of crisp real set and crisp real number in ([9]).

In this paper we study some topological properties of multi metric spaces.

2. PRELIMINARIES

Definition 2.1. [12] A multi set M drawn from the set X is represented by a function Count M
or Cys defined as Cjs : X — N where N represents the set of non negative integers.

Here, Cys(x) is the number of occurrences of the element x in the mset M. We represent the
mset M drawn from the set X = {x,x2,...,x,} as M = {my /x;,my /x3,...,m, /x,} where m; is
the number of occurrences of the element x; in the mset M denoted by x; €™ M,i=1,2,...,n.
However those elements which are not included in the mset M have zero count.

Example 2.2. [12] Let X = {a,b,c,d,e} be any set. Then M = {2/a,4/b,5/d,1/e} is an mset

drawn from X. Clearly, a set is a special case of an mset.
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Definition 2.3. [12] Let M and N be two msets drawn from a set X. Then, the following are
defined:
(i) M = N if Cy(x) = Cn(x) for all x € X.
(ii) M C N if Cy(x) < Cy(x) forallx € X.
(iii) P=MUN if Cp(x) = Max{Cum(x),Cy(x)} for all x € X.
(iv) P=MNN if Cp(x) = Min{Cpm(x),Cy(x)} for al x € X.
(v) P=M@N if Cp(x) = Cpy(x) +Cn(x) for all x € X.
(vi) P=M oSN if Cp(x) = Max{Cp(x) — Cn(x),0} for all x € X, where @ and & represents
mset addition and mset subtraction respectively.

Let M be an mset drawn from a set X. The support set of M, denoted by M*, is a subset of
Xand M* = {x € X : Cy(x) > 0}, i.e., M* is an ordinary set. M* is also called root set.

An mset M is said to be an empty mset if for all x € X, Cys(x) = 0. The cardinality of an mset
M drawn from a set X is denoted by Card(M) or |M| and is given by Card(M) =Y .cx Cum(x).
Definition 2.4. [12] A domain X, is defined as a set of elements from which msets are con-
structed. The mset space [X]" is the set of all msets whose elements are in X such that no
element in the mset occurs more than w times. The set [X]* is the set of all msets over a domain
X such that there is no limit on the number of occurrences of an element in an mset. If X =
{x1,x2, ..., x¢ } then [X]Y = {{m /x1,ma/x0,...;mp/x;} : fori=1,2,..k; m; €{0,1,2,..w}}.
Definition 2.5. [12] Let X be a support set and [X]" be the mset space defined over X. Then
for any mset M € [X]", the complement M¢ of M in [X]" is an element of [X]" such that
Ciy(x) =w—Cpu(x), for all x € X.

Definition 2.6. [12] The maximum mset is defined as Z where

Cz(x) = Max{Cp(x) : x € M, M € [X]™ and k < m}. Thus Cz(x) =m V¥x € X.

Definition 2.7. [12] Let [X]" be an mset space and {M|, M5, ...} be a collection of msets drawn
from [X]". Then the following operations are possible under an arbitrary collection of msets.
(i) The union J;c; M; = {Cup,(x)/x : Cupr,(x) = max{Cp,(x) : x € X }.

(ii) The intersection (;c; M; = {Cr, (x)/x : Crpg, (x) = min{Cpy,(x) : x € X }.

(iii) The mset addition @,.; M; = {Cqum,(x)/x : Cgyp,(x) = min{w,¥;c/{Cu;(x) : x € X}}.
(iv) The mset complement M =Z S M = {Cyc(x)/x: Cye(x) = Cz(x) — Cy(x),x € X }.
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Definition 2.8. [12] The power set of an mset is denoted by P*(M) and it is an ordinary set
whose members are sub msets of M.

Definition 2.9. [12] Let M € [X]" and T C P*(M). Then 7 is called a multiset topology of M if
7T satisfies the following properties.

(i) The mset M and the empty mset ( are in 7.

