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Abstract. In this work, we discuss the existence and uniqueness of fixed points for a self-mapping defined on a
C*-algebra valued rectangular quasi-metric space. Our results extend and supplement several recent results in the
literature. Some examples are provided to illustrate our results.
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1. INTRODUCTION

One of the most famous metrical fixed point theorem is the Banach contraction principle [1],
which is the classical tool for solving several nonlinear problems. Based on the noncomplexity
and the usefulness of this principle, it have many extension and generalization into several
directions [4, 5, 6, 7].
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In 1930, Wilson [9] introduced the concept of quasi-metric spaces. Using this idea many
researcher presented generalization of the renowned Banach fixed point theorem in the qusi-
metric spaces.

In 2000, Branciari [2] introduced the notion of rectangular metric spaces where the triangle
inequality of metric spaces was replaced by another inequality, so-called rectangular inequality.

In 2014, Ma et al. [8] established the notion of C*-algebra valued metric spaces by replacing
the range set R with an unital C*-algebra, which is more general class than the class of metric
spaces and utilized the same to prove some fixed point results is such spaces.

The following lemma will be useful in our main results.

Lemma 1.1. [10] Suppose that A is a unital C*-algebra with a unit I.

(1) Foranya € AL we have, a <[ < ||a| < 1.

(2) Ifa € A, with ||a|| < §, then I —a is invertible and |la(I —a)~'|| < L.

(3) Suppose that a,b € A with a,b = 05 and ab = ba, then ab = 0.

(4) Letac A ifb,ceAwithb>c>=0pandl—a € AI+ is an invertible, then (I—a)_lb >

(I-a) e

2. MAIN RESULT

We now introduce the definition of a C*-algebra-valued rectangular quasi-metric spaces.

Definition 2.1. Let X be a non empty set. Suppose the mapping d : X x X — A satisfies:
(i) d(x,y) =0y ifand only if x =y ; and 0y < d(x,y) for all x,y € X;
(i) d(x,y) = d(x,u)+d(u,v) +d(v,y) for all x,u,v,y € X and for all distinct points u,v €
X{x,y}.

Then (X,A,d) is called a C*-algebra valued rectangular quasi-metric space.

Remark 2.2. The C*-algebra-valued rectangular quasi-metric space generalise the C*-
algebra-valued metric space, C*-algebra-valued rectangular metric space. The following ex-
ample illustrates that, in general, a C*-algebra-valued rectangular quasi-metric space is not
necessarily a C*-algebra-valued rectangular metric space and is not necessarily a C*-algebra-

valued metric space.
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Example 2.3. Let X = AUB, where A = {0,2} and B = {%, n e N*} Let A= M(R) of all

2 x 2 matrices with the usual addition ,scalar multiplication and multiplication. Define partial

al ap b] b2
—

ordering on A as Sa;p > bifori=1,2,3,4

asz daq b3 b4

For any A € A we define its norm as ,||A|| = max;<j<4|a;|

Define d : X x X — A by

d(0,2)=d(2,0) =

=)
—

=

S |=
S 3=
=

QU
S| -

S S
[—

N——— N——— N——— N——— N———
I
S =
S - O

Then (X,Ay,d) is a C*-algebra valued rectangular quasi- metric space. However we have the
following:
1) (X,A4,d) is not a C*-algebra valued metric space, as d (%,0) #*d (O7 %), foralln > 1.

2) (X,A4,d) is not a C*-algebra valued asymmetric metric space, as

10 30 20 20

d(2,0) = i = +° =d(2,1)+d(L,0)
0 1 0 3 0 3 0 3

3) (X,d) is not a C*-algebra valued rectangular metric space, as

1
=0 10

d(t2)=1|" # =d(2,}1), foralin> 1.
(I 0 1



7462 ABDELKARIM KARI, MOHAMED ROSSAFI AND HAFIDA MASSIT

Definition 2.4. Ler (X,A,d) is a C*-algebra valued rectangular quasi-metric space and

{xn},eny De a sequence in X. Then

(i) We say that {x,},cy forward converges to x with respect to A if and only if for given

€ > 0y, there is N such that for alln > N, d (x,x,) < €. We denote it by

lim d(x,x,).
n——+oo

(i) We say that {x,},cn backward converges to x with respect to A if and only if for given

€ > 0y, there is N such that for alln > N, d (x,,x) < €. We denote it by

ngrﬂwd(xn,x) =04.

(iii) We say that {x,},cn forward Cauchy if

oy () = 04

(iv) We say that {x,},cnbackward Cauchy if

A 55 =0,

Remark 2.5. [4] Let (X,d) be as in Example 2.3, {1},cn- be a sequence in X. However we

have the following:

. . 1 . . 1 o . 1\ . 1\ _

i lim d (1,0) =04, Jim d (1,2)=1 and lim d (0,4)=1, Jim d(2,5) =0y Then,
the sequence {%} forward converges to 2 and backward converges to 0, so limit is not
unique.

.. . 1 1\ _ 1: 1 1\ _ .

ii) nngd (%, %) = ngrfwd (E’ E) = 1. So, forward (backward) convergence dose not im-

ply forward (backward) Cauchy.

Lemma 2.6. Let (X,A,d) a C*-algebra valued rectangular quasi-metric space and {x,}, be a
forward (or backward) Cauchy sequence with pairwise disjoint elements in X. If {x,}, forward

converges to x € X and backward converges to'y € X, then x = y.

Proof. Let € - 04. First assume that {x, }, is a forward Cauchy sequence, so there exists ng € N

such that d(x,,x,) =< § for all m > n > ng. Since {x,},forward converges to x so there exists
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ny € N such that d(x,,x) = § for all n > n;. Also {x,}, forward converges to y so there exists

ny € N such thatd(y,x,) = 5 for all n > ny. Then for all N > max{ng,ny,nz},

£ &£ ¢
d(x,y) 2d(x,x,) +d(Xp,Xp11) +d(Xp11,y) = 3t3T3=¢

As € > 04 was arbitrary, we deduce that d(x,y) = 04, which implies x =y. When {x,}, is a

backward Cauchy sequence, the proof is similar to an earlier state U

Definition 2.7. Ler (X,A,d) a C*-algebra valued rectangular quasi-metric space. X is said
to be forward (backward) complete if every forward (backward) Cauchy sequence {x,}, in X

forward (backward) converges to x € X.

Definition 2.8. Let (X,A,d) a C*-algebra valued rectangular quasi-metric space. X is said to

be complete if X is forward and backward complete.

Definition 2.9. Ler (X,A,d) a C*-algebra valued rectangular quasi-metric space. A mapping
T : X — X is a C*-valued contractive mapping on X, if there exists an a € A with || A ||< 1 such

that
(1 d(Tx,Ty) 2 a*d(x,y)a
forall x,y € A.

Theorem 2.10. Let (X,A,d) a C*-algebra valued rectangular quasi-metric space and let T :

X — X is a C*-valued contractive mapping on X, then there exists a unique fixed point in X.

Proof. 1t is clear that if A = 04, then 7 maps the X into a single point. Thus without loss of
generality, one can suppose that A # 0,. Choose an xg € X and set x,,+| = Tx,, = T"x¢. Notice
that in C*-algebra, if a,b € A" and a < b, then for any x € A both x*ax and x*bx are positive
elements and x*ax < x*bx.

Substituting x = x,,_; and y = x,,, from (1), for all n € N, we have
d (xnaxn—i—l) =d (Txn—l ) Txn)
=a*d(xy—1,%)a

= (a*)Zd (xanaxnfl) a2
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=..

=< (a*)'d (x0,x1)a"

Substituting x = x,_; and y = x,, , from (1), for all n € N, we have

d (X, Xn12) = d (Txn—1,TXp11)
= a*d (Xp—1,Xn41)a
< (a*)?d (Xp—2,xp) a*
=< (a*)"d (xp,x2) a"

Case 1: Assume that m = 21+ 1 with [ > 1. By property (ii) of the C*-algebra valued rectan-

gular quasi-metric space, we have

d (X, Xnym) = d (X, Xng2141)
=d (X, X 1) +d (X 1,Xn42) +d (Xng2, X nt2141)
=d (Xp,Xp41) +d (Xnp1,%042) +d (Xn42,%013) +d (X3, X014) +d (X ds Xnng2141)
=d (Xp,Xn41) +d (Xnr1,X042) + oo+ d (Xng 20, Xn12141)

< (a*)”d(xo,xl)a"—i—(a*)"“d(xo,xl)a"H —i—...+(a*)”+2[d (xO,xl)an21+1

i=n+2l

=) (a*)rd (x0,x1) a*

i=n+2l |
= Z (d*d (xg,x1)2)*d (x0,x1)

i=n

ak

B —

i=n+2l .
= Y |d(xox)2d"

i=n

i=n+2l 1o
<Y, ld(xo,x1)?dP||Ia

i=n

1 2i:n-‘rZI "

