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Abstract. Frame theory is an active research area in mathematics, computer science and engineering with many
exciting applications in a variety of different fields. In this paper we study the notion of dual continuous K-frames
in Hilbert spaces. Also we establish some properties.
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1. INTRODUCTION

A frame is a set of vectors in a Hilbert space that can be used to reconstruct each vector in the
space from its inner products with the frame vectors. These inner products are generally called

the frame coefficients of the vector.
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Introduced by Duffin and Schaeffer in 1952 [6] to study some deep problems in nonharmonic

Fourier series, the theory of frame in Hilbert space has grown rapidly. After the fundamen-

tal paper [7] by Daubechies, Grossman and Meyer, frames theory began to be widely used,
particularly in the more specialized context of wavelet frames [3] and Gabor frames [8].

A discrete frame in a separable Hilbert space %7 is a sequence { f;};c; for which there exist

positive constants A, B > 0 called frame bounds such that

Al < Y I, fi) > < Bllx|]?, ¥x € .
il

The continuous frames has been defined by Ali, Antoine and Gazeau [1], called frames as-
sociated with measurable space. For more details, the reader can refer to [9]. The concept of
continuous K-frame in Hilbert space have been introduced in [10].

Many generalizations of the concept of frame have been defined in Hilbert Spaces and Hilbert
C*-modules [11, 12, 13, 14].

In this papers, we characterize the concept of dual continuous K-frames in Hilbert spaces and

we give some new properties.

2. PRELIMINARIES

Let X be a Banach space, (€, 1) a measure space, and function f : Q — X a measurable
function. Integral of the Banach-valued function f has defined Bochner and others. Most
properties of this integral are similar to those of the integral of real-valued functions.

Let (Q, 1) be a measure space, let H and K be two separables Hilbert Spaces, we denote
B(H,K) the collection of all bounded linear operators from H to K, as well B(H,H ) is abbreav-
iated to B(H).

For T € B(H,K), we use the notation (T ) and .4 (T) to denote respectively the range and

the null space of T'.

Definition 2.1. [9] Let H be a complex Hilbert space, and (£, 11) be a measure space with
positive measure (L.

A map F : Q — H is called a continuous frame with respect to (Q, u) if :
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1 - F is weakly measurable, ie: Vf € H, w — (f,F(®)) is a measurable function on
Q.

2 - There exists two constants A, B > 0 such that :
2.1 AllfI? < /Q |(f.F (@))[du(w) <B|f|* VfeH.
For continuous frame F, the analysis operator 7 is defined by :
T:H— L*(Q)
f—{{f,F(®)}oca

The adjoint operator of 7', called synthesis operator, is defined by :
T :L*(Q) — H
X —s / X(@)F (0)du(o)
Q

The frame operator of the continuous frame F is defined by : S = T*T such that, is bounded
and invertible.

Recall that a continuous Bessel sequence G is a dual continuous frame of F if :

r= [ (.Gl@)F(@)dup@)  vfeH
We have :
7= | .S ) Fo)du(e) Vi
This show that S;lF is a dual continuous frame of F, called the canonical dual continuous

frame of F.

Definition 2.2. [10] Let K € B(H), amap F : Q — H is said to be a continuous K-frame, if

there exists a constants 0 < A < B < o such that :

AI!K*J‘HZS/Q\(f,F(w)szu(w)SBHJ‘H2 VfeH.

The constants A and B are called the lower and upper continuous K-frame bounds.
If A = B, F is called a tight continuous K-frame.
If A= B =1, F is called Parseval continuous K-frame.

If (2.1) holds right, F is called continuous K-Bessel sequence.



DUAL CONTINUOUS K-FRAMES IN HILBERT SPACES 7847

In the following definition we will recall the definition of dual continuous K-frame.

Definition 2.3. [10] Let K € B(H), and F : Q — H be a continuous Bessel mapping for H, and
G : Q — H be a continuous Bessel mapping for H, we say that F,G is a continuous K —dual
pair, if:

Kf:A;ﬁG«muwwMuwn Vf € H.