(ii) The mset union of the elements of any sub collection of 7 is in 7.

(iii) The mset intersection of the elements of any finite sub collection of 7 is in 7.
Mathematically a multiset topological space is an ordered pair (M, ) consisting of an mset
M € [X]" and a multiset topology T C P*(M) on M. Note that 7 is an ordinary set whose
elements are msets. Multiset topology is abbreviated as an M-topology.

Definition 2.10. [9] Multi point: Let M be a multi set over a universal set X. Then a multi
point of M is defined by a mapping P¥ : X — N such that P¥(x) = k where k < Cys(x).

x and k will be referred to as the base and the multiplicity of the multi point P¥ respectively.

Collection of all multi points of an mset M is denoted by M.

Definition 2.11. [9] The mset generated by a collection B of multi points is denoted by MS(B)
and is defined by Cyg(p)(x) = Sup{k : P} € B}.

An mset can be generated from the collection of its multi points. If M), denotes the collection
of all multi points of M, then obviously Cy(x) = Sup{k : P* € M,,;} and hence M = MS(M;).
Definition 2.12. [9] (i) The elementary union between two collections of multi points C and
D is denoted by CLID and is defined as CLID = {P¥: PL. € C,P" € D and k =max{l,m}}.

(ii) The elementary intersection between two collections of multi points C and D is denoted
by CrD and is defined as CT1D = {P¥: PL. € C,P" € D and k =min{l,m}}.

(iii) For two collections of multi points C and D, C is said to be an elementary subset of D,
denoted by C C D, iff P)g € C= Jm > [ such that P" € D.

The following results can be easily proved:

Theorem 2.13. [9] (i) For two collections of multi points C and D, C C D = C C D, but the
converse is not true.

(if) For two collections of multi points C and D, CUD D C U D and the equality does not

hold in general.
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(iii) For two collections of multi points C and D, CND C CMD and the equality does not
hold in general.

(iv) For an mset M,MS(M,;) =M.

(v) For a collection B of multi points, [MS(B)], D B.

(vi) Fortwomsets Fand G, F C G < Fj; C Gy .

(vii) For two collections of multi points C and D, C C D = MS(C) C MS(D).

(viii) For two collections of multi points C and D, C = D < MS(C) C MS(D).

(ix) For two collections of multi points C and D, MS(CM D) = MS(C)MS(D)

(x) For an arbitrary collection {B; : i € A} of multi points, MS(U;caBi) = UicaMS(B;)

(xi) For an arbitrary collection {B; : i € A} of multi points, MS(U;caB;) = U;jcaAMS(B;)
Definition 2.14. [9] Let mR ™ denotes the multi set over R™ (set of non-negative real numbers)
having multiplicity of each element equal to w, w € N. The members of (mR™"),; will be called
non-negative multi real points.

Definition 2.15. [9] Let P! and Pg be two multi real points of mR*. We define P! > Pg ifa>b
orPé>P,f ifi > jwhena=>b.

Definition 2.16. [9] (Addition of multi real points) We define PL’; + Pg = Pé‘ L, Where k =
Max{i, j},P.,P] € (mR*),,.

Definition 2.17. [9] (Multiplication of multi real points) We define multiplication of two multi
real points in mR™ as follows:

Pl x ij = PO1 if either P! or P,f equal to PO1

= PX , otherwise where k =Max {i, j}
Proposition 2.18. [9] (Properties of multiplication) Multiplication of multi real points satisfies
the following properties:
(i) Multiplication is Commutative.
(if) Multiplication is Associative.
(iii) Multiplication is distributive over addition.
Definition 2.19. [9] Multi Metric: Let d : M,y x M,,; — (mR™),;(M being a multi set over
a Universal set X having multiplicity of any element atmost equal to w) be a mapping which

satisfy the following:
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(M1) d(PL,P") > ), VPLP". € My
(M2) d(PL,P") = Py iff Pl = P", VPL, Pl € My,
(M3) d(PL,P") = d(P),Pl), VP.,P" € My,

(M4) d(PL,P")+d(P",P!") > d(P.,P!"),VPLP", P! € M.

(M5) For I # m, d(P)ﬁ,Py’") = P(’)‘, & x=yand k =Max{l,m}.

Then d is said to be a multi metric on M and (M, d) is called a Multi metric (or an M-metric)
space.
Example 2.20. [9] Let M be a multi set over X having multiplicity of any element atmost equal
to w. We define
d: My X My —> (mR™), such that
d(P.,P") =Py if PL =P

= Pyt if x — yand 1 # m

= Plj ifx#y VP;,Pym €Mpy, [ 1< j<wissome fixed positive integer |
Then d is an M-metric on M.
Theorem 2.21. [9] If d(P},P)) = P! and d(P{,P{) = P, then r = s, Pi P} P! P! € M, and
PLP" € (mRT) .
Definition 2.22. [9] Let (M,d) be an M-metric space and L be a non null sub mset of M. Then
the mapping dy. : Ly X Ly — (mR™),; given by dL(Pf,Pyb) = d(Pf,Pyb), \ Pf,Pyb € Ly is an
M-metric on L. The metric is known as the relative M-metric induced by d on L. The M-metric
space (L,dy) is called an M-metric subspace or simply an M-subspace of the M-metric space
(M,d).
Definition 2.23. [9] Let (M,d) be an M-metric space and L be a nonempty submset of M. Then
the diameter of L, denoted by (L) is defined by:

8(L) = P* where a = Sup{b: P} = d(P.,P"),Pl,PI" € Ly},

k=1lifa>bVP]=d(P.,P/"),PL,P)" € L and

= Max{j : Pg = d(P)i,Py),P)ﬁ,Pym € Ly, } otherwise.
If supremum does not exist finitely, we call L a set of infinite diameter.

Theorem 2.24. [9] For a sub mset L of M in an M-metric space (M, d), §(L) = Py iff L= {1/a}

ie. L consists of a single element of the universal set X with multiplicity 1.
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Theorem 2.25. [9] P C Q = 8(P) < 6(0Q).
Definition 2.26. [9] Let A and B be two sub msets of M in an M-metric space (M,d). Then the
distance between A and B, denoted by 8(A, B), is defined by
8(A,B) = P* where a = Inf {b: P/ = d(P;,Pym),P)g € Ap, Py € By} and
k=wifa<bVP]=d(Pl,P"),Pl € Ay P € By,
k=Min {j: P/ = d(Pjg,Pym),P)i € Apr, P' € Bp } otherwise.

3. MuLTI OPEN BALLS AND MULTI OPEN SETS

Definition 3.1. Let (M,d) be an M-metric space, r > 0 and PX € M,,. Then the open ball with
centre P and radius P! [r > 0], i € N,1 < i < w], is denoted by B(P¥, P!) and is defined by

B(P*, P = {P:d(P,P" < P!}

a'r

MS[B(PX, P!)] will be called a multi open ball with centre P¥ and radius P! > P/

a’”r

Definition 3.2. B[P* P!] = {P!: d(P.,P*) < P!} is called the closed ball with centre PX and

a’’r X't a
radius P! [r > 0].
MS[B[P*, P!]] will be called a multi closed ball with centre P* and radius P! [r > 0].

arbr
Note 3.3. For r > s >0 = P! > P! = B(P* P!) > B(P*,P}).

Note 3.4. In any M-metric space (M,d), B(P*,P!) > {Pl,1 <1< Cy(a)}, for any r > 0.
Example 3.5. In Example 2.20, for PX € M, and P! > P},
B(P*,PHY={PL1<i<w},if0<r<1

arfr
=My, ifr>1

Theorem 3.6. (Hausdorff Property)

Let (M,d) be an M-metric space and PX, P! € M, such that a # b.Then 3 r > 0 such that

MS[B(PX,PYNB(P,P!)] = 0 which is equivalent to B(P*, P')NB(P},P!) = ¢

arfr arfr
Proof. Let (M,d) be an M-metric space and PX, P! € M, such that a # b. If P"" = d(P*,P!)
then ¢ > 0.

Let 0 < r < ¢/2 and consider the open balls B(PX, P!) and B(P},P!).

Then B(PX,P})NB(P.,P!) = ¢ since otherwise 3 a multi point P! € B(PX,P!)NB(P.,P})

a=r atr
= d(PX,P§) < P'andd(P,PS) < P! =d (P P)<d(PkPS)+d(P,P)<P!+P =P, <P"

ar” x ar” x

— which is a contradiction.

~.B(PX,P)NB(P!,P!) = ¢ and hence MS[B(PX,P})NB(P.,P1)] = 0.

a”r a’r
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Note 3.7. For two multi points P¥ and P! with k # I, any open ball that contains one of them,
must contain the other one. (Follows from Note 3.4)

Definition 3.8. Let (M,d) be an M-metric space and PX € M. A collection N(P¥) of multi
points of M is said to be a nbd of the multi point P¥ if 37 > 0 such that P* € B(P*, P!) c N(P¥).

a’’r

MS[N (P¥)] will be called a multi nbd of the multi point PX.
Theorem 3.9. Let N; and N, are two nbds of a multi point Pai in an M-metric space (M,d).
Then Ny NN, is a nbd of P. and hence MS(N; NN, ) is a multi nbd of P..

Proof. Since N| and N, be two nbds of P., 3P}, P} with rj,r, > 0 such that

ry?

PicB(P.,,P)C Nyand Pi € B(P.,P.)C N,

ar-ry a’”r

Let r = Min {ry,r»}. Then r > 0,r <r, r <r,. ... P. € B(P.,P!) € B(P.,P!) C N; and

alr a’r
P, € B(Pi,P!) € B(P,,PL) CN, = P. € B(P.,P!) CNINN, = NiNN; is anbd of P} in
(M,d). Hence MS(N; NN>) is a multi nbd of P! in (M,d).

Corrolary: Since Ny "N, C Ni 1N, Ni 1N, is a nbd of Pé and hence

MS(N; MN,)=MS(N; )N MS(N,) is a multi nbd of P..

Definition 3.10. Let B be a collection of multi points of M in an M-metric space (M,d). Then
a multi point P¥ is said to be an interior point of B if 3 an open ball B(P,P!) with centre at

arr

P* and r > 0 such that B(P* P!) C B.

arbr
Definition 3.11. Let N be a sub multiset of an M-metric space (M,d). Then a multi point P¥
is said to be an interior point of NV if it is an interior point of N, ie. 3 an open ball B (Pk P
with centre at PX, and r > 0 such that B(PX,P!) C Np.
Definition 3.12. Let N be a sub mset of an M-metric space (M,d). Then the interior of N is
defined to be the set consisting of all interior points of N.

The interior of the multi set N is denoted by N° or Int(N).

MS[Int(N)] is said to be the multi interior of N denoted by M-int(N).
Proposition 3.13. Let A and B be two non-null sub msets of an M-metric space (M,d). Then
(i) ApNBp = (ANB)y , (iD)Ay UBy = (AUB) .
Proof. (i) Clearly (ANB), C Ay NBy NextPX€A,NB, = PXcA, and Pe B, =

Ca(a) >k and Cg(a) > k = Canp(a) = Min {Ca(a),Cp(a)} >k = P* € (ANB)y. . ApN
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By CANB), and hence A, N B,y = ANB) .
(ii) The proof can be done in a similar way as the above.
Theorem 3.14. Let A and B be two non-null sub msets of an M-metric space (M,d). Then
(i) M-int(A) C A
(i) A C B= Int(A) C Int(B) and hence M-int(A)C M-int(B)
(iii) Int(A) NInt(B) = Int(ANB)
(iv) (a) Int(ANB) C Int(A)NInt(B) (b) Int(ANB) C Int(A)MInt(B) (c) Int(ANB) C Int(A)N
Int(B)
(V)M —int(ANB) C M —int(A) "M — int(B)
(vi) Int(AUB) D Int(A) UInt(B)
Proof. (iii) ANB C A = Int(ANB) C Int(A). Similarly Int(ANB) C Int(B). .".Int(ANB) C
Int(A) NInt(B). Nextlet PX € Int(A)NInt(B), = P € Int(A) and P* € Int(B) = 3r1,r, >0
such that B(P¥,P!) C Ay and B(PK,Pl) C By Let r = Min {r;,r2}. Then r > 0,i > 1
and B(PY,P!) C B(P¥,P!) C Ap and B(PY,P!) C B(P¥,P)) C By = B(P¥,P!) CApNBy =
(ANB),y = PXeInt(ANB). .Int(A)NInt(B) C Int(ANB). .. Int(A)NInt(B) = Int(ANB).
Definition 3.15. Let (M, d) be an M-metric space. Then a collection B of multi points of M is
said to be open if every multi point of B is an interior point of B i.e., for each Pé‘ € B, Jan open
ball B(P¥, P!) with centre at PX, and r > 0 such that B(PX,P!) C B.

¢ is separately considered as an open set.
Definition 3.16. Let (M,d) be an M-metric space. Then N C M is said to be multi open in
(M,d) iff 3 a collection B of multi points of N such that B is open and MS(B) =N

The null multiset & separately considered as multi open in (M, d).
Definition 3.17. Subtraction of nonnegative multi real points We define substraction of two
nonnegative multi real points as follows:

pi—pi = pMintid) ¢ pi s pi

—P  ifPi=pP

Proposition 3.18. In an M-metric space every open ball is open.
Proof. Let us consider an open ball B(P,,P!) and let P" € B(P,,P!) = d(P.,P") < P!
= P! —d(PL,P")=P'>P = ¢>0. Let0<s<c. Then P! —d(P,,P")=P"> P]
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and we consider the open ball B(P", P}).
Now P € B(P",P}) = d(P",P*) <P} = d(P.,P*) <d(P.,P")+d(P/",P") <d(P. P")+
Pl <d(P.,P"+P —d(P,P") < P! (. For any three nonnegative multi real points
Pi,P/andP* P > P/ = Pi + P > P/ 1 P}
= P € B(P.,P!) = B(P",P!) C B(P.,P!) = B(P.,P}) is open.
Consequently it follows that every multi open ball being generated by these open balls are multi
open.
Theorem 3.19. In an M-metric space (M,d) a set B of multi points is open iff every multi point
of B is an interior point of B ie. iff B is a nbd of each of its multi points.
Theorem 3.20. In an M-metric space (M,d)

(i) Union of arbitrary number of open sets of multi points is open.

(i1) Elementary intersection of two open sets of multi points is open.

(iii) Intersection of two open sets of multi points is open.
Proof. (i) Let {B; : i € A} be an arbitrary collection of open sets of multi points in (M,d) and
Pl € UieaBi = P! € B; for some i € A. Since B; is open, 3 r > 0 such that B(P!,P!) C B; C
Uica Bi and the result follows.
(ii) Let By, B, be two open sets of multi points in (M,d) and Pjﬁ € B MB; = One of By and B,
contains P! and the other contains P where m > I. For definiteness let us assume P! € B; and
P € B,. Since B is open, 3 r,s > 0 such that B(P!,P!) ¢ By and B(P",P}) C B,. Now from
Note 3.4, it follows that P! € B(P",P!) C B, and from the openness of B>, 3¢ > 0 such that
B(PL,P!) C B,.
Let u = Min{r,t} . Then u >0, B(P.,P}) c B(P.,P!) C By and B(P.,P}) c B(P.,P!) C B,
= B(P.,P!) C ByNB, C B|MB; and the result follows.
(iii) Let By, B, be two open sets of multi points in (M,d) and P)g € BiNB, = P)g € Bj and
Pl € By = 3ri,r, > 0suchthat B(PL,P!) C By and B(P.,P}) C B,.
Let r = Min{ry,r,}. Then r >0, B(P.,P') C B(P,,P}) C By and B(P,P!) C B(P.,P}) C B,
= B(P.,P!) c BiNB, = BN B is open.
Theorem 3.21. In an M-metric space (M,d),

