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Abstract. The main theme of this present paper is to apply the concept of hybrid structure to study some algebraic
properties of ordered semigroups. Indeed, we define the notion of hybrid left (resp., right) ideals in ordered
semigroups, and their related properties are investigated. Furthermore, we provide characterizations of regular,
intra-regular, and weakly regular ordered semigroups in terms of hybrid left and right ideals.
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1. INTRODUCTION

Fuzzy set theory was first presented by Zadeh [13] in 1965. Kuroki [6, 7] applied the notion
of fuzzy sets to study some properties of semigroups. In 2007, Kehayopulu and Tsingelis [5]
studied fuzzy ideals in ordered semigroups.

Molodtsov [8] introduced the concept of soft sets as a new mathematical tool for dealing

with uncertainties that are free from the difficulties that have troubled the usual theoretical
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approaches. Song et al. [12] initiated the study of int-soft semigroups, int-soft left (resp., right)
ideals, and int-soft products. In [2], Dudek and Jun introduced the concept of soft interior ideals
in semigroups. Moreover, they used some soft versions of ideals in semigroups to characterize
simple semigroups. Muhiuddin and Mahboob [9] gave the notions of int-soft left (resp., right)
ideals, int-soft interior ideals, and int-soft bi-ideals in ordered semigroups.

As a parallel circuit of fuzzy sets and soft sets (or hesitant fuzzy sets), Jun et al. [4] introduced
the notion of hybrid structure in a set of parameters over an initial universe set. They applied this
concept to BCK/BClI-algebras and linear spaces. Finally, the authors introduced the concepts of
hybrid subalgebras, hybrid fields, and hybrid linear spaces.

Anis et al. [1] applied the notion of hybrid structures to semigroups. They introduced hy-
brid subsemigroups and hybrid left (resp., right) ideals in semigroups and investigated several
properties. Using these notions, they gave characterizations of subsemigroups and left (resp.,
right) ideals. They also introduced the concept of hybrid products and discussed some charac-
terizations of hybrid subsemigroups and hybrid left (resp., right) ideals by using the notion of
hybrid products. They provided relations between the hybrid intersections and hybrid products.
Elavarasan and Jun [3] introduced the notion of hybrid generalized bi-ideals in semigroups and
provided some characterizations of regular and left quasi-regular semigroups in terms of hybrid
generalized bi-ideals.

In this paper, we introduce some hybrid versions of ideals in ordered semigroups. Their
preliminary attributes are investigated. Finally, we apply such notions to characterize some
particular regularities of ordered semigroups: regular, intra-regular, and weakly regular.

We recall some basic terms and definitions of ordered semigroups and hybrid structures in
this section.

A groupoid is an algebra (S;-) consisting of a nonempty set S together with - a (binary)
operation on S. A groupoid in which its binary operation satisfies the associative property is

called a semigroup.

Definition 1.1. An algebraic structure (S;-,<) is called an ordered semigroup if the following

conditions are satisfied:

(1) (S;-) is a semigroup;
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(2) (S;<) is a partially ordered set;

(3) foreverya,b,c € Sifa<b,thena-c<b-candc-a<c-b.

For simplicity, we denoted an ordered semigroup (S;-, <) by its carrier set as a bold letter S.
Moreover, we usually write the product x -y of x and y by xy.
Let S be an ordered semigroup. For any nonempty subsets A and B of S, and for any subset

K of S, we define
AB={ab:acAandb < B}
and
(K]:={a € S:a<kforsomeke K}.
Moreover, for any a € S, we define
Sa:={(x,y) €SxS:a<xy}.

A nonempty subset A of S is called a subsemigroup of S if (A;*, <) is an ordered semigroup,

where * := - [4x4 and < := <N (A X A).

Definition 1.2. Let S be an ordered semigroup. A nonempty subset A of S in which (A] C A is
said to be

(1) aleftideal of S if SA C A,

(2) arightideal of S if AS C A.

A nonempty subset A of S is called an ideal of S if it is both a left ideal and a right ideal of S.

For any a € S, we denote by L(a) (resp., R(a)) the smallest left (resp., right) ideal of S
containing a. One can show that L(a) = (aU Sa| and R(a) = (aUaS].

In what follows, let I be the unit interval, E a set of parameters, and &?(U) denotes the set of

all subsets of U.

Definition 1.3 ([4]). A hybrid structure in E over U is defined to be a mapping ﬁl =
(f,A): E = P(U) x I defined by f; (x) := (f(x),A(x)), for any x € E, where f: E — P2(U)
and A : E — I are mappings.
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We denote by H(E) the set of all hybrid structures in E over U. We define an order < on
H(E) as follows: For all ﬁ,gy €H(E),

fi<g <« fCg and Ary,

where f C g and A = y means that f(x) C g(x) and A(x) > y(x), respectively, for all x € E.

Moreover, we denote f; = gy if f < gyand gy <K .

Definition 1.4 ([4]). Let f;L and gy be hybrid structures in E over U. Then the hybrid inter-
section of J?JL and gy, denoted by ]7,1 M gy, is defined to be a hybrid structure ]?k mgy: E —
P(U) x I assigning any x € E to (fN2)(x), (A V7Y)(x)), where (fNg)(x) := f(x) Ng(x) and
(AVy)(x) == V{A(x), v(x)}.

Definition 1.5. Let S be an ordered semigroup, ]?,1 and gy be hybrid structures in S over U.

Then the hybrid product of ]}1 and gy, denoted by ]};1 ® &y, is defined to be a hybrid structure

fr®8y: S = P2U) xLx= (fO8)),(Ao)(x)),

where
7 Uyes. (FENTG)) S #0,
(fogk) = (x.y)es
0 otherwise,
and
Ala),y(b Sy # 0,
(;L O’}/) ()C) _ /\(a,b)esx{maX{ (a) ’y( )} lf %
! otherwise,
forall x € S.

We denote by x4 (]7,1) the characteristic hybrid structure of A in E over U and is defined to

be a hybrid structure

2a(f2): E—={0,U0} x {0, 1}.x = (24 (f) (0 24 (A) (%)),
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where
~ U ifxeA,
xa(f)(x) =
0  otherwise,
and
0 ifxeA,
Xa(A)(x) =
1 otherwise,
forallx e E.

2. MAIN RESULTS

In this central section, we study some properties of hybrid left (resp., right) ideals and use

them to characterize some regularities of ordered semigroups.

Definition 2.1. Let S be an ordered semigroup. A hybrid structure ]71 in S over U is called a

hybrid subsemigroup in S over U if, for any x,y € S, the following statements are hold:

(1) f(xy) 2 f(x)NF(y);
(2) A(xy) < max{A(x),A(y)}.

Definition 2.2. Let S be an ordered semigroup. A hybrid structure ]7,1 in S over U is called a

hybrid left (resp., right) ideal in S over U if, for any x,y € S, the following statements are hold:

(1) fxy) 2 f(y) (resp., f(xy) 2 f(x));
(2) A(xy) < A(y) (resp., A(xy) < A(x));
(3) ifx <y, then f(x) 2 f(y) and A(x) < A(y).
A hybrid structure in S over U is called a hybrid ideal in S over U if it is both a hybrid left
ideal and a hybrid right ideal in S over U.

Example 2.1. Let S = {a,b,c,d}. Then we define an associative binary operation and partial

order relation on S as follows:
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and

<:={(a,a),(b,b),(c,c),(d,d),(a,b)}.

It is easy to verify that S = (S; -, <) is an ordered semigroup. Now, we let U = {uy,up,u3,uy,us}.

Then we define fand A as follows:

S 7 A

a U 0.2
b | {uz,uz,us} 0.5
c {us} 0.9
d| {uy,usz} 0.7

We obtain that ]7,1 is both a hybrid left ideal and a hybrid right ideal of S over U. This implied
that ];:1 is a hybrid ideal in S over U.

The following lemma provides a characterization of hybrid subsemigroups by the product of

hybrid structures.

Lemma 2.1. Let S be an ordered semigroup, ﬁ a hybrid structure in S over U such that x <y
implies f(x) D f(y) and A(x) < A(y). Then we have that f5, ® f, < fo, if and only if f; is a

hybrid subsemigroup in S over U.

Proof. Letx € S. If S, = 0, then

(fOS)x) =0C fx) and (AoA)(x) =1 = A(x).
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If S, # 0, then

and

This means that ]7,1 ®]7)L < ]7,1
Conversely, we assume that f;L ® ]?;L < j?;t Then for all x,y € S, we have

fy) 2 (fOf)(xy)

and
A(xy) < (AoA)(xy)

= A {max{A(a),A(0)}}

(a,b)eS,y

<max{A(x),A(y)}.

This shows that ]A‘:l is a hybrid subsemigroup in S over U. UJ
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We provide some interesting results about hybrid ideals as follows.

Theorem 2.1. Let S be an ordered semigroup and {]7%, 21 € I} a family of hybrid left (resp.,
right) ideals in S over U. Then rmiglf,- A; IS @ hybrid left (resp., right) ideal in S over U.

Proof. Let x,y € S. Then, since fl 2, 1s @ hybrid left ideal in S over U for all i € 1, we obtain that
for each i € I, fi(xy) 2 fi(y) and A;(xy) < Ai(y). Thus,
N 2N i) and  \/ Ai(xy) <V 4).
il il i€l i€l
Let x,y € S be such that x < y. Then, f;(x) 2 fi(y) and A;(x) < A;(y) for any i € I. Thus,
NA@2NAG) and  \Aix) <\ ().
il i€l i€l i€l
Therefore, M;c 1;‘; 2, 1s a hybrid left ideal in § over U. By similar arguments, we can prove that if
{fl 2, 1 € I} afamily of hybrid right ideals in S over U, then f;c 1;‘; A, 1s @ hybrid right ideal in §
over U. UJ

Corollary 2.1. Let S be an ordered semigroup and {f, 5, - 1 € 1} a family of hybrid ideals of S

over U. Then rmielfi A Is a hybrid ideal in S over U.
Now, we characterize ideals of ordered semigroups by the characteristic hybrid structure.

Theorem 2.2. Let S be an ordered semigroup and L a nonempty subset of S. Then the following
statements are equivalent:

(1) Lis aleft ideal of S;

(2) XL(f}L) is a hybrid left ideal in S over U.

Proof. (1)=-(2). Assume that L is a left ideal of S. Let x,y € S. Then if y € L, then xy € L and,

moreover,

2L(f)(xy) =U=x.(f)(y) and xr(A)(xy) =0=x(1)(y).

If y € L, then we obtain

() =0C xe(f)(xy) and 22 (A)(y) =12 2(A)(xy).
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Let x,y € S be such that x <y. We have that x € L whenever y € L. Furthermore,

x(f)(x) =U=2c(f)(y) and  2(A)(x) =0=2.(A)(y).

Otherwise, we have that

2L(f)() =0 2.(f)(x) and  x(A)(y) =12 xL(1)(x).

This shows that ¥ (f3 ) is a hybrid left ideal in S over U.
(2)=-(1). Assume that XL(]?/I) is a hybrid left ideal in S over U. Letx € Sand y € L. ThenU D

20(f)(xy) 2 2(f)(y) = U. This means that x..(f)(xy) = U, and 0 < xz.(4) (xy) < 2.(2) () =0.
That is, xz.(A)(xy) =0, and then xy € L. Now, let x,y € S be such that x < y. If y € L, then U D

xL(f)(x) 2 xL(f)(y) = U. This implies that x; (f)(x) = U, and 0 < x1(4)(x) < x(4)(y) = 0.
That is, xz.(4)(x) = 0 and then x € L. Therefore, L is a left ideal of S. O

Similar to Theorem 2.2, we obtain the following results.

Theorem 2.3. Let S be an ordered semigroup and R a nonempty subset of S. Then the following
statements are equivalent:

(1) R is aright ideal of S;

(2) xr(f3) is a hybrid right ideal in S over U.

Corollary 2.2. Let S be an ordered semigroup and I a nonempty subset of S. Then the following
statements are equivalent:

(1) Iis an ideal of S;

(2) x:(f2) is a hybrid ideal in S over U.

The following lemma shows some important properties of the characteristic hybrid structures

which will be used in our main results. The proof is routine, so it is omitted.

Lemma 2.2. Let S be an ordered semigroup and A, B nonempty subsets of S. Then the following

conditions hold:

(1) xa(fa)®™xe(fr) = xanB(f2);

(2) xa(fn) @ x8(f2) = Xap (f2)-
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We denote xs(fy) := S(f;) and is defined as follows: For all x € S, S(f)(x) =
U and S(1)(x) = 0.

The following theorem provides a characterization of hybrid ideals in S over U in terms of

the operation ®.

Theorem 2.4. Let S be an ordered semigroup and f;L a hybrid structure in S over U. Suppose

that for any x,y € S, x <y implies f(x) 2 f(y) and A(x) < A(y). Then the following statements

are equivalent:
(1) fN)L is a hybrid left ideal in S over U;
(2) S(f)® fr < fir-
Proof. (1)=-(2). Assume that ]7,1 is a hybrid left ideal in S over U. Let x € S. If S, = 0, then

(S(NHONE)=0C f(x) and  (S(A)od)(x) =12 A(x).

If Sy # 0, then

and
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> A A

(a,b)eSx

=A(x).

Altogether, we have that S(f;) @ f, < f3.
(2)=(1). Letx,y € S. Then

fxy) 2 (S(f) © f)(xy)
= | S(H@nf(b)

(a,b)€Sy,y

and
A(xy) < (S(A)o2)(xy)

- /\ {max{S(1)(a),A(D)}}

(a,b)ESyy
< max{S(4)(x),A(y)}
=A0).
This shows that ]7,1 is a hybrid left ideal in S over U. U

The following results can be proved similarly.

Theorem 2.5. Let S be an ordered semigroup and f;L a hybrid structure in S over U. Suppose

that for any x,y € S, x <y implies f(x) 2 f(y) and A(x) < A(y). Then the following statements

are equivalent:
(1) ]?,1 is a hybrid right ideal in S over U;
(2) [L®S(f) < fa.

Corollary 2.3. Let S be an ordered semigroup and ]?:1 a hybrid structure in S over U. Suppose

that for any x,y € S, x <y implies f(x) 2 f(y) and A(x) < A(y). Then the following statements

are equivalent:
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(1) fy is a hybrid ideal in S over U;

(2) S(f)® fo < fi and f, @ S(f) < f.

Lemma 2.3. Let S be an ordered semigroup. If f:l is a hybrid left (resp., right) ideal in S over
U, then f;L ®]7,1 < f;L

Proof. Assume that f;L is a hybrid left ideal in S over U. Let x € S. Then, if S, = 0, then we
obtain (f® f)(x) =0 C f(x) and (AoA)(x) = 1> A(x). If S; # 0, then

(foNm= U [flanf®)

(a,b)€Sx

and

> A A

(a,b)€Sx«

= A(x).

Therefore, Ja ® f;L <K f] Similarly, we can prove that if f;L a hybrid right ideal in S over U,
then fl ® ]7,1 < ﬁ U

Corollary 2.4. Let S be an ordered semigroup. If ]7,1 is a hybrid ideal in S over U, then ]?,1 ®

L < fi
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We recall some particular classes of ordered semigroups as follows. More information about

theses classes can be found in [5]. An ordered semigroup S is called

(1) a regular ordered semigroup if, for each element a € S, there exists an element x € S
such that a < axa,
(2) an intra-regular ordered semigroup if, for each element a € S, there exist elements

x,y € S such that a < xa?y.

Lemma 2.4 ([S]). Let S be an ordered semigroup. Then the following conditions are equivalent:

(1) S is regular,
(2) RNL = (RL] for every right ideal R and every left ideal L of S.

Lemma 2.5. Let ]?k and gy be a hybrid right ideal and a hybrid left ideal in S over U, respec-
tively. Then we have ]?)L ®gy K ]?k M gy.

Proof. Let ﬁ and gy be a hybrid right ideal and a hybrid left ideal in S over U, respectively. Let
ze S. If S, =0, then

(fo8)@)=0Cfz) and (fOg)(2)=0C ().
Thus, (f©8)(z) C f(z) N&(z) = (fNg)(z). Similarly, we have
(Aoy)(z) =12A(z) and (Aoy)(z) =1=7(z).

Thus, (A 0y)(z) > max{A(z),¥(z)} = (AUY)(z). If S, # 0, then
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and

(Aon@= A {max{A(x),y(»)}}

(x,y)€S;

> N {max{A(xy), v(xy)}}

(x7y)esz

> A\ {max{A(z),7(z))

(xay)ESZ

= max{2(z), ¥(z)}

= (AU7)(2).

Altogether, we obtain that f; ® gy < fom gy- O

In [5], the authors characterized regular ordered semigroups in terms of left ideals and right
ideals. By this idea, we apply the concepts of hybrid ideals to characterize regular ordered

semigroups as shown.

Theorem 2.6. Let S be an ordered semigroup. Then the following statements are equivalent:

(1) S is regular;
(2) f,l ®gy= J?)L Mgy for every hybrid right ideal ﬁ and every hybrid left ideal gy in S over
U.

Proof. (1)=-(2). Leta € S. Since S is regular, there exists x € S such that a < axa < (axa)xa.

This implies that S, # 0. Then

Fed@= U (fwnzm)
(u,v)€S,

D f(axa) N g(xa)

2 fla)ngla)

= (fng)(a),
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and
(Aoy)(@) = A {max{A(u),y(v)}}
(u,v)ESq

< max{A(axa),y(xa)}
< max{A(a),y(a)}
= (AUY)(a).

This means that f; M gy < H® gy and by Lemma 2.5, we obtain fHL® 8y = fm 8y
(2)=(1). Let R and L be a right ideal and a left ideal of S, respectively. Then xr (ﬁ) and

x.(f), is a hybrid right ideal and a hybrid left ideal in S over U, respectively. By hypothesis,
we obtain xz(f2) ® xr(fr = xr(f2) MxL(f1). Leta € (RL]. Then

xrne(f)(@) = (er(f) N 20(f))(a)

= (r(f) ©x(f))(a)

= Xy (f)(a)

b

and

xror(A)(a) = (xr(2) N x(2))(a)
= (Xr(A) o 2L(A))(a)
= X(re)(A)(a)
=0.

This means that a € RN L. Thus, we have (RL] C RN L. It is easy to see that RNL C (RL], so
RNL=(RL]. By Lemma 2.4, S is regular. O

Lemma 2.6 ([5]). Let S be an ordered semigroup. Then the following conditions are equivalent:
(1) S is intra-regular;

(2) RNL C (LR] for every right ideal R and every left ideal L of S.

Theorem 2.7. Let S be an ordered semigroup. Then the following statements are equivalent:
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(1) S is intra-regular;
(2) :gvyﬁﬂ]a < §y®]7,1 for every hybrid right ideal ]?k in S over U and every hybrid left ideal

gyof SoverU.