Definition 2.4. [2] A Bessel mapping F is said to be L?-independent if [ ¢ (@)F (®)du(w) =0
for ¢ € L?(Q), implies that ¢ =0 a. e.

The following lemmas will be used to prove our mains results.

Lemma 2.5. [4] Let A € B(H,K) has a closed range, then there exists a unique operator A €
B(K,H), called the pseudo-inverse of A, satisfying :

ANA=A (AN =AAT
ATAAT=AT  (ATA)*=ATA  (A)T=(AT)

N (A= (RN)- AN =(H(N)

Lemma 2.6. [5] Let H,H, and H, be three Hilbert Spaces, also let S € B(H|,H) and T €
B(H»,H). The following statements are equivalent:

1- %(S)C Z(T).

2 - There exist A > 0 such that SS* < ATT™.

3 - There exists 6 € B(H,,H,) such that S = T8.
Moreover, if (1), (2) and (3) are valid, then there exists a unique operator 0 such that :

a- ||0]> =inf{u:SS* <urT*}.

b- A (S)=4(0).

c- #(0) C Z(T%).

Lemma 2.7. [15] Let (Q, 1) be a measure space, X and Y are two Banach spaces, A : X —Y

be a bounded linear operator and f : Q — X measurable function; then,

A [ aw) = [ nan
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3. MAIN RESULT

Before giving our main results, we will first demonstrate the following lemmas.

Lemma 3.1. Let K € B(H) and F be a continuous Bessel sequence of H with analysis operator
T. Then F is a continuous K-frame of H if and only if:
X(K) C Z(T").

Proof. 1t is an immediate consequence of Lemma 2.6. ([

Lemma 3.2. Suppose that K € B(H) has closed range and F is a parseval continuous K-frame

of H, then K'F is a dual continuous K-Bessel sequence of F.

Proof. F 1is a parseval continuous K-frame of H, then :

G ISP = [ 1 F(@)Pdu@)  vfed.

Let g € Z(K*), we have : g = K*(K*)Tg = K*(KT)*g. Replace f by (K*)Tg in (3.1), then :

K (&gl = [ (&) g F(@) ()
IsIP = | Ite.K'F(@)Pdu(w)

Hence, K'F is a continuous Bessel sequence.

Since F is a parseval continuous K-frame, one has
KK'f = [ (/.F(@)F(0)du(o).
Then we have : g = K*(K*)Tg = K*(KT)*g,
Kg=KK*(K")*g
= [ (K" 8. F(@)F(@)du(w)

- [ (K F(@)F(@)du(w)
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Ifh e (B(K*))*: = N (K)
lemma 2.5 = h € (A ((K*)") = A4 ((K")*),
then :

| K F(0)F(@)du(@) = [ (K")'hF(0)F(@)du(@) = 0=Kh.
So, for all f € H, we have :
K = [ (8. KF(0)F(@)du(0).
O

Lemma 3.3. Suppose that K € B(H) has closed range and F is a parseval continuous K-frame
of H with analysis operator T, then G is a dual continuous K-Bessel sequence of F if and only
if there exists ¢ € B(H,L*(Q)) such that : T*¢ =0 and (¢f)e = (f,G(0) —K'F(®)) Vf¢€
H, VYoeQ.

Proof. Let G be a dual continuous K-Bessel sequence of F,
¢ :H— L*(Q)
f—0f
wich is defined by: (¢ f)e = (f,G(w) — K'F(®)). One has
T'(pf) = | (f.6(0) = K'F(0))F(0)dp(0)
= [ Gl F(@)du(o)~ [ (7.K'F(@)F(@)du(w)
—Kf—Kf=0.
Conversely, suppose that exist ¢ € B(H,L*(Q)) such that : T*¢ = 0 and
(¢f)o=(f.G(0)-K'F(0)) VfeH, YocQ
We have :
| (7.6(@)F(@)du(o) = [ (. KF(@)F ()du(w)

= Kf.
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Suppose that K € B(H) and F is a continuous K-frame. The dual continuous K-Bessel se-
quence of F such that the square of the norm of its analysis operator equals to the optimal lower

continuous K-frame bound of F' is called the canonical dual continuous K-Bessel sequence of

F.

Theorem 3.4. Suppose that K € B(H) has closed range and F is a parseval continuous K-frame

of H with analysis operator T, then K'F is the canonical dual continuous K-Bessel sequence

of F.

Proof. From lemma 3.2, we know that K'F is a dual continuous K-Bessel sequence of F. To
complete the proof, by definition of the canonical dual continuous K-Bessel sequence of F it
only needs to prove: |7, || < ||75| for any dual continuous K-Bessel sequence G of F, where
T, is the analysis operator of K F.

By lemma 3.3, there exist ¢ € B(H,L*(Q)) such that T/ ¢ = 0 and

(9f)o = (f,G(0)—K'F(0)) VfeH, YocQ
On the other hand : T = ;, + 0,

TG A1? = (TGf, TG f)
= (T f+of. T f+of)
=I5 1P+ (T fr0) + (0 f T ) + o fII°

_ * 2 2 * 2
=T 1"+ leflI” = T £l

Hence, || T, || < ||Tg| as desired. O

Lemma 3.5. 1 - The canonical continuous dual K-Bessel sequence of a parseval continu-
ous K-frame F, wich will be denoted by F later; is actually a parseval continuous frame

on (N (K))*.
2 - The canonical dual continuous K-Bessel sequence of parseval continuous K-frame F is
precisely a parseval continuous K'K-frame. But in general it is not a parseval continu-

ous K-frame. It can naturally generate a new one in the form KF .
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Proof. 1 -

/QKff(w)szu(w):HK*(KT)*sz:||(KTK)*f|!2 IKTK A1 = 11711

L1 F (@) Pdu() = [ [(.K7F (o)) Pdu(o)
Q
= KK 1P

= (K"K fII>  VfeH,

|1 KF(@)Pdu(@) = [ [(£.KKF(@)du(@)

Q
= [ WKKY'f.F(@)Pdu(o)
~ K (KK I = | (KKTK)" P
=K fl* vfeH.

O

Theorem 3.6. Suppose that K € B(H) has closed range and F is a parseval continuous K-frame
of H with a dual continuous K-Bessel sequence G. Then G is the canonical dual continuous
K-Bessel sequence of F if and only if T;Tg = T; Ty for any dual continuous K-Bessel sequence

H of F, where Tg and Ty denote the analysis operators of G and H respectively.

Proof. Let us first assume that G = F.

If we denote by Tr the analysis operator of F then a direct calculation can show that T =
Tr(KT)*.

From this fact and taking into account the fact that :

Ti(Taf ~Tuf) = [ (fF(@)F(@)du(0) - [ (f.H(0)F(@)du(@) =0.

We obtain for any f,g € H:

(Te —Tu) f,Teg) = ((Te — Tu) f, Tr (K")*g) = (K" T3 (T — Tt ) f, ) = 0



7852 FARAJ, ROSSAFI, MOALIGE, KABBAJ, TOURI
Thus TE(T(;f — THf) = 0 then TE;TG = TG*TH-
For the converse, suppose that 7;;7g = 1Ty, for any dual continuous K-Bessel sequence H of

F. Then :

1T5l* = 75 T6ll = 176 Tull < |1 76 || Ti .

So,

Ts|| < ||Tw || implying that G is the canonical continous K-Bessel sequence of F. O

Now it is legitimate to pose the following question: Under what condition will a parseval

continuous K-frame admit a unique dual continuous K-Bessel sequence?

Theorem 3.7. Suppose that K € B(H) has closed range and F is a parseval continuous K -frame
of H with analysis operator Tr. Then F has a unique dual continuous K-Bessel sequence if and

only if #(Tr) = L*(Q).