<[l (xo,x)2 2 ), llal*Ia
i=n
[ >

1
= ||d (x0,x1)> HZW

Iy — 0p(n — o0).
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Case 2: If m = n+ 2k Similarly to casel we have
d (Xp, Xnsm) = d (Xn, X4 2k)
=d (X, Xn42) +d (Xn12,%043) +d (Xn2, X1 nt2k)
=d (xp,Xn42) +d (Xng2,X043) +d (X3, Xn44) +d (Xnas Xnt5) +d (Xn+5, Xn4n+2k)
=d (Xn, Xn12) +d (Xn2,%n43) + o +d (X261, Xn12%)

= (a*)nd (XO,XZ) a' + (a*)n—O—Zd (xO,xl)an—O—Z 4o+ (a*)n+2k—ld (xo,xl)a"+2k_1

i=n+2k—1

= (a*)"d (x0,x2) a" + Z (a*)'d (xo,x1)d’
i=n+2
| | i=n+2k—1 | |
= (a"d (xp,x2)2)"d (x0,x2)2 a" + Z (d*d (x0,x1)2)*d (x0,x1)2 d*
i=n+2
| i=n+2k—1 .
= |d (x0,x2)2 d"|> + Z \d (x0,x1)2a'|?
i=n+2
i=n+2k—1

1 1.
=ld (xo,x2)2 " PllIa+1 Y, |d (xo,x1)2 @' |[1a
i=n
. 5 | 2i:n+2k—1 5
< ld (x0,x2) 2 |PPllal| " + ld (x0,x1)2 |17 ). llall*'La

i=n
lal|*"

1 1
=l (ro.x2) Pl o) P s

Iy — OA(I’Z — 00).

Therefore x, is a forward Cauchy sequence with respect to A. By the completeness of (X, A, d)

there exists an z € X such that

) lim d(z, %) = O,.

n—yoo

Substituting x = x,, and y = x,,_ , from (1), for all n € N, we have
d (xpi1,%n) =d (Txp, Txy—1)
< a*d (xp,xp—1)a
=< (a*)?d (Xp—_1,Xp_2)a*
=..

=< (a*)"d (x1,x0) a"
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Substituting x = x,,+-1 and y = x,,_1 , from (1), for all n € N, we have

d (xn+17-xn) = d(TxnflvTanrl)

=< (a")'d (x2,x0)a"

Case 1: Assume that m = 21+ 1 with [ > 1. By property (ii) of the C*-algebra valued rectan-

gular quasi-metric space, we have

d (xn+m7xn) =d (xn+21+17xn)

1 2i:n+21 -
<l (ersx0)2 1Y, llall*Ia

i=n
]|

1
=l (ea,0) P =

Iy — 0p(n — o).
Case 2: If m = n+ 2k Similarly to case 1 we have

d (xn+m;xn> =d (xn+2k7xn)

= d (Xp+2,%n) +d (Xn13,Xn42) +d (Xptnt2k: Xn42)

1 i=n+2k—1 { .
< d (x2,x0)2d" P+ Y, ld(xr,x0) 2
i=n+2
1 i=nt2k—1 .
< lld (x2,x0)2 @ Pla+1 Y, |d (x1,%0)2 @' [1a
1=n

s 5 | 2i:n+2k—1 5
=l (2,20)* [PllalP" 1+ d (o, 0)F P Y el
i=n
la]|*"

1 1
= (o) PP+ 130 P

Iy — 0p(n — o).

Therefore x, is a backward Cauchy sequence with respect to A. By the completeness of

(X,A,d) there exists an u € X such that

lim d(u,x,) = 04.

n—yoo



C*-ALGEBRA VALUED RECTANGULAR QUASI-METRIC SPACES 7467

So, from Lemma 2.6, we get z = u.

On has
0p 2d(z,Tz) 2d(z,xp) +d (%2, Txy) +d (Txn, T7)
=d(z,x,) +d (xp,Txp) +a*d(xy,2)a — 04 (n — o).
Since
0p =d(Tz,2) <d(Tz,Tx,) +d (Txy,x,) +d (x,2)
=a*d(z,xy)a+d (Txy,xn) +d (xp,2) = 0p(n — o).

Therefore d (z,Tz) =0 or d (Tz,z) = 04 which implies Tz =z, i.e. z is a fixed point of 7.

Uniqueness: Suppose that u # z is another fixed point of 7. Since
0p 2d(z,u) =d(Tz,Tu) < a*d(z,u)a
< |la*d(z,u)all
= lla”[lld(z,u)]lf|al]
= |lal*||d(z,u)l|
< ||d(z,u)||, which is a contradiction.

Hence d (z,u) = 0 and z = u, which implies that the fixed point is unique. 0J

Example 2.11. Let A = M»(R) of all 2 x 2 matrices with the usual addition ,scalar multiplica-

tion and multiplication.

a a by by
Define partial ordering on A as = & a; > b fori=1,2,3,4. For
as dag b3 b4
. ay ap i=4 ) 2
any A € A we define its norm as, =X |al*| -
a3 ay i=1
Let X = AUB, where A = {0, 1, %, 1} and B=1,2].

Define d : X x X — [0, o0 as follows:
d(X,y) = d(y,X) for all X,y € B;

d(x,y)=0&y=x forall x,y€X.
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and
11 1 03 O
)6
34 2 0 0.3
02 O
TORIE
3 42 0 02
035 O
()2
3 2°4 0 035
11 11 06 O
(30
lx—=y[ 0 .
d(x,y) = otherwise.
0 [x—y

Then (X,Ay,d) is a C*-algebra valued rectangular quasi-metric space. However we have the

following:

1) (X,A4,d) is not a C*-algebra valued asymmetric metric space, as
L1 0.6 0 05 0 03 0 02 0
d(3.3) = - = + =
0 0.6 0 05 0 03 0 0.2

035 0 02 0
d(3.3) = # =d(3,
0 035 0 02

).

N[ —

Define mapping T : X — X by

xiifxel,2]
T(x) =
lifxeA.
Evidently, T (x) € X. Consider the following possibilities:

case 1 : x,y € [1,2] x#y. Then

(@)
=
N,
|
=
N,
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On the other hand
x—y 0
d(x,y) =
0 x—y
it follows that
3) d(Tx,Ty) = a*d(x,y)a.
Indeed
X1 —y% 0
d(Tx,Ty) = L
0 X% —y3
€0 x—y O L0
< V3 V3
- 1 1
=a*d(x,y)a
where
1
—= 0
a=| V3 1
0 7
with verify
V2
Jall = ¥= <1

On the other hand

it follows that

4) d(Tx,Ty) = a*d(x,y)a.
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Indeed
xi—1 0
d(Tx,Ty) = 1
0 x#—1
n _ €
D v 0 x—1 0 7 0
- 1 1
0 7 0 x-—1 0 7
1 _ i
Dl G 0 x—y 0 7 0
- 1 1
=a*d(x,y)a
where
1
a=| V3 0
1
0
with verify
V2
lal = Y= <1.

Hence, the condition (1) is satisfied. Therefore, T has a unique fixed point 7 = 1.

Example 2.12. Let A = M>(R) of all 2 x 2 matrices with the usual addition ,scalar multi-

o e . . ay a by by
plication and multiplication. Define partial ordering on A as >
as ag by by
1
. . ap ap i=4 5 2
S a; > bifori=1,2,3,4. For any A € A we define its norm as , |l=1Y |ail
as ay i=1

Define d : X x X — [0, +oo[ as follows:

4

ef—e 0
d(x,y) = if x>y
0 0
0 0
d(x,y) = if x<y
0 e*—e™?

\

Then (X,A,d) is a C*-algebra valued rectangular quasi-metric space.

Define mapping T : X — X by
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Evidently, T (x) € X. Then

;

ei—et 0
d(Tx,Ty) = ifx>y
0 0
0 0
d(Tx,Ty) = . L | ifx<y
\ 0 e4—e 4
it follows that
3) d(Tx,Ty) 2 a*d(x,y)a.
Indeed
(
20 ef—e 0 20
d(Tx,Ty) = ifx>y
0 1 0 0 0 1
30 0 0 0
d(Tx,Ty) < if x<y
0 3 0 e*—e 0 3
\
where
10
a= |
0 3
with verify
1
=—-<1.
lal| = 5 <

Hence, the condition (1) is satisfied. Therefore, T has a unique fixed point 7 = 0.

Definition 2.13. Let (X, A,d) a C*-algebra valued rectangular quasi-metric space. A mapping
T :X — X is a C*-valued Kannan-type mapping on X, if there exists an a € AIJF with || a || < %

such that
(6) d(Tx,Ty) 2 ald(x,Tx) +d(y,Ty)]

forall x,y € A where
A; ={acAi|ab=ba forallbe A}

Theorem 2.14. Let (X,A,d) a C*-algebra valued rectangular quasi-metric space and let T :

X — X is a C*-valued Kannan-type mapping on X, then there exists a unique fixed point in X.
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Proof. Without loss of generality, one can suppose that a # 0,. Notice that a € A;,
ald(x,Tx)+d(y,Ty)] is also a positive element. Choose an xy € X and set x, 1 = Tx,, = T"x.