Proof. (1)=(2). Let a € S. Since S is intra-regular, there exist x,y € S such that a < xa’y =

(xa)(ax). This implies that S, # 0. Then

€oN@= U @&wnfw)

and

(yor)(@) =\ {max{y(u),A(v)}}

(u,v)E€Sq
< max{y(xa),A(ay)}
< max{y(a),A(a)}

= (YUA)(a).

This means that gy M fL< gy® fi.
(2)=-(1). Let R and L be a right ideal and a left ideal of S over U, respectively. Then g (f:l)
and xL(ﬁ) is a hybrid right ideal and a hybrid left ideal in S over U, respectively. Leta € RN L.

By hypothesis, we obtain xz(f2) M xz(f2) < xr(f2) ® Xz (f2). Then

U= xrne(f)(a)

= (xr(f) N xL(f))(a)

C (x(f) ©ar(f))(a)

= xwr)(f)(a) CU.
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This implies that Y;z)(f)(a) = U, and

0= Xrre(4)(a)
= (xr(A)N2L(4))(a)
> (xL(A) o xr(2))(a)
= 2(r)(A)(a)

> 0.

That is, (zz(4)(a) = 0. This means that a € (LR]. Thus, we have RNL C (LR]. By Lemma

2.6, S is intra-regular. 0J

An ordered semigroup S is left (resp., right) weakly regular [11] if for every a € S there exist
x,y € S such that a < xaya (resp., a < axay). If S is left weakly regular and right weakly regular,

then it is called a weakly regular ordered semigroup.

Lemma 2.7 ([11]). Let S be an ordered semigroup. Then the following conditions are equiva-

lent:

(1) S is left (resp., right) weakly regular;
(2) L= (L?)] (resp., R = (R?)) for every left ideal L (resp., right ideal R) of S;

(3) L(a) = ((L(a))?] (resp., R(a) = ((R(a))?]) for every a € S.

Theorem 2.8. Let S be an ordered semigroup. Then the following conditions are equivalent:

(1) S is left weakly regular,
(2) fN)L ®fl = f;L for every hybrid left ideal f;L in S overU.

Proof. (1)=-(2). Assume that f,l is a hybrid left ideal in S over U. By Lemma 2.3, we have that

Ja & J?JL < fk On the other inclusion, since S is left weakly regular, there exist x,y € S such
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that a < xaya = (xa)(ya). This implies that S, # 0. Then

(FoN@= U (Fwnfy)

(u,v) €84

and

(o) (@)= A {max{A(u),A(v)}}

(u,v)€Sq

< max{A(xa),A(va)}
< max{A(a),A(a)}
= Aa).
This means that f; < fj, @ f;. Altogether, we have that f;, @ f; = f3.

(2)=(1). Leta € Sand b € L(a). Then since L(a) is a left ideal of S, we have that y;, (f2)
is a hybrid left ideal in S over U. By hypothesis, we have that

X(a) () @ Ay (F) = i) (f2)-

Then
X)) (D () = ey () © 21y () (B)
= X0 () (D)
—U,
and
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This means that b € ((L(a))?]. Hence, L(a) C ((L(a))?]. On the other hand ((L(a))?] C
(SL(a)] C (L(a)] = L(a). Altogether, we obtain L(a) = ((L(a))?]. By Lemma 2.7, S is left

weakly regular. O

Similarly, we can prove the following theorem.

Theorem 2.9. Let S be an ordered semigroup. Then the following conditions are equivalent:

(1) S is right weakly regular;
(2) ]7,1 ®f:1 = f;t for every hybrid right ideal f:l in S overU.

Corollary 2.5. Let S be an ordered semigroup. Then the following conditions are equivalent:

(1) S is weakly regular;
(2) ﬁl ®J?:l = ﬁ for every hybrid ideal J;;L in SoverU.

3. CONCLUSION

In this paper, we present the concept of left (resp., right) hybrid ideals in ordered semigroups.
We study some important properties. Lastly, we apply such concepts to characterize some
instance regularities of ordered semigroups; regular, intra-regular and left (resp., right) weakly

regular.
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