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1. INTRODUCTION

Multiset, which is considered to be the generalization of a set, is an important concept both
in mathematics and in computer science ([11], [12], [21]). If repeated occurrences of any object
is allowed in a classical set then the mathematical structure is called a multiset (mset, for short),
([20], [22]). We formalize multiset as a collection of elements, each considered with certain
multiplicity. It is written as {k;/x;,k»/x2,...,kn/x,} in which the element x; occurs k; times.
We note that each multiplicity k; is a positive integer.

In classical set theory, an element can appear only once in a set; it assumes that all math-

ematical objects occur without repetition. Thus, there is only one number zero, one field of
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real numbers, etc. So, two mathematical objects are either equal or they are different. But, in
the physical world there is enormous repetition. For instance, there are many oxygen atoms,
many water molecules, many strands of DNA, etc. Coins of the same denomination and year,
electrons or grains of sand appear similar, despite being obviously separate.

Wayne D. Blizard studied thoroughly about multiset theory, real valued multisets and nega-
tive membership of the elements of multisets ([1], [2],[3],[4]). After that, K. P. Girish and S. J.
John developed the concepts of multiset topologies, multiset relations, multiset functions, ([13],
[14],[15]). Different aspects and applications of multi sets in various directions was studied by
different authors from time to time. For a short list of reference one can see ([23], [17], [18],
(51, [6], [16], [19D.

In our previous papers ([7], [8], [9], [10]), we have introduced the notions of multi metric
space, multi metric topology, convergence in multi metric space, complete multi metric space,
multi linear (vector) space and multi normed linear space along with their various properties
and several examples and counter examples. An analogue of Cantor’s intersection theorem
and Banach’s fixed point theorem are established in multi set settings. In the present paper,
we are going to introduce multi linear operator on multi normed linear space. Continuity and
boundedness of multi linear operator, norm of a multi linear operator are studied along with

their various properties.

2. PRELIMINARIES

Definition 2.1. [13] A multi set M drawn from the set X is represented by a function Count M
or Cy defined as Cys : X — N where N represents the set of non-negative integers.

Here Cy(x) is the number of occurrences of the element x in the mset M. We represent the
mset M drawn from the set X = {x,x2,...,x,} as M = {my /x;,my /x3,...,my, /x,} Where m; is
the number of occurrences of the element x; in the mset M denoted by x; €™ M,i=1,2,...,n.
However those elements which are not included in the mset M have zero count.

Example 2.2. [13] Let X = {a,b,c,d, e} be any set. Then M = {2/a,4/b,5/d,1/e} is an mset
drawn from X. Clearly, a set is a special case of an mset.

Definition 2.3. [13] Let M and N be two msets drawn from a set X. Then, the following are

defined:
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(i) M = N if Cy(x) = Cn(x) for all x € X.

(ii) M C N if Cy(x) < Cy(x) forallx € X.

(iif) P=MUN if Cp(x) = Max{Cum(x),Cy(x)} for all x € X.

(iv) P=MNN if Cp(x) = Min{Cpm(x),Cy(x)} for al x € X.

(v) P=M@N if Cp(x) = Cpy(x) +Cy(x) for all x € X.

(vi) P=M o N if Cp(x) = Max{Cp(x) — Cn(x),0} for all x € X, where @ and © represents
mset addition and mset subtraction respectively.

Let M be an mset drawn from a set X. The support set of M, denoted by M*, is a subset of
Xand M* = {x € X : Cy(x) > 0}, i.e., M* is an ordinary set. M* is also called root set.

An mset M is said to be an empty mset if for all x € X, Cys(x) = 0. The cardinality of an mset
M drawn from a set X is denoted by Card(M) or |M| and is given by Card(M) =Y .ex Cum(x).
Definition 2.4. [7] Multi point: Let M be a multi set over a universal set X. Then a multi point
of M is defined by a mapping P¥ : X — N such that P¥(x) = k where k < Cj(x).

x and k will be referred to as the base and the multiplicity of the multi point P¥ respectively.

Collection of all multi points of an mset M is denoted by M,,.

Definition 2.5. [7] The mset generated by a collection B of multi points is denoted by MS(B)
and is defined by Cyg(p)(x) = Sup{k : P} € B}.

