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Abstract: The life-time of a deteriorating product is a major issue in inventory management. In practise the
quality as well as quantity of deteriorating product deteriorates over time and the quality (freshness) of the
product influences the customer’s demand. With the consideration of product life time, we develop an inventory
model with price and freshness dependent demand under advance payment system with discount facility. The
selling price is freshness sensitive. Goal of our model are twofold. The first one is customer’s demand is
dependent upon the newness/freshness state of the product as well as selling price of the product. In the last one
stock level at the end of cycle is relaxed. The solution process of projected optimization model is illustrated
theoretically. Couple of numerical examples and sensitivity analysis are provided to demonstrate the feature of
the profit function. Concavity of the average profit function is shown by plotting graphs. This study shows that

all parameters in the proposed maximization model significantly influence the optimal solution.

Keywords: advance payment; freshness sensitive selling price; restricted shelf space; freshness dependent

demand; price sensitive demand.
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1.INTRODUCTION

To maintain proper balance between production supply and customer’s demand, we observe
that inventory or stock management is essential in any kind of business sector or industries.
In the classical economic order quantity (EOQ) model, it was often assumed that purchaser
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pays the cost of items or products at the time of release of the product from the seller. Goyal
[1] was the first person who introduced the concept of delay-in-payments in his EOQ model
to encounter inventory backlog problem due to the retailer’s financial constraints for the time
being. There is no interest charge if the cost of items is paid with in recognized delay period.
On the other hand, if the payment is not paid in full by termination of the permissible delay
period, interest is charged on the unpaid amount. There have been extensive researches
concerning the EOQ with permissible delay in payments. Aggarwal & Jaggi [2] extended
Goyal’s [1] model by considering perishable products. Chang et al. [3] developed an
economic order quantity model under the assumption that delay period is linked with
ordering quantity. De and Goswami [4] provided the probabilistic EOQ model for declining
items under tolerable delay in payments.

Offering delay period in payment sometimes leads to several disadvantages, one of being that
the supplier does not receive money instantly and this may lead to a supply crisis. In order to
address this issue a different tactic practised in the marketplace is advanced payment. The
reverse of delay-in-payment is advance payment strategy. Sometimes it becomes much
difficult for business person or seller to carry on himself/herself in the competition when the
stock level of the particular product is volatized in the market due to higher demand of the
product and its insufficient supply. To catch the attention of the consumers in addition to
make the potential consumers in to the regular buyers, the business person use different types
of price cut scheme, for example, price concession, seasonal price cut, discount due to
prepayment or advance payment, etc. At the present time, the price cut due to the advance
payment provision becomes a new inclination in the market dynamics. When a retailer places
an order for the product, the supplier demands money in advance. Next, supplier provides
some price discounts for advance payment. Some suppliers also tolerate the retailer to
disburse a part of the purchased cost by instalment. Thus, from the last few decades,
researchers or academicians are truly engrossed to study the EOQ model with price cut under
advance payment provision. Gupta et al. [5] firstly proposed the advance payment scheme in
their EOQ model. Maiti et al. [6] also introduced the concept of advance payment in an
inventory model by considering selling price dependent demand and stochastic lead time.
Thangam([7] discussed advance payment policy to find out optimal lot-sizing strategy for the
perishable goods. Taleizadeh [8] well thought-out a number of prepayments for declining
items with shortages. Teng et al. [9] developed an EOQ model with expiration time
dependent deterioration rate and advance payment strategy. Diabat et al. [10] introduced
partial downstream delayed payment, partial up-stream advance payment in their model for
deteriorating items with partial back ordering. Recently Mashud et al. [11] established joint
pricing inventory model of deteriorating products with expiration time dependent
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deterioration rate under the effect of advance payment with discount facility. Rahman et al.
[12] also developed a hybrid price and stock dependent EOQ model for deteriorating items
with advance payment related to price cut facility under preservation technology. Duary et al.
[13] invented a price-discount inventory model for deteriorating product with partially
backlogged shortage under the joint effect of advance and delay in payment. In this projected
work we incorporate advance payment policy with price discount to promote sales and
decrease supply crunch simultaneously.

Deterioration is a common occurrence of the most of the goods, so researchers can not
overlook it to make strong inventory model. It is well known that most of the products of
grocery shop, vegetable and fruit shop, dairy farm, medicine shop, alcohol shop etc., will
spoil or damage or expire over time. The life time of the deteriorating item is limited and
these have an expiration date. Specifically, the rate of deterioration accelerates over time and
the item will completely spoils at the expiration date and has no utility for consumers.
Therefore time dependent deterioration rate should be well thought-out to develop an
inventory policy. Researchers developed several extensive models for declining items with an
expiration date or utmost life time. Sarkar and Sarkar [14] established a model for
deteriorating item with stock dependent demand and time dependent deterioration rate. Teng
et al. [9] studied another inventory model of deteriorating products in which the deterioration
rate is a function of time and life time of the product. Wu et al [15] considered an inventory
model of deteriorating items in which deterioration rate function approaches the full item
value near the expiration date. Tiwari et al. [16] invented a supply chain EOQ model with an
expiration date to find out the optimum cost and ordering cycle. Recently, Igbal and Sarkar
[17] studied deteriorating items with life-time-reliant demand rate and incorporated the
consequence of preservation technology. Mashud et al. [11] also established an inventory
model of deteriorating products with expiration time dependent deterioration rate. In the
projected work, we formulate and look into an inventory model where the deterioration rate is
a function of time and life time of the product.

Consumers are generally aware to quality changes of fresh produce and foods. In view of
supermarket consumers, they will like better to purchase fresh products instead of old ones.
When price is the same, they will have a first choice to the newer ones. In our present effort,
we think about a demand which decreases with the age of the product. To best of our
information, there are just a small number of papers in the unpreserved inventory invented
story that take into consideration the declining effectiveness of perishable products all
through their life time. Fujiwara and Perera [18] was the pioneer who well thought-out
declining effectiveness of perishable products related with lifetime. Though, they make use of
a constant demand rate. Bai and Kendall[19] established an inventory model where demand
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rate is dependent on the displayed stock and the freshness of the product. Amorim et al. [20]
considered multi-item production based inventory model for deteriorating products where
demand is age dependent. Chen et al. [21] established EOQ model with positive stock level at
the end of cycle with stock level dependent and linearly declining demand function with age
of the product. Dobson et al. [22] formulated an inventory model using an only age reliant
demand function that decreases linearly with age of the product until stock of item vanishes.
Price is one of the key factors in a consumer’s purchasing decision. Buyers like to purchase
from a shop which has minimum selling price. It is evident that the less selling price makes
the demand high. If the seller raises the selling price of the manufactured goods, the clients
would shift other shopping places to fulfil their demand. As a consequence, demand for
perishable goods is dependent upon the joint effect of selling price and product newness.
There are several investigations have been made on the consequence of price variations.
Kotler [23] included business policies into inventory decisions and debated the connection
among economic order quantity and pricing decision. Wee [24] discussed a replenished plan
for perishable products where demand is price sensitive and deterioration follows Weibull
distribution. Papers related to this field are Shah et al.[25], Ranganayki et al. [26], etc.
Another most important issue of demand is changeable selling price. Alturki and Alfares[27]
established a storehouse assortment model where selling price is dependent on time. In
general, demand of a product declines with raise in selling-price and vice versa. Also, life
span of such goods affects the selling-price. To endorse to sell products of little life seller
uses low selling price. Although not too many research papers have been published in this
area. Igbal and Sarkar [28] established a supply chain model where selling price is dependent
upon the life time of the product. Recently, De [29] developed an EOQ model where selling
price has a reverse association with the newness of the manufactured goods to increase the
demand of the product left over in store.

This article presents an inventory model of deteriorating products having maximum lifetime
with following considerations: i) the deterioration rate increases over time and the goods are
entirely deteriorated at the date of expiration. ii) demand of the product is dependent on
selling price and freshness of the product, after exceeding life time there is no demand i.e.,
cycle time must be shorter than product’s life time iii) freshness sensitive selling price of the
product iii) the retailer prepays a portion of his purchase cost as an advance through equal
multiple instalments to the supplier before receiving the product iv) the inventory level at the
end of each cycle may be positive or zero v) the shelf space for holