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1. INTRODUCTION

Sampling units may refuse to take part in the sample study or may not answer or not able to
contact or unanticipated factors may accidently cause loss of some collected information leading
to incomplete survey response. To deal with missing data effectively Kalton et al. (1981) [7] and
Sande (1979) [14] suggested imputation methods that make an incomplete data set structurally
complete and its analysis simple. Lee et al. (1994, 1995) [9, 10] used the information on an
auxiliary variable for the purpose of imputation. Later Singh and Horn (2000) [20] introduced a
compromised method of imputation based on auxiliary variables. Ahmed et al. (2006) [1]
discussed several new imputation based estimators that used the information on an auxiliary
variate and compared their performance with the mean method of imputation.
Shukla and Thakur (2008) [15], Rueda and Gonzalez (2008) [5, 13], Kadilar and Cingi (2008)
[6], Shukla et al. (2009) [16], Shukla et al. (2009a) [17], Singh et al.(2010) [21], Diana and
Francesco Perri (2010) [4], Baraldi and Enders (2010) [3], Thakur et al. (2011) [26], Shukla et al.
(2011) [18], Thakur et al. (2013) [27], Shukla et al.(2013) [19], Singh et al. (2014) [22]. Singh et
al. (2015, 2016,2017) [23, 24, 25], Thakur et al. (2016) [27] discussed some imputation methods
of missing data for estimating the population mean using two-phase sampling scheme.

The objective of the present research work is to provide more efficient alternative estimators
than the existing ones, when population parameter of auxiliary information is missing or

unknown.

2. NOTATIONS

Let U=(U,,U,,U,,...,U, ) be a finite population of size N and character under study be y.

_ N _ N _
As usual,Y =N7*)'Y,, X =N"> X, are population means, X is unknown and Y under
i-1 i=L

investigation. Consider a preliminary large sample S'of size n'is drawn from population Q

by Simple Random Sampling without Replacement (SRSWOR) and a secondary sample S of

size n(n<n')is drawn in either as: a sub-sample from sample S' (denoted by design I) or as
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independent to sample S' without replacing S'(denoted by design I1).

Let sample size S of n units contains rresponding units (r <n) forming a sub-space R
and (n—r) non-responding with sub space R®inS=RURC®. For everyieR, vy, is observed
available. For ieR® , the vy, values are missing and imputed values are computed. The i"
value x; of auxiliary variate is used as a source of imputation for missing data whenieR®.

Assume for S, the data x, ={x; :i e S}and fori'e S', the data {x; :i'e S'} are known with mean
x=(n)™> x and X = (n')™> x, respectively.
i=1 i=1

Remark 1: y, =Y(l+e); x, =X(1+e,); x=X(l+e,);and x = X(L+e,"), which implies

the results e, :é—l; e, :i—l; e, =%—1 and e3':%—1. Now by using the concept of

X
two-phase sampling, following Rao and Sitter (1995) [12] and the mechanism of Missing

Completely at Random (MCAR), for given r,n andn', we have:

(i) Under design F1[Case 1]:

E(e,)=E(e,)=E(e,) =E(e,)=0; E(e’)=6,C;; E(€’)=5,C}; E(e)=6,C;
E(ee,)=6,0C,Cy; E(ee,)=6,0C,C,; E(ee,)=5,0C,Cy; E(e,e,)=05,C%;
E(e,e,')=06,C;; E(ee,')=06,C:;

(if) Under design F2 [Case 11]:

E(e,)=E(e,)=E(e,)=E(e,)=0; E(e)=5,C/; E(e))=0,Cx; E(e))=5Cy;
E(e*)=6,C2; E(ee,)=0,0C,Cx; E(ee,)=8,0C,Cy; E(e6,)=0; E(ee,)=6,CZ;

E(ee,’)=0; E(ese;")=0

o -8 (i3] (i3 aiogts) sty
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3. REVIEWING EXISTING IMPUTATION METHOD AND CORRESPONDING ESTIMATORS

_ N
Let Y = N‘lz y;, be the mean of the finite population under consideration. A Simple Random

i=1

Sampling Without Replacement (SRSWOR) S of size n is drawn from Q={,2,...,N} to
estimate the population meanY . Let the number of responding units out of sampled n units be
denoted by r(r<n), the set of responding units by R, and that of non-responding units by

R. For every unit iR the value v, is observed, but for the unitsi e R®, the observations y;
are missing and instead imputed values are derived. The i"value x;of auxiliary variate is used

as a source of imputation for missing data wheni e R®. Assume for S, the data x, ={x, :i S}

_ n
are known with mean x = (n)‘lzxi . Under this setup, some well known imputation methods are
i=1

given below.

4. PANDEY ETAL. (2015) SUGGESTED IMPUTATION STRATEGIES

For the case where y;denotes the i"™ available observation for the j™imputation method, the

imputation method y,; is given as follows:

Y, if ieR
' _ . r
@) Yi=y drfexpl X=X, if icre  Where fi=
(1_ fl) X +X
o T X =X
Point estimator of Y is t, =y, exp| ——
X + X

The Bias and MSE of t, under design | and Design Il are given by

(i) B(tl'),:Z[(% ~25,)C2 +4(5,-5,)pC,C, |

(i) B(t), = — [(35 ~5,)C2 +45,0C,C, | and
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(iii) M(ti),=%[4§lcj+5ch 4(5, - 5,)C,C, |

—2

. - Y

('V) M (tl)u = 7[455C5 +(§3 +§5 )Cf —455prCX]
Y, if ieR

(2) V=1 _Yr exp Z‘_g —f, if ieRC®
a-f,) Xr + X

- - S - ' - )_(r —)_(
Point estimator of Y is t, = yrexp(_ _]
Xr + X

The Bias and MSE of t, under design | and Design I are given by

(i) B(tlz)| :YEI:(51_52)prCX _%(51_252)(:3}

(i) B(tlz)u =

N | <
1

(54 — 05 )prCx _%(54 - 255)Cf}and
iy M) = v [45(: +8,C2 +(5,-5,)00,C, ]

iv) M(t,), = v [45(:2+5c2 (6, - 85)C,C, |

Y, if iecR

(3) Va =1 Ve X=X | N
(1—f1)[exp[x+xrj f] if ieR

X —X
Point estimator of Y is t, =y, expl ——
X+ Xr

The Bias and MSE of t, under design I and Design Il are given by

(i) B(té)| = %[(351 _253)Cx2 +4(53 _51)PCny]

(i) B(t), = [(35 ~5,)C +458,0C,C,] and

7925
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—2

Qi) ML), :%[45105 +5,C2 - 4(5,-6,)C,C,
VZ

iv) M(t), :T[4§4Cy2 +(5,+5,)C2 —45,0C,C, ]

5. SOME PROPOSED METHODS OF IMPUTATION AND THEIR ESTIMATORS

For estimating the population mean y of the study variate y, Singh and Ruiz Espejo (2003)

considered an estimator of the ratio-product type given by

N 4 X

Vep = y{k¥+(1— k)?}

Where yand X are the sample means of yand x respectively based on a sample of size n

out of the population of N units. X is the known population mean of X, and kis suitably

chosen constant.
Choudhury and Singh (2012) studied dual to product cum dual to ratio estimator. Further Swain
(2013) generalized the estimator suggested by Choudhury and Singh (2012) by using

transformation as

X\ ol
Yoer = y[a()_(*j +(1_a{?j ]
Where
X = Nl)\l( _r?x’ y[f] is the dual to product estimator and 7[%) is the dual to ratio

estimator; g, hand o are the free parameters and « is chosen so as to minimize the

approximate mean square error of y_ .. to o(%).

Motivated by Choudhury and Singh (2012) and Swain (2013), we here propose the following
three generalized dual to product cum dual to ratio methods of imputation under two-phase

sampling.
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Let y'ji denote the i™ available observation for the j™ imputation method.

The first proposed method:

Y, if ieR

5
— 1\ h . . ¢
Vi = 1 o X il-a i if 1eR
n-r| | ¥, X

Using above, the imputation-based estimator of population mean Y is

5
—\d h
—d — X Y
Yoprr:i = Y+ 0{ J "'(1_“{ —1J 1)
LIjl X

Where ¥V, :w, y{\;—] is the dual to product estimator and ¥, (\P

JIS the dual to
- n 1 X

ratio estimator;q, h and o are the free parameters and « is chosen so as to minimize the

. —d
approximate mean square error of y ;5pg, -
Theorem 5.1:

The estimator, Bias, M.S.E. and minimum M.S.E of Y/ZDPM interms of e;i=1,2,3and e,

under design t=1,Il upto first order of approximation are given by

—d — . V2 .2 . .
yGDPRl :Y[1+e1 +5qa(ge3 - ges + gze3 + gzeg + des - geses —2928363

D g o ) e o0
h(hz s sag (e;2 + 67 —2e3e;) 5@ _1)‘1 a’g (e§+e52 ‘26365) )
+@hzgz(e‘;2 +el —2e3e;)+¥h2a292(e$2 +e] _29395)

+5(6 ~Dahag?(ese; 3 —e)” +ese; |- 5(6 ~Daha? (ese; 3
—e,” +e,e, )— 5(5—1)h2agz(e'32 —e.e; —ese; +eZ [+ Sag(ee,—ee;)
+6hg(e €, ) 5hag(e €, eles)]
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B<_?3DPR1)| =?|:(52 —53){5(;]059 Q(qz 1)5059 2c2 4 h(h2 1)59 22
h(h 1)59 Cz_h(h2 1)5agzcz (2 1) g7

+35(6 —1)gha?g?’C? — 8(5 —1h*ag®C? + &agpC,C,
—shgpC,C, +dhagpC,C, ||

ap _ 1
B(yGDPRl)ll :Y|:(53 +55){§qangX2 +@50‘92C5 &C;

h(h 1) 5(5-1) 1) 20 2g?C 4 55— 1)thzCZ
2 2 2

h(h 1)

oag’C? + a’g

+ 28 =Ypzg2g20 - 5(5 - 1)ghag™C? + 6(5 ~aha’g C?

—5(6 —1)h?ag’C2? }+ (Xags,C? — ohgs,C? + 2509 5,C2
+&ags, pC,C, —hgs, pC,C, +hags, pC,C, )|
—d —2
M( GDPM), =Y °[5,C7 + (5, - 8,0%0%a?g?C? + 5°h?g?C? +5°h’a’g’C?
+ 28 agpC,C, —26hgpC,C, +26hagpC,C, —25°qhag*C;
+25°gha®g*C2 - 26h%ag>C |
—d —2
M( GDpRl)” =Y’[5,C2 +(5,+ 6, fo?a*a’g°C2 + 6°h?g7C? +57h%a’ g *C?
~25%qag’C’ +25%gha’g’C? - 25%h’ag prCx}+ 28a96;0C,C,
—26hg5,pC,C, |

hgC,(1-a)- pC,
0agC

and [M (deDPRl)I Lin :V2[51 (5, —53),02k:5 when q =

MY

The second proposed method:

X

(0, + 85 )ohgC, (1) - 5, C,

_2 —
=¥'ls,~02(6, 40, o7 when q= (6, + 65 )degC
3 5 X

min

Y, if  ieR

o
. — \d h . . c
Yo = 1 {a[x) +(1a)(qi2” if ieR
n-r Y, X

©)

(4)

(5)

(6)

(7)

(8)
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Using above, the imputation-based estimator of population mean Y is

)_/dGDPRz _yrlo{\PLJ +(1_0‘{\P72j } )

N x — nx X ) . . ¥
Where W, :M, Y, [%] is the dual to product estimator and Yy, (Tz

jis the dual to
N -n ) X

ratio estimator; g, h and o are the free parameters and « is chosen so as to minimize the

. —d
approximate mean square error of Y ;ppr» -
Theorem 5.2:

The estimator, Bias, M.S.E. and minimum M.S.E of Y/ZDPRZ interms of e;i=1,2,3and e,

under design t=1,1l1 upto first order of approximation are given by
;/?SDPRZ :?[14' € + éqo‘(gez —ge;+Jd 2832 +9 2e§ + deg —ge€,8; — 29 2e2e3

q(qz—l) Sag?(e? +e2 —2e,e, )+ ohgle, —e2 —e, +e,e;)

—ge )+
h(h-1)
T
h(h—-1)
2
5(5-1)
T

5° (e32 +el—2e.e, )— ohagy (e3 —e, +e,e, )

Sag®(e2 +e2 —2e,e, )+ 5(6 _1)q a’g (e22+e§'—2e2e3)

(10)

hzgz(e§ +e2 —2ee, )+ 5(0 2_ )hzazgz(e?f +e? —2e2e3)
+8(5 ~1)ghag?(e,e, —e2 —e? +e,e, )— (5 —1)ghag?(e,e, —€?
—e2 re,e, )— 5(5—1)h2ag2(e§ —e,e, —€,8, +e22)+ 5qag(e1e2—ele3)
+ ohg (e1e3 —ee, )— ohag (e1e3 -ee, )]
— v -1 h 1
By tores ) = V16, - 5, ewag e + M gz ML 500

2 2 2 (11)

+ @hzazgch ~8(6 —1)ghag?C? + 5(5 —1)gha?g*C?
—5(5 —1)h?ag®C? + &jagpC,C, — shgpC,C, + dhagpC,C, |



7930
KRISHNAJYOTHI NATH, DEEJAN GOHAIN, NEELUTPOL GOGOI, B.K. SINGH

h(h—1)
2

— 3 -1
B(yZDPRz)H :Y[(54 —55){5(310’92Cf +w5ag ch + égch

_ h(h_l)5a92cf + 5(5_1)q2a292Cf + 5(5_1)h292Cf
2 2 2 (12)

+@h2azngf —6(5 -1)ghag?C? + 5(5 —1)gha?*g*C?
—5(5 —h2ag?C? + &agpC,C, — shgpC,C, +shagpC,C, |
M (Voo ) =V 5,0 +(6, - 8, 520 a2 g?C2 + 6°h*g*C2 + 6°h%a’g C:
-26°0hag®Cy —26°h*ag’C; +26°gha’g°C; + 2&agpC,C, (13)
—26hgpC,C, +25hagpC C, |

M(yeomme |y =[5, + (5, -6, 5%a*a?gC? + 5°hg7C? + 5%hiag?C?

-26%0hag®C; —26°h’ag’C; +25°gha’ g C; + 28 agpC,C, (14)
—26hgpC,C, +2thagpC,C, |
—d —2 512 d’]ng(:I-_O‘)_,DC
and [M (VGDPRZ). Jmin =Y [51—(51—52),0 ]Cy when ¢ = 5gC. : (15)
— —2 21> &’lgCX l-« —pC
[M (deDPRz)u Jmin =Y [54 _(54 _55),0 :k:y when g = (50590) : (16)

The third proposed method:
y; if ieR

5
—\4 h . . ¢
Vi = 1 {O{X ] +(1“{%13J] if i1eR
n-r Y, X

Using above, the imputation-based estimator of population mean Y is

—d — )_( ! W K
GDPR3 — Yr I 1- —_3 (17)
y y[a[%} +( a)(x j]

NX —nx x| _ ¥, ).
Where 'Y, =u, yr[\;—J is the dual to product estimator and y{—?} is the dual to

N-n 3 )_(

ratio estimator;q, h and o are the free parameters and « is chosen so as to minimize the
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. —d
approximate mean square error of y ;oprs -

Theorem 5.3:
The estimator, Bias, M.S.E. and minimum M.S.E of Y/ZDP% interms of e;;i=1,2,3and e,
under design t=1,Il1 upto first order of approximation are given by

—d = . .2 2 . ,
Yeorms = Y[L1+6, +Xa(ge, — ge, + g%, +g’ef +2ge, —ge,e, —2g°e,e,

- ge;2)+ @5049 2(e22 +e,” - 2e2e;)+ ohg (e; —e) — e, + eze'g)

4+ @&Jz(eéz + e; _ 2e2e'3) _ a-]ag (e3 — e\'?‘2 _ e2 + eze;%)
h(hz D sag? (632 +e? —2629'3)*@‘420!292(95 ey ‘26295) (18)
+Mhzgz(e'32 +el —2e2e;)+@h2azgz(e'32 +el —2e2e'3)

+5(5 —1)ghag? (eze; —e2—e’ 4 eze;)— 5(5 -1)aha?g?(e,e, —e?
—e,” +e,e,)-5(5 ~Dheg? (eéz —e,e, —e,e; +¢; |+ Hag(ee, —ee;)
+ohg (elell% — €6, )_ shay (ele:% — €6, )]

h(h 1)

B( GDPRS)I :Y|:(51_53){&10592C5 +q(qT)5agch &°C;

R L PP RS
+Mhzgzcx2+Mh2a2g2Cf—5(5—l)qhagch (19)

+5(6-1)gha’g’C? - 5(6 —h*ag®C} + MagpeC,C,
- &]gpcycx + d’]angyC:x }]

- o -1 h(h—-1
B( dGDPRs)” :Y{(53+54){5qa92cxz+ CI(qT)é‘agZCf + %59(;3

N h(h—1)5agzcxz N 5(5-1) 5(5-1)
2 2 2

A°a’g’C; + h*g*C;

N 5(5-1)

2
~5(6-1)h’ag?C?}+ (Mags,C? — hgs,C? + 25095,C?
+ 0ag, pC,C, — g, pC,C, +hags, oC,C, )|

h?a?g?C? —5(5 —1)ghag®C? + 5(5 —1)gha?g>C? (20)
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—d —2
M(eopms ) =V [5,C2 + (6, — 5,)6°02a2g?CE + 5°h2g?CE +5%hagC
+28&1agpC,C, —20ngpC,C, +20hagpC,C, —25°ghagy’C? 1)
+25°ghar’g’C2— 2570 ?ag C |
—d —2
M (yGDPR3)|, =Y’ [5,C2 +(5, +5,)0°a*a’g°C? + 57h2g°C2 +6°h%a’g°C?
~25%qag?C? +26%Gha’g’C? ~ 26°h%ag?pC,C, |+ 280a95,0C,C,  (22)

_2&g§4pcycx:|
_ _ shgC, (1—-a)- pC
and [M (yderRs)| Jmin =Y°[5,- (5, —53),02]C5 when ¢ = (5 )=, (23)
agC,
_ _ S, +6,)hgC, (L-a)- 5, pC
d _ 2 Y 1 2l~2 Wh =( 3 4 X 5 y
MUeore b =¥l - 520+ 0. 7k wben g (6, + 0, )oagC, e

6. COMPARISON OF PROPOSED AND EXISTING ESTIMATORS UNDER TwO-PHASE

SAMPLING DESIGN

In this section, we derive the conditions under which the suggested estimators are superior to the

existing estimators in design | andll .

© A =ME), — Mo ) L

e R

(TGDPRZ ), is better thant, ,when A, >0
This generates two conditions,

iyWhen [1-2+1)s0=nc N
n n N 2N -n'

and (i) When (pC,C, — p°CZ)>0>0 :>p<g—Y

X
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(2) A, =M (t |_M (yGDPRl )n Jmln
1 1Y 22
(n_ N —n'j e

211 1.1 1\, (1 1
=Y z(ﬁ‘va‘N_n-]Cx (n N—n'ijyCXJrKl 1}(1 1 ﬂ

n N n N-n

n N-n

@  A=Ml) ~[Mlyeoem )], =72H[1—%j(pcycx—p2c5)ﬂ

r

. Thus (ygDPRl)” is better than t, ), when (1— ! J<O.