An mset can be generated from the collection of its multi points. If M), denotes the collection
of all multi points of M, then obviously Cy(x) = Sup{k : P* € M,,;} and hence M = MS(M;).
Definition 2.6. [7] (i) The elementary union between two collections of multi points C and D
is denoted by CLUD and is defined as CLID = {P*: P € C,P" € D and k = max{l,m}}.

(if) The elementary intersection between two collections of multi points C and D is denoted
by CrD and is defined as CT1D = {P¥: PL. € C,P" € D and k= min{l,m}}.

(iii) For two collections of multi points C and D, C is said to be an elementary subset of D,
denoted by C C D, iff P)g € C= Jm > [ such that P" € D.

Definition 2.7. [7] Let mR™ denotes the multi set over R™ (set of non-negative real numbers)
having multiplicity of each element equal to w, w € N. The members of (mR™"),,; will be called

non-negative multi real points.
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Definition 2.8. [7] Let P. and ij be two multi real points of mR*. We define P! > P,f ifa>b
orP£>P,f if i > j when a = b.
Definition 2.9. [7] (Addition of multi real points) We define PZ; + P,f = Pf b where k =
Max{i,j}, P, P € (mR*),,.
Definition 2.10. [7] (Multiplication of multi real points) We define multiplication of two multi
real points in mR™ as follows:
Pl x P/ = P} if ither P! or P/ equal to P].
= PX,, otherwise where k =Max {i, j}.
Definition 2.11. [7] Multi Metric: Let d : M,y X M,,; — (mR™"),;(M being a multi set over
a Universal set X having multiplicity of any element atmost equal to w) be a mapping which
satisfy the following:
(M1) d(PL,P") > B}, VPLP". € My
(M2) d(P!,PI") = Py iff P = P, VPL,P™" € M)y,
(M3) d(PL,P") =d(P,Pl), VPLP" € My,
(M4) d(PL,P")+d(P",P") > d(PL,P"),VPLP" P € M.
(M5) For [ # m, d(PL,Pl") = F§, < x =y and k = Max{l,m}.
Then d is said to be a multi metric on M and (M, d) is called a Multi metric (or an M-metric)
space.
Example 2.12. [7] Let M be a multi set over X having multiplicity of any element atmost equal
to w. We define d : M, x M,y — (mR™),; such that
d(PLP") =Py if PL=P"
:Péwax{l’m} ifx=yand!#m
= Plj if x #yVPjg,Py’” €My, [1 < j<wissome fixed positive integer |.
Then d is an M-metric on M.
Definition 2.13. [10] Multi vector space: Let V be vector space over a field K. A multiset X
over V is said to be a multi vector space or a multi linear space or Mvector space of V over K
if every element of X has the same multiplicity and the support X* of X is a subspace of V.

The multiplicity of every element of X will be denoted by wy.
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Example 2.14. [10] Let R? be the Euclidean 3-dimensional pace over R. Let X = {5/(a,b,0) :
a,b € R}. Then X is a multi vector space of R? over R.
Definition 2.15. [10] Multivectors: Let X be an Mvector space over a vector space V. Then
every multi point of X ie. every element of X, will be called a multivector of X.
Definition 2.16. [10] Multi scalar field: Let K be a field. Then a multi set L over K is called
a multi scalar field or Mscalar field if every element of K has the same multiplicity and the
support L* of L is a subfield of K.

Multi points of L will be referred to as multi scalars or Mscalars of L.

Multiplicity of each element of L will be denoted by wy..
Example 2.17. [10] In Example 2.14, P(ll.,l.,o)7P(21,1,0)7P(41,5,0) etc. are Mvectors of the given
Mvector space.
Definition 2.18. [10] Let X be an Mvector space over Vx. Then an Mvector Pf of X will be
called a null Mvector if its base x = 0(6 being the null vector of X* ie V).

It will be denoted by ®*. An Mvector P¥ will be called non null if x # 6.
Definition 2.19. [10] Let X be an Mvector space over a vector space Vi, L be an Mscalar field
over K such that w; < wy, P)ﬁ,Py’" € Xy and Pl € Ly
Then we deﬁneP)H-Pym :Pé iffx=—yandl=m

= PIY"™ otherwise.
and P.PL =P} iff P, =P} or P. =P}
= PV otherwise, where 0 is the null element of K.

Definition 2.20. [10] Multi linear combination: Let X be an Mvector space over a vector

space Vg and L be an Mscalar field over K such that wy, < wy. Then an Mvector P)f € X, 1s said

to be a multi linear combination or Mlinear combination of the Mvectors P)f} , P,g, ............ , P)ﬁz €

X, if P! can be expressed as P! = Pl Pl + P2 PR 4o, + Pin Pln for some Mscalars
i1 pi j

Py Py P € L.

Definition 2.21. [10] Multi linearly dependent and multi linearly independent: Let X be an
Mvector space over a vector space Vx and L be an Mscalar field over K such that w; < wy.
Then a finite collection of Mvectors {P)Q ,P)g, ............ ,P)gz} of X is said to be multi linearly

dependent or Mlinearly dependent or ML.D if there exist Mscalars Pcill , Pfg, ............ ,Pc’;fl € Ly
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with a; # 0 forsome i = 1,2, ........... ,n such that P! P+ P2 P2+ ... + PP =@/
The collection of Mvectors {P)g} ,P)g, ............ ,P)ﬁ;} of X is said to be multi linearly independent
or Mlinearly independent or ML.Id if the relation Pl P!l + P2 P2 4 ... + PP =@
holds only whena; =0V i=1,2,........... .

An arbitrary multiset G C X 1is said to be ML.D if there exists a finite collection of Mvectors of
G, which is ML.D. An arbitrary multiset G C X is MLId if it is not ML.D.

Definition 2.22. [10] Linear span: Let X be an Mvector space over a vector space Vg, L be
an Mscalar field over K such that w; < wyx and S = {P,ﬁ} ,P,Z, ............ ,fg; } be a collection of
Mvectors of X. Then the linear span of S denoted by LS(S) is defined as

LS(S)= {P} Pl + P2 P24 ... +Pin Pl P PR Pi € Ly}

MSILS(S)] will be referred to as the multi linear span or Mlinear span of S.

Definition 2.23. [10] An Mvector space X over Vi is said to be finite dimensional if there
is a finite set of ML.Id Mvectors in X that also generates M 1i.e., there exists a finite set S =
{P)f{ 7P)£§, ............ ,fg; of Mvectors of X which is ML.Id and MS[LS(S)] = X.

The number of elements of such a set S is called the dimension of X and is denoted by
Dim(X).

Notation: Through out this paper we shall consider V as a vector space over R/C; X as an
Mvector space over Vg with wy < w (w being the multiplicity of every element of mR™) and L
as an Mscalar field over K with support L* = K and w; < wy.

Definition 2.24. [10] A mapping || || : X,y — (mR™),; will be called a multi norm or Nmorm
on X if it satisfies the following:

(N1) ||PL|| > PV PL € Xy

(N2) |Pl|| = Ptiff x=6 and | = k.

(N3) | PiP]| = P P Y Py € g, PLE X

(N4 [[PE+ P < P+ PPN PL P € X
An Mvector space X with an Mnorm || || on X is called a multi normed linear space or Mnormed

linear space and is denoted by (X, || ||). (N1), (N2), (N3) and (N4) are called norms or axioms.
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Example 2.25. [10] Let (V, || ||) be a normed linear space over K = R/C and X be an Mvector

space over V with wy = w. Let || ||,n : Xr — (mR ™), such that ||P!||,, = P! , V PL € X,. Then

[l
|| || is an Mnorm over X and (X, || ||) is an Mnormed linear space.

Note 2.26. [10] Corresponding to every normed linear space, there exists a Mnormed linear
space.

Theorem 2.27. [10] Let (X, || ||) be an Mnormed linear space over a vector space Vkx. Then
d : Xpt X Xpr — (mR™T),; defined by d(Pjg,Pym) = || P! — PV P)f,Pym € X, is a multi metric
on X.

Definition 2.28. [10] Mnorm subspace: Let (X, || ||x) be an Mnormed linear space over Vk and
Y C X is an Msubspace of X. Then || ||y : ¥,y — (RT),, defined by ||PL|ly = ||P!||x ¥ P! € Y
is an Mnorm on Y. This Mnorm is known as the relative Mnorm on Y induced by || ||x. The
Mnormed linear space (Y, ]| ||y) is called a an Mnorm subspace or simply an Msubspace of the
Mnormed linear space (X, || ||x)-

Definition 2.29. [10] Let (X, || ||) be an Mnormed linear space over a vector space Vk and r > 0.
We define the following:

() B(PL,P!) = {P) € Xy : P! — P < P!} as an open ball with center P! and radius P

(i) B(P,,P!) = 1P € Xy : |PL— P < P!} as a closed ball with center P! and radius P,
(iii) S(PL,P!) = 1P € X : | Pl — Pl = P!} as a sphere with center P! and radius P..
MS[B(PL,P)],MS[B(P.,P")] and S(P!,P!) are respectively called an Mopen ball, an Mclosed
ball and an Msphere with center P! and radius P!.

Definition 2.30. [10] Convergence of sequence: A sequence {P!"} of Mvectors in an Mnormed
linear space (X, || ||) over V is said to be convergent and converges to an Mvector P! if ||Pl" —
Pl|| — P, as n — e which means, for any &€ >0, 3 ng € N such that ||P" — Pl|| < P}V n > ng
ie. n>ny = Pl € B(PL,P}). We denote this by Pi* —» P! as n —s o or by lim,_.. P = PL.
Pl is said to be the limit of {P"} as n — eo.

Definition 2.31. [10] Boundedness: (i) In an Mnormed linear space (X, || ||), a multi subset
Y C X is said to be bounded if 3 7 > 0 such that ||P!|| < P! V P! € Y.

(ii) If a sequence {P"} of Mvectors in an Mnormed linear space (X, || ||) is bounded if 3 r > 0

such that || Pl — P|| < P!V m,n € N.
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Definition 2.32. [10] Cauchy sequence: If a sequence {Pﬁz} of Mvectors in an Mnormed linear
space (X, || ||) is said to be Cauchy if for any € > 0, 3 ng € N such that ||Pl" — Pln || < P}V m,n >
n ie. [Pl — Pln|| — P} as m,n —» co.

Definition 2.33. [10] Completeness: An Mnormed linear space (X, || ||) is said to be complete
if every Cauchy sequence of Mvectors in (X, || ||) converges to an Mvector of X.

Theorem 2.34. [10] In an Mnormed linear space (X, || ||), if P" — P! and Py’f;’ — P)k, then
Pln+ Pl —; Pl 4+ PF.

Theorem 2.35. [10] In an Mnormed linear space (X, || ||) over a vector space Vg, if {Pl"} be
a sequence of Mvectors such that P)ﬂz — Pl and {PC’,‘;;} be a sequence of Mscalars such that
Pkn —s Pk, then P pln —s PX.PL

Theorem 2.36. [10] In an Mnormed linear space (X, || ||) over a vector space Vk, if {P)gz}, Py
are Cauchy sequences of Mvectors and {PZI‘:} is a Cauchy sequence of Mscalars, then

{Pl+ Py, {PZ,‘;.P;Z } are Cauchy sequences of Mvectors.

Theorem 2.37. [10] If M be an Msubspace of an Mnormed linear space (X, || ||), then M is also
an Msubspace of (X, || ||).

3. MuLTI LINEAR OPERATOR ON MULTI NORMED LINEAR SPACE

Definition 3.1. Multi linear operator: Let X and Y be Mnormed linear spaces on mvector
spaces Vk and Wk respectively where K = R/C, L be an Mscalar field over K with L* = K and
wr <wx,wy. Then T : X, — Y}, is said to be a multi linear operator if

(L1) T is additive i.e., T (P +P") = T(PL) + T(P™), ¥ PP € X,

(L2) T is homogeneous i.e., T (P..P) = PL.T(PL), V P. € Ly, PL € X,

The properties (L1) and (L2) can be put in combined form as

T(P..P.+P..P!") = PL.T(P))+P/.T(P"), ¥ PP} € L, and P., P € X,.

Example 3.2. (1) The identity operator / : X,;, — X,,; defined as / (P)g) = P)g, v P)f € Xy isa
multi linear operator.

(2) The null operator 0:X ot — Xy defined as E(P)i) = PQ1 , vV Pji € X, 1s a multi linear operator
where 0 is the null element in Vk.

(3) Let Pl € L. Define T(P!) = Pi.P. = PiY!, ¥ Pl € X,. Then V¥ P.,P" € Xy, T(P.+P") =
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NTAY VIV (iV i i
T(PLY) = PO = PR = P P = T (P + T(R),
j j Vi v (jvi iv(ivi P j
For any P} € Ly, T(PJ.P) =T(R") = Pl = B\ = Pl iyt = P T(P)).

Theorem 3.3. Let X and Y be Mnormed linear spaces over Vg and L be an Mscalar field over
K. If T : X — Y}, is a Multi linear operator, then

() T(P{ =P =T(P) =T (B), YV PL, P € Xpr.

2) T(ng) = Pely where Oy and Oy are null elements of X and Y respectively.

(3) T(—P}) = —T(P)).

(4) T (L, Py Plr) = X7, P .T(Pl).

art x,

X

Proof. (1) Let T(P!") = P! € Yp. Then T (P! —P") =T (P! +P") =T (P! + P!, .P/") =T (P!)+
T(P!,.P})=T(P)+P. . T(P))=T(P)+P., P =T(P)+P..P =T(P)—-T(P}.

Q) Py +Py =Py = T(Ps +Ps)=T(Ps ) =T (Pg )+T(Pg)=T(Ps ) =T (P )+
T(Py,)—T(Ps)=T(Ps)—T(Pg) = T(Py)+Ps, =P =T (Ps)=Ps.

3P —P =P} =TP.-P)=T(P)) = T({P)+T(-P)=P} = T(-P))=-T(P)).
(4) We shall prove this by method of induction. For n = 1, the result is obvious. Let the result
be true for n = kie. T(Y*_, Pir PIr) = YE, Pir.T(Pl).

Now T(LEH PP = T(Thy PPl + Bl PAL) = T(L PP + T (PP =
YE_ P T(PE)+ Pt T(PE) = T(EAE P Plr) = YA P T (PE).

Definition 3.4. A multi linear operator T : X, — Y}, is said to be continuous at P)€8 € Xy if
for every sequence {P} in X pt with Pl» —; Pjg as n —» oo, we have T (Plr) —» T(P)fg) as
n— ooie. |T(Ph)—T(PR)| — P} asn — o.

If T is continuous at every point of X, then T is said to be a continuous multi linear operator.
Example 3.5. The Multi linear operators given in Example 3.2 are continuous. (1) and (2) are
obviously continuous. For (3), since Pj: — P)fg asn —> oo, for 0 < n < &, 3 ng € N such that
Pl = Pglx < P} ¥ 1> no [assumingla| # 0].

Now ¥ n > no, | T(Pl) = T(PY) || = |IP4.Ph — Po.Pg | = ||BS. (P — P) | = Pl (Pl — P <
P"'Q‘.PT]]/M| =Py <P} =T(Pr)— T(PY) as n —s oo — T is continuous.

Ifa=0, |T(Ph)—T(PY)| = Ff [ for some 1 <k < wy] <PL

Theorem 3.6. Let T : X, — Y),; be a multi linear operator. If T is continuous at some P;ﬁg € Xpr,

then T is continuous at every element of X,.
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Proof. Let P! € X, be arbitrary, {Pl"} be a sequence in X, converging to P! and P =

Pi — Pl PV n € N. Then P4 is a sequence in X, converging to ...

. by continuity of T at P, T(P) — T(PY) as n —s o0 == T (Pl — Pl + P) — T(PY)
as n — oo = T(Pl) = T(PY) + T(PR) — T(PY) as n — 00 = T(P) —T(PL) — P}
asn —» oo = T(P") — T(Pl) = T is continuous at P.. Since P! € X,; is arbitrary, the
result follows.

Definition 3.7. A multi linear operator T : X,,, — Y, is said to be bounded if 3 7 > 0 such
that |7 (P)[| < PL|PL]| ¥ PL € X,u.

Theorem 3.8. Let T : X;,, — Y),; be a multi linear operator. If T is bounded, then T is continu-
ous.

Proof. Let Pjig € X,y and {P)ﬂz} be a sequence in X, converging to Pjig . Also since T is bounded,
Jr>0suchthat | T(PL)|| < P}|P!|| V PL € X,y Let € > 0 be arbitrary. Since P —s P)ig, dng €
N such that ||Pls — PS|| < PL, ¥ n>ng = ||T(Pln) =T (PS)|| = | T(Pk — P)|| < B[P —
PY| < PP, =
Theorem 3.9. Let (V, || ||v) and (W, || ||w) be normed linear spaces over K =R /C and (X, || ||x)

=PI n>ng = T(Pr) — T(P).

and (Y, || ||y) are two multi normed linear spaces over (V,|| ||v) and (W, || ||w) respectively. Let
T :V — W be a linear operator. Then T, : X,,, — Y),; such that T;,, (P)g) = P} ) is a multi linear
operator.