(i) The null sub mset @ is multi open.
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(ii) M is multi open.
(iii) Arbitrary union of multi open sets is multi open.
(iv) Intersection of two multi open sets is multi open.
Proof. (i) 0 is trivially multi open.
(ii) Since M)y, is the collection of all multi points in (M,d), it is obviously open and hence
M = MS(M,,) is multi open.
(iii) Let {M; : i € A} be a collection of multi open sets in (M,d).
Then 3 B, such that M; =MS(B;) and B; is open set of multi points in (M,d)Vi € A
= Ujen Biis open in (M,d) and since from Theorem [2],
UieaMi = Ujepo MS(B;) = MS(U;ca Bi), it follows that | J;c o M; is multi open in (M, d)
(iv)Let M;,i = 1,2 be two multi open sets in (M,d).
Then 3 B, such that M; = MS (B;) and B; is open set of multi points in (M,d), i=1,2.
Then By M B, is open in (M,d) and since from Theorem 2.13,
M N My =MS(B;)N MS(B;) =MS(B; MB,) , it follows that M N M, is multi open in (M, d)
Note 3.22. Thus the collection 7 of all multi open sets in an M-metric space (M,d) forms a
multi set topology on M. The topology is called M-metric topology.
Example 3.23. Arbitrary intersection of multi open sets may not be multi open.
For example consider R to be a multi set with multiplicity of each element 1.
Define d : Ry X Ry — (mR™) by d(P{,P)) =P}, VP ,P} € Ry
Consider the collection {P, : n € N} of multi sets such that
P,={1/x:—1 <x< 1} ThenP,,n € Nare multi opensets as (P,),y = {P : =L <x< 1} ne
N are open sets of multi points in (R,d) and B, = MS((P,) ).
But N,y P = {1/0} which is not multi open in (R, d)
Definition 3.24. A multi set N in an M-metric space (M,d) is said to be multi closed if its
complement N¢ is multi open in (M,d).
Proposition 3.25. Let {N; : i € A} be an arbitrary collection of multisets in (M,d). Then

UieA(Ni)C = (nieANi>C and ﬂieA(Ni)C = (UieANi)C
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Proof. Vx € X,Cin._, nye(x) =Cu(x) —Cn N (X) =Cu(x) = NicaCn;(x) = ViealCu(x) —
Cn(x)] =Vien Che (x) = CUjen N (x)

The other result follows similarly.

Theorem 3.26. In an M-metric space

(i) The null multi set @ is multi closed.

(ii) The absolute multiset M is multi closed.

(iii) Arbitrary intersection of multi closed sets is multi closed.

(iv) Finite union of multi closed sets is multi closed.

Note 3.27. Arbitrary union of multi closed sets may not be multi closed.

In Example 3.23, if we Consider the collection {Q,, : n € N} of multi sets such that Q,, = {1/x:
—1+ % <x<1- %} Then Q,,n € N are multi closed sets.

But U,y On = {1/x: —1 < x < 1} which is not multi closed in (R, d).

4. MuLti LIMIT POINT AND MULTI CLOSURE

Definition 4.1. Let (M,d) be an M-metric space and B be a collection of multi points of M.
Then a multi point P! of M is said to be a limit point of B if every open ball B(P.,P!) (r > 0)
containing P! in (M,d) contains at least one point of B other than P..

The set of all limit points of B is said to be the derived set of B and is denoted by BY.
Definition 4.2. Let (M,d) be an M-metric space and N C M. Then Pl € M), is said to be a multi
limit point of N if it is a limit point of Ny, ie. if every open ball B(PL,P!) (r > 0) containing P!
in (M,d) contains at least one point of N, other than P..

A multi limit point of a multi set N may or may not belong to the set N. The multiset
generated by the multi limit points of N is called the multi derived set of N and is denoted by
N¢. Thus N¢ = MS[(N,)9).

Example 4.3. Consider the M-metric space (R, d) as in Example 3.23.

LetP={l/a:m<a<n},mneR. Then Py ={P}:m<a<n}. Consider Q= {1/b:
m<b<n}. Then Qy ={P} :m<b<n}. -.VP} € QyandVr>0 B(P},P)N[P,\{P}}]
={Pl:b—r<c<b+r}n[{Pl:m<a<n}\{P}}] ={P}: Max(b—r,m) <e < Min(b+
rm)\{Py} #0.

So, (Py)? = Q, and hence PY = MS[(P,)?] = MS[Qp] = O.
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Note 4.4. If A be a set of multi points and P! € A, then P"" € A2 Vm # 1,1 <m < Cy(x) and P!
may or may not be a multi limit point of A.
Note 4.5. If each element of a multi set N C M have multiplicity at least 2, then each multi point
of the multi set is a multi limit point of the multi set and also (N )¢ D {P!:x € N*,1 <[ <
Cu(x)} D Npy.
Note 4.6. If A be a set of multi points, P! ¢ A for any 1 <1 < Cy(x) and P. € A? for some
1 <1< Cy(x) . then P" € A4V 1 <m < Cy(x).

To prove this let us take any r > 0. Then as P! € A%, [B(P)g,P%I) NA]—{P} #¢ =
B(PLPNA# G (Pl A).
Let Pi € B(P;,Pgl) NA. Then Pi € A,d(PL,P) < P%I and for any 1 < m < Cy(x), d(P",Pi) <
d(P2,PL)+d(PLPy) < B 4 pl— plertn) < pl
= PieB(P",P!) = P. ¢ B(P",P))NAand P. # P"as P" ¢ A,but P. € A = [B(P",P!)N
A= {PM} £ 6 = Pl eal
Theorem 4.7. Let A and B be collections of multi points in (M,d). Then
(i) AYUB? = (AUB)? (i) (A%)4 ¢ A% in general.
Proof. (i) Since A,BCAUB = A% B’ c (AUB)? = AYUB‘ C (AUB)? — — — — — — (i).
Again P! ¢ AYUB? = 3 r,ry >0, such that B(P;,P,ll) and B(P)g,P,lz) contains no point of A

and B respectively other than P.. Let r = Min {r{,r»}. Then B(P.,P!) contains no point of

X't r
AUB other than P! and consequently P! ¢ (A UB)? -(ii).

Form (i) and (ii) the result follows.
(i1) We show an example in support of this.

Let in an M-metric space (M,d), A = {P?} where a €™ M,m > 2.

Then for any r > 0, [B(P?,P!)NA] — {P?} = ¢ and hence P? ¢ A — — — —(1).
But P? € B(P;,P!)Vr>0and so P? € [B(P3,P')NA]—{P}} = [B(P3,P)NA]—{P3} # ¢ ie
P} € A, Since P} € A%, we can prove in a similar manner as above P? € (A9)? — — — — — (2).