Thus (_ZDPRZ), is better than (t, ), when (oC,C, - p°C2)>0>0 = p< g—

X

@ A =ME) - MG ]

C
——2l1(1 1 , 1(1 1
Y 4[an'jC*+4(rnijyC*+[(1 1}{1 1 ﬂ

n" N n N-n'
. . .- —d . )
Which is positive. Thus (yGDpRZ)” is better than (tz)”

G A=ME), ~ ML) |,

ZVZH%G_%)CXZ{;_Hj(pcycx-pzcaﬂ

Thus (B_/S;me). is better than (t; ),
This generates two conditions,

Nn'
2N —n'

(i) When [1—3+1j>0:r<
r n N

and (i) When (oC,C, - p°C2)>0>0 :>p<§—

X
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© A =ME), — My ioens i |

Which is positive. Thus (?ZDPM)“ is better than (t:;)”

7. ILLUSTRATIVE EXAMPLES

Population A [Source: Kadilar and Cingi (2006)]: Y represents apple production and X

represents number of apple trees. Other related information to population are:

N =106 n=20 Y =2212.59 X =27421.70 p=086 S, =11551.53
C,=522 S,=5746061 C,=210 n'=60 r=15

Population B [Source: Koyuncu and Kadilar (2009)]: Y is number of teachers and X is

number of students. Other related information to population are:

N=923 n=180 Y =4364345 X =11440.498  p=09543 S, =749.93%4
C,=17183 S, =21331.131 C,=18645 n =360 r=175

Population C [Source: Murthy (1967)]: Y is area under winter paddy and X is corresponding

geographical area. The following data is based on the given population:

N=108 n=30 Y=172.3704 X =461.3981  p=0.7896 S, =134.3567
C,=07795 S,=3185022 C,=06903 n'=70 r=20

The M.S.E.of suggested estimators Yesom, » Yoo, 810 Yapens and Pandey et al. (2015) under

design | and Il for population A, B and C are given in the table below.
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Table 7.1: MSE of suggested estimators for Population A, B and C under Two-Phase

Sampling design

Population A Population B Population C
Estimators Under Under Under Under Under Under
design-I design-I1 design-I design-I1 design-I design-1I
)_/gopm 4094721.103 | 3773113.28 | 1096.570493 | 878.2611311 | 486.9444334 | 381.5565279
B_/ZDPRz 5025473.008 | 4348826.492 | 1570.161843 | 2133.437874 | 457.1674913 | 239.9844253
y dGDPR3 2450392.738 | 2175247.21 | 1015.275195 | 804.5358235 | 299.3496978 | 207.6684095

Table 7.2: MSE for Population A, B and C under Two-Phase Sampling design for Pandey et

al. (2015) suggested estimators

Population A Population B Population C
Estimators Under Under Under Under Under Under
design-1 design-II design-I design-11 design-I design-II
t' 8054308.155 | 4880431.566 | 2742.222737 | 919.941012 | 889.1800587 | 381.6214812
t' 7131968.644 | 6427944.271 | 2160.675791 | 2889.753176 | 823.7714449 | 564.0080045
t's 4965874.345 | 4201188.065 | 1414.197776 | 853.7806146 | 383.7788822 | 230.218116

The sampling efficiency of the suggested estimators under design | and Il over Pandey et al.

(2015) suggested estimator is defined as:

E_ Opt[M (gliDPRi )i J
Opt{M t; )

o i1=12,3;

j=1, 11
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Table 7.3: Efficiency of suggested estimators for population A, B and C over Pandey et
al.(2015)

Population A Population B Population C
Estimators | ynder Under Under Under Under Under
design-I design-I1 design-I design-I1 design-I design-1I
E1 0.50838893 | 0.77311058 | 0.399883816 | 0.954692877 | 0.547633102 | 0.999829797
E> 0.704640368 | 0.676550124 | 0.72669942 | 0.738276851 | 0.55496885 | 0.425498261
Es 0.493446384 | 0.51776954 | 0.717915989 | 0.942321493 | 0.780005653 | 0.902050686

8. CONCLUSION

Imputation is a strategy which provides nearest value corresponding to the missing unit in an

item survey. The tables 7.1 and 7.2 are given for the MSE of the suggested estimators and the

existing estimators for population A, B and C in two different designs. Based on these results, we

notice in Table 7.3 that all the proposed estimators have higher efficiency than the Pandey et al

(2015) proposed estimators. The present paper is therefore an important contribution to the field

of study of missing data problem in estimation of population parameter in two phase sampling

design.
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