Proof. For Pi Pj € Ly [Ly; being an Mscalar field over K such that w;, < wx,wy] and Pl pn e

xotu
Xpt: T, (Pl PZ+P] Pm) {( vV (jvm) )} P vV (jvm) :P(i\/l)\/(j\/m) :PZ;.-PZ

J
ax+bu T (ax-+bu) aT (x)+bT (u) + Pb Pm

T(x) T (u)

= PLT,,(PL) + P T (P).

Theorem 3.10. Let 7, : X,; —> Y,; be a multi linear operator on X where (V,|| |v) and
(W, || |lw) be normed linear spaces over K = R/C; (X, || ||x) , (¥,] ||lv) are two multi normed
linear spaces over (V, || ||v) and (W, || ||w) respectively and X* = V. We denote b(P!) as the base
of the multi vector PL € X, or Y. Also let T; : V. — W such that Tj(x) = H{Tu(PH}YVxeV.
Then {7; : 1 <1 <wy} is a family of normed linear operators on (V|| |lv)-

If we define T} : X,y — Yy such that T,;(Pl) = Pm{Tm

Ti(x) }[mPl being the multiplicity of

Plex pior Yy ], then T, is a multi normed linear operator on X with 7, = T,,.
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Proof. Clearly V /, T; is well defined. Now forx,u € V and a,b € K, T;(ax+bu) = b[T,, (PéHbu)]
= b[T,u(P..P! + P}.P}] = b[PL.T,,(P!) + P}.T,,(P.)] = b(P..Pi + P}.P]) [where T,,(P!) = P! and
To(PL) = Pil=B(PYY1) = ay+bv = a.b(T(PL)) + b.b(Tu(PL)) = a.Ti(x) + b.Ti (w).
The second part is obvious.
Theorem 3.11. T : X, — Y, is continuous at a point of X,,, = T is continuous everywhere
in X,
Proof. Let T be continuous at P € Xpr, PL € X, be arbitrary and {P/} be a sequence in X,
such that P —s PL IfVn €N, P — P! —I—P)£8 = P then {P} is a sequence in X, converging
to P;ig

So by continuity of T at P, for any & > 0, 3 m € N such that || T (P&) — T (PY)|| = | T (Ph —
Pl+PY) = T(PY)| = | T(Pl) = T(PL) + T(PQ) = T(PY)|| = |T(Plr) = T(PL)| < P} ¥ n >
m = T(Pl") — T(P!) = T is continuous at P.
Theorem 3.12. T : X,,, — Y, is continuous = T is bounded.
Proof. If possible let T be not bounded. Then V n € N, 3 Pl € X, such that T (P!) > P, ||Pln|.
Let ||P)£2|| = P» Vn € N. Then a, > 0Vn € N since a, = 0 for some n =m € N = [|Pln|| =
Py = Xy = 0 and Ly = iy = ||T(P")|| = | T(Py)|| # BL|Pn(| = BY". SoVn €N, ||Ph| >
P,i'}an and a, > 0.
We consider V n € N, Plfn = P% where k, = [,V i,. Then ||Pb’f;|| = ||P)£2Pli|| = P’i||P)£2|| =
Ph Pt — Pit — Bl as n —s o0 —> [|Ph — P1| — BL But | T(Pkr)] = \|¥EP%)H _
H;’EP)ﬁz.P‘i )ﬁ = ||P" .T(Pl)|| = P" .|T(Pk)|| > P P = P{", which contradicts the fact

nan nan nap nan

that T is continuous.

Lemma 3.13. Let X, || || be a multi normed linear space over Vi and P!, P2, ....... Pl be linearly

independent mvectors of X. Then for any set of mscalars Péll,ch, .......... Pé*}; , d ¢ > 0 such that
! i pl i pln 1/ pi ' in

|[Pay Pyl + P2 P2 Ao PanPoll = P (P P2+ +P ).

Proof. Let s = |aj| + |az| +.......... +|an|. If s =0, then q; =0V i=1,2,....,n and the result

holds.

Let s > 0. Now we have to prove 3 ¢ > 0 such that ||P!" | > P! P/" where

ay.x1+ax.xo+...... “+au.x,
pn= Max {iy,iz,.....;in,l1,lp,.cc...;ly}, jn = Max {iy,i,.....,iy } i.e., we have to prove

IP2: |
ap.xyptapxp+...... +an.xXn
s

| > P/ je. ||PP | >P.......(1),

by xy+byxpt...... +bp.xn
s
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where b; =% Vi=1,2,....,n,s0that Y} | b; = 1.
It is now sufficient to prove the existance of ¢ > 0 such that (1) is true for any set of mscalars
PLPR . P with Y by = 1.
If possible, let this is not true ie. for every m € N there is a sequence {y,,} in V; such that
v = by + 6y + o+ B, with Y16 = 1 and ||P < PL ¥ meN. Since
%—>Oasm—>oo, itfollowsthathp" Pp” as m —» oo, Since Y© 1]b |: 1VmeN,
we have |b§m)] <1Vi=1,2,....,nand m € N. Hence for each fixed i = 1,2, ..., n, the sequence
{bgm)} = {bgl) , bl@), ...... b( ...} is bounded. So by Bolzano Weierstrass theorem, {b } has a
subsequence converging to ¢y, and let {y ,, } be the corresponding subsequence of {y;,}. By the
same reason, {y| ,} has a subsequence {y»,}, say for which the corresponding subsequence
of scalars {b } converges to ¢, say. This process continues till we reach the n-th stage. At
the n-th stage, we obtain a subsequence {ynm} = {yn.1,Yn2,....} of {ym} Whose terms are of the

(m)

form yum = d\"xy +d"xs + ...+ d{"x, with Y, [d"™)] = 1 and d™ — ¢; as m —» .

Lety=cix; +caxa+.... +cpxy € Vk.
Pn,m Pn,m I)n m Pn.m
TheanPyn mo P H | d m)x +d§m)x T +d(m) X, PC]X1—|—C2)C2+....+C,,X,1 ||
- H dlm) —cp)x (dé )—cz)xz—l— ..... +( ,(lm)—cn)x,,H
||P1 Pflnm + Pl P)Zn,m “+ ... —+ P;(m) Px"n,m ”
n  —Cn

(m ( m

<|IPl, Pﬁ"m||+||le> A L LT
d] _Cl dz —C2

P, Pn, P
— P|1l§’”>—cll||lean +P‘L§m)7€2‘ |Pe ™ || 4 ... +P‘2 (m) ||Pxnnm | — P1 as m — oo since
d"™ — ciasm — coand Y, |ci| = |llmm—>oo = limpyeo X [d™ ) = 1.

So, ¢; # 0 for some i = 1,2,....,n and as x,x», ..., X, are linearly independent in Vi

[ Pl i=1,2,...,n are multi linearly independent in (X, || ||)],

it follows that y = ¢1x) +¢2x2 + ... + cpxy # 6. Now PJr — PJ" and {Py’;f’;nm} is a subsequence
of {PI"} , but Py’;f';nm — P, where y # 6, a contradiction, which proves the lemma.
Theorem 3.14. If {Pl"} be a sequence of mvectors in an Mnormed linear space (X, || ||) such
that P;Z — Pl then every subsequence Px of {Pl } converges to Pl and conversely.

Proof. The proof is straight forward and hence omitted.

Theorem 3.15. Let T : X,, — Y, be a multi linear operator (X,|| ||.) and (Y, ||,) are two

multi normed linear spaces. If X is finite dimensional, then T is bounded and hence continuous.



7918 S. DAS, R. ROY

Proof. Let dimension of X be n and {P!! P2, ........ P!} be a basis of X.
Let P = Max {|T(EX) |, T (P2) .o I T(P2) ]} and

=Y Pé’,‘{P)i’,Z € Xp:. Then by linearity of T,
|7y = | Timy PET POy < Xpoy P IT Py < PIXi_, BE (1), By Lemma 3.13,
3¢ > 0 such that || P||, = || Xi_, PXPX|, > Pl yr_, llk =Y, |’k < P1||Pl||x . from (1),
IT(POly < PiPLIIP L = PelIP e = T (PO)lly < P7|| Pyl where 0 < & <r. . T is bounded.
Definition 3.16.CLet T : Xy — Y); be a bounded multi linear operator. Then 3 7 > 0 such that
IT(PONl < PP PL€ Xpr. Lets = Inf{r>0: |T(P)|| < PP V P € Xpr}
We define | T|| as | T|| =Pl if s€ {r>0:|T(P)|| <P'V Pl € Xy}

_Prifse(r>0: TP <PV P ¢ Xy,

Note 3.17. Since {r > 0: |T(P)|| < P'||P|| V P! € X, } is bounded below (0 being a lower
bound), the Infimum s exists. If s € {r > 0: |T(PL)|| < P'||P|| ¥V PL € X}, then || T(P})|| <
IT PN PE € Xpr-
Ifs¢ {r>0:||T(P)| <P PV PLE Xy}, then for € > 0 arbitrary, Irg € {r > 0: | T(PL)|| <
P!V Pl e Xy} such that s+ & > ro. Now, V PL € X, |T(PL)|| < PLIIPL|| < P, ;. Since € > 0
is arbitrary, VP € Xpr, | T(P)|| < PRIl = (IT(PON < ITIH PV PLE Xpr.
Theorem 3.18. ||T|| = P where so = Inf{r>0: | T(P.)|| < P}||P||,¥ Pl € X, 5.t || P}|| = P}}.
Proof. Let | T|| = P} where s = Inf{r >0:||T(P.)|| < P!||P!|| V P! € X, }. Since
{r>0:||T(P)I < PP Y PLE Xy st [Pl = P} € {r>0: [T (P < PIP|
¥ PLE Xpk Inf{r > 02 |T(P)|| < PP Y PL€ Xpusit | il = P} = Inf{r > 0| T(Pp)|| <
PPV PLeXy} =s0>sLetrge {r>0:|T(P)| <P P VP e Xy}
ThenV PL € X, | T(PL)|| < Pr'OHP;H. Let ||P!|| = P! and x # 0 so that a > 0. Consider Pyl where
y=a 'x. Then ||P[| = |PL, | = |P, Pl = P, |[P{]| = P  Pi. Now ||T(P)|| < Py |||l =
PLT(POIN < PoPLlIPU = IT (P PO < Byl PUL = 1T (P I < Pyl Py Nl =
TPl < PylIPIIl = ro € {r >0 [T(P)|| < PPN Y PLE Xpesit |[PY]| = P{} = ro > so.
Since rg € {r > 0: | T(PL)|| < P}|P!|| V Pl € X} is arbitrary, it follows that s > so.
Example 3.19. (1) For the Identity Operator 1 : X, — X, such that I(Pl) = PL,||I|| = P} .
(2) For the Null Operator O : X,; — X,; such that O(P) = P} || 0| = P}
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Theorem 3.20. Let (V, || ||v) and (W,]| ||w) are two normed linear spaces; (X, || ||x) , (¥, || |lv)
are two multi normed linear spaces on (V.|| [lv) , (W, || [lw) respectively such that ||P}"[|y =
P|’|7; ' VP"€Yyand T :V — W be a bounded linear operator. Then Ty : X,y — ¥) such
that Ty (P!) = PL. () VP! € X, is also a bounded multi linear operator.

Proof. Since T : V — W is bounded, 3r > 0 such that ||7 (x)||w < r|jx|ly,¥x € V.

Then || T (P)ly = |Pp o lly = Blr ey, < Bllxlly = PP

v = Tys is bounded.

@) llw
Theorem 3.21. Let (V, || ||v) and (W, || ||w) be two normed linear spaces; (X, || ||x) . (Y, ]| ||y) are
two multi normed linear spaces on (V, || [|v) , (W, || |lw) respectively with X* =V and ||P}"||ly =
Pl VB €Yy Letfor 1 <1 <wx,T;:V — W such that Ti(x) = b[Tyy(P))] ¥V x € V. Then
{T;: 1 <1 <wyx} is afamily of bounded linear operators. More over, if we define Ty : Xpr — Yt
such that Ty;(P!) = Ty (P) V P! € X, then Ty}, is a bounded multi linear operator with T}, = Ty.
Proof. Since T); is a bounded multi linear operator, 3 r > 0 such that

ITh (PL)|ly < PH|PL|lx ¥V PL € Xp. Let Ty (Pl) = Pf. Then

TPy = 1Pl =P,
T = (T (PO Hiw = [BES) lw = [¥]lw-

< P|IP]x-

4. CONCLUSIONS

Theory of operator is an important branch of functional analysis and it has many applications
in Mathematics and Sciences. In this paper, an attempt has been made to introduce linear
operators on multi normed linear space. There is an ample scope for further research on multi
linear operators. Research on multi linear functionals and multi inner product can be of special

interest.
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