Proof. Suppose that Z(Tr) = L*(Q), then T} is injective. Let G and Q be two dual continuous
K-Bessel sequences of F. Then: {(f,G(®) — Q(®))}pecq € L*>(Q) and that :

0=Kf—Kf = [ (.G(0)F(0)du(w) - | (.0(@)F(@)du(w)
= [ /.6(@) — Q@) F(0)du(0)
= T ({{/.G(@) = 0(®))}uca).
Since, T is injective, we have

(f,G(w)—Q(w))=0 YoeQ and VfeH,

hence

soG=0.
Conversely, assume contrarity that Z(Tr) # L*(Q).
Since F is a parseval continuous K-frame, it is easely seen that KK* = T Tr.

Hence, Z(T;) = % (K), by lemma 2.6, and T} has closed range as a consequence.



DUAL CONTINUOUS K-FRAMES IN HILBERT SPACES 7853

Let S € B(H,L?(Q)) be an invertible operator and 0 # o € (%Z(Tr))*.
Taking 2 = S~ () and G(®) = o(w)h, for each € Q, for every f € H, we have:

[ 117:6(@)Pau(@) = [ |7, a(@)h)du(w)
= [ 1. mPe(0) Pdp()
= (.3
< Pl

Hence, G is a continuous K-Bessel sequence for H.
Now, let Q(®) = F(w) + G(w) for every @ € Q, then it is easely seen that Q is a continuous
K-Bessel sequence for H.

Since « is orthogonal to Z(TF ),

([ (.G@)F(@)du(w).e) = [ (f.a())(F(®).e)du(w)

- [ (r-ha@)F(@).edu(w)
= (f:h){at, {{e, F(®)) }weq)
= (f,h){a,Tre) =0 Ve,f € H.

Then [o(f,G(®))F(w)du(w)=0 VfecH.

Which give:

| (0@)F(@du() = [ . F(@)F(o)dup)+ [ (f.6(@)F(@)duo)
_ /Q<f,F(a))>F(a))d/.t(a)) —Kf.
Since o # 0, there exists wg € Q such that & (wyg) # 0, and thus G(wg) # 0. A simple calculation

gives (-2 )S(G(wp)) = .

la(wo)[?

Hence Q is a dual continuous K-Bessel sequence of F and its different from F wich is a contra-

diction. ]

Theorem 3.8. Suppose that K € B(H) has closed range and F is a parseval continuous K -frame

of H then the following results hold:
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1 - F is continuous L*-independent if and only if F is continuous L*-independent.
2 - If F admits a unique dual continuous K- Bessel sequence then F admits a unique dual

continuous K*-Bessel sequence.
Proof. (1) One has
|- F(@)F (@)du(o) = TiTef =KK'f
= | (&£ F(@)F(@)du(o)
- [ KF(@)F(@)du(w)  VieH.
Hence,
0= [ (f.F(@)F(@)du(0) - [ (/.KF(0)F(@)du(w)
= [ /.F(@) ~KF(@))F(@)du(w)
Since, F is continuous L?-independent, it is follows that:
(f,F(w)—KF(w))=0 VfcH, VocQ.

So F =KF.
Suppose now that [, c(®)F(@)du(®w) =0 for some ¢ € L*(Q), then by lemma 2.7:

0—K /Q c(0)F(0)dp(o) = /Q c(0)KF(0)du(o) = /Q c(0)F(0)dp (o).

So, c(w) =0 Y € Q, because F is continuous L?() independent.

For the converse, let [, c(®)F(®)du(®) =0 for c € L*(Q), then by lemma 2.7:

0=K' /Q c(0)F (0)dp (o) = /Q c(0)KTF(0)du(o) = /Q c(0)F(0)dp ()

Then c(w) =0 Vo € Q.