Substituting x = x,,_; and y = x,,, from (6), for all n € N, we have

d (xnaxn—H) =d (Txn—laTxn)

'_<a[d(xnflaxrﬁ+d(xn7xn+l>]~
Since a € A; with || @ ||< 1 , using Lemma 1.1,/ —a is invertible and also ||( —a)a]| < 1. Thus

d (xp,Xp+1) = (I—Cl)_la[d(xn—hxn)]

= (I—a) 2a*[d (xp—2,%n—1)]

IA

= (I—a)"a"[d (xo,x1)]
= h"[d (x0,x1)]

with " = (I —a)™"a".

Substituting x = x,_; and y = x4 , from (1), for all n € N, we have

d (X, Xn42) = (I —a) " ald (Xu—1,%n41)]
= (I—a) " a®[d (xn—2,%n)]
<.
= (I—a)"a"[d (x0,x2)]

= h"[d (x0,%2)]

Case 1: Assume that m = 21+ 1 with [ > 1. By property (ii) of the C*-algebra valued rectan-

gular quasi-metric space, we have

d (xnaxn—i—m) =d (xnaxn+2l+1)

=d (xnaxn+1) +d (xn+17xn+2) +d (xn+27xn+n+21+l)
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=d (xp,Xn41) +d (Xng1,%042) +d (X2, %043) +d (X3, Xn44) +d (Xnds Xnpni2041)

=<d (-xl’her—l) +d (xn—H >xn+2) + ... +d(xn+217xn+21+1)

i=n+2[ koo 1o
=< Y [Ir2]?)ld (xo0,x1)? ||

i=n
1 2i:n—O—Zl koo
< |ld (xo,x0)2 I Y, 22|

i=n
1A]>"

1
= |ld (x0,x1) IIZW

Iy — 0y (l’l — 00).
Case 1: 1If m = n+ 2k Similarly to casel we have

d (xnaxn+m) =d (xnvxn+2k)
=d (xnaxn—o—Z) +d (xn+27xn+3) +d (xn+2;xn+n+2k)
=d (xnaxn+2) +d (xn+27xn+3) +d (xn+3;xn+4) +d (xn+4axn+5) +d (xn+57xn+n+2k)

=d (Xnaxn+2) +d (xn+27xn+3) +..+d (xn+2k—1 axn—l—Zk)

i=n+2l koo Lo
S Al ld (o, x2) 1+ 3 [1A21%1d (x0,x2)2 |
i=n

1 2i:n+21 koo
= (A" (o, x2) |+ 1 (x0,x2)> 1 Y. (172 17| Ia
[ Lo [P
= | IAl"lld (xo,%2) || + [l (x0,x2) | T Iy — 05 (n — o).

Therefore x, is a forward Cauchy sequence with respect to A. By the completeness of (X, A, d)

there exists an z € X such that

7) lim d(z, %) = O,.

n—yoo

Substituting x = x, and y = x,,_1, from (6), for all n € N, we have

d(xn—i-l 7xn) =d (Txn; Txn—l)
=a [d (xnaxn—l) +d (xn-i-laxn)]

<K' [d(x1,x0)]-
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Substituting x = x,,+1 and y = x,,1, from (6), for all n € N, we have

d (xn+2;xn) =d (Txn-i-l ) Txn—l)

<hn" [d (XZ,X())] .

Therefore x, is a backward Cauchy sequence with respect to A. By the completeness of
(X,A,d) there exists an u € X such that
(8) lim d(x,,u) = 04.

n—oo

So, from Lemma 2.6, we get z = u.

On has

0a =d(z,Tz) <d(z,xn) +d (xn,Txn) +d (Tx,,Tz)

= d (2,5%0) +d (n, Txn) +a (d (X, Txa) + (d(2,T2))) — Op (1 — o).
This is equivalent to
d(2,T2) = (I=1)""[d (¥, Txa) +a(d (s, Txn))] = Op (1 — o).
Since
d(T2,2) = (1= 1) [d (Tx, %) +a(d(Txn, %,))] = O (n — o0).

Therefore d (z,Tz) = 04 or d (Tz,z) = 04 which implies Tz = z, i.e. z is a fixed point of 7.

Uniqueness: Suppose that u # z is another fixed point of 7'. Since
0p 2d(z,u) =d(Tz,Tu) < a(d(z,Tz) + (d(u,Tu)) = 6.

Hence d (z,u) = 6 and z = u, which implies that the fixed point is unique. O
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