From (1) and (2) the result follows.
Theorem 4.8. For two sub multi sets P and Q of M, (PUQ)? = P1U Q%
Proof. (PUQ)! = MS[{(PUQ)1}] = MS[(Py U Qpr )]

= MS[(Pp)! U (Qpn)?] = MS[(Pp)* ] UMS[(Qp)!] = P U QY.
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Definition 4.9. Let (M, d) be an M-metric space and B C M,,. Then the collection of all points
of B together with all limit points of B is said to be the closure of B in (M, d) and is denoted by
B. Thus B=BUB".
Note 4.10. P. € B iff for any r > 0, B(P.,P)YNB # ¢.
Note 4.11. If B C M; and P)g € B for some 1 <1 < Cy(x), then Pji €BVY1<I<Cyx).
Proof. Let 7 > 0 be arbitrary. Since P! € B, B(P;,P%l) NB # ¢.
Now for any 1 < m < Cy(x), consider the open ball B(P"", P!).
Clearly B(P)g,P%I) C B(P™",P!), since P! € B(P;,P%1 )
= d(PL,P}) < P} = d(P, P}) < d(P",P})+d(PLP) < B} 4 Pl
= et < pl = pi e (PP
So we have as B(P)g,P%l) NB # ¢, also B(P™,P1YNB # ¢
= P"eBV1<m<Cy(x).
Theorem 4.12. If B C M, in (M,d), then B = B.
Proof. Clearly B C B. Conversely, P! € B = for any r > 0,
B(P,P})NB #¢.
Let P" € B(P.,P!)NB. Since P" € B(PL,P}), 3 s > 0 such that

B(P,P!) C B(P,,P!) and as P' € B, B(P}",P})NB # ¢

= B(P!,P'Y\NB+#¢ = P! € Bandhence B C B.

Hence the result follows.

Definition 4.13. Let (M,d) be an M-metric space and N C M. Then the multi set generated by
all multi points and all multi limit points of NV is said to be the multi closure of N and is denoted
by N.

Thus the multi set generated by all the multi points of Ny, is the multi closure of N and we
have N = MS[N,] = MS[Np U (Np)4] = MS[Np] UMS[(Np)4] = NUMS[(Ny)¢] = NUN“.
Theorem 4.14. Let (M,d) be an M-metric space and P C M. Then Py, = (P) .

Proof. Let Pl € Py = Py U(Py)?. If PLEP, = Cp(x) > 1. If PLe (Py)? = Cpa(x) > 1.
~Cp(x) V Cpa(x) = Cpopa(x) = Cplx) 21 = Pl (P,
NextPl € (P)yy = Cp(x)=m>1 =x€™P=MS(Py) =>m=Sup{l:P.€Py} =P e Py

= PX€ Py V1 <k<Cy(x) [FromNote 4.11] = P € P,,.
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Theorem 4.15. Let (M, d) be an M-metric space and P,Q C M. Then
(i)0=0and M =M

(vii) PL € My, and §(PL,Q) =P} = Pl € Q,,, but the converse is not true in general.
Proof. (i), (ii) and (iv) are obvious.
(iii) We have (I:’) = (I_’—)p, = P:p, = (P)p, from Theorem 4.12 and Theorem 4.14.

Hence MS[(P);] = MS[(P),;] = P=P.
(V) PUQ = (PUQ)U(PUQ)! = (PUQ)U(P!UQY) = (PUP!)U(QUQ?) =PUD.
(vi) The proof is obvious.

The equality does not hold in general.

As in Example 3.23, in (R,d) consider P = {1/x:2<x <3} and Q={1/x:3 <x < 4}.
Then PN Q = 0 which gives PUQ = 0

But P ={1/x:2<x<3}and Q= {1/x:3 <x <4} which gives PPUQY = {1/3} #0 =
PNQ #0.
(vii) We have, §(P,,Q) =P = P. € Q) C (O) -
To show that the converse is not true, we consider the following example.
In an M-metric space (M,d), let a €™ M where m > 2 and Q = {2/a}. Then Q,, = {P},P?}.
Clearly P2 is a multi limit point of Q and so P € (Q) ;. Nowd(P2,P})=P; andd(P3,P?)=P;
= 8(P3,0)=P; > P;. Thus P3 € (Q), but §(P3,Q) > P.
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