(2) Since, F has a unique dual continuous K-Bessel, by theorem 3.7 we know that its analy-
sis operator T is surjective and thus 77 is injective, which implies that F is continuous L?-
independent.

Hence, by (1), F is also continuous L?-independent, from wich we conclude that F has a unique

dual continuous K*-Bessel sequence. U
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Theorem 3.9. Suppose that K € B(H) has closed range and F is a parseval continuous K -frame
of H. Then for any c € L*(Q) satisfying the equation.:
Kf= [gc(o)F(w)du(w), we have:

| let@)Pdu@) = | (o w))Pdu(o)+ [ |(f.F(@)Pdu(o).

Proof. We have :

— (K"(Kf—K[),f)=0 VfeH.

Therefore

- [ c@)c@)dn(o)
- [ (@)~ (£.F@) + (. F@)][(e(@) - (£ F @) + (f.F(@))ldu(o)
— [ ((e(@) ~ (7. F(@))(e(@) — (£ F(@)) + (c(@) - (. (@) (F(@). 1)
(L F (@) (e(@) — (F.F (@) + (£ F(@)(F(0),/)du()
- [ (eo (c(@) = . F(@)du()+ [ (1.F(0)(F(@).f)du(o)
—/|c w)Pdu(o +/|f, w)Pdu(w)

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.



7856

FARAJ, ROSSAFI, MOALIGE, KABBAJ, TOURI

REFERENCES

(1]
(2]

(3]

(4]
(5]

(6]

(71

(8]
(9]

[10]

[11]
[12]

[13]

[14]
[15]

S. T. Ali, J. P. Antoine and J. P. Gazeau, continuous frames in Hilbert spaces, Ann. Phys. 222 (1993), 1-37.
A. A. Arefijamaal, R. A. Kamyabi Gol, R. Raisi Tousi and N. Tavallaei, A new approach to continuous Riesz
bases. J. Sci. Iran. 24 (2013), 63-69.

C. K. Chui, AN INTRODUCTION TO WAVELETS, volume 1 of Wavelet Analysis and its Applications.
Boston: Academic Press Inc, 1992.

O. Christensen, An Introduction to Frames and Riesz Bases, Birkhduser, Boston (2003).

R. G. Douglas, On majorization, factorization and range inclusion of operators on Hilbert space, Proc. Amer.
Math. Soc. 17 (1966), 413-415.

R. J. Duffin, A. C. Schaeffer, A class of nonharmonic fourier series, Trans. Amer. Math. Soc. 72 (1952),
341-366.

I. Daubechies, A. Grossmann and Y. Meyer, Painless nonorthogonal expansions, J. Math. Phys. 27 (1986),
1271-1283.

D. Gabor, Theory of communications, J. Elec. Eng. 93 (1946), 429-457.

A. Rahimi, A. Najati and Y. N. Deghan, Continuous frames in Hilbert spaces, Meth. Funct. Anal. Topol.
12(2) (2006), 170-182.

G.H. Rahimlou, R. Ahmadi, M. A. Jafarizadeh and S. Nami, Continuous K-frames and their duals, arXiv:
1901.03803v1, (2019).

M. Rossafi, S. Kabbaj, x-K-operator Frame for End;}(%” ), Asian-Eur. J. Math. 13 (2020), 2050060.

M. Rossafi, A. Touri, H. Labrigui and A. Akhlidj, Continuous *-K-G-Frame in Hilbert C*-Modules, J. Funct.
Spaces, 2019 (2019), Article ID 2426978.

M. Rossafi, S. Kabbaj, *-g-frames in tensor products of Hilbert C*-modules, Ann. Univ. Paedagog. Crac.
Stud. Math. 17 (2018), 17-25.

M. Rossafi, S. Kabbaj, Generalized Frames for B(7, % ), Iran. J. Math. Sci. Inf. accepted.

K. Yosida, Functional Analysis, vol. 123, Springer-Verlag Berlin Heidelberg, Springer, Berlin, Germany, 6th
edition, (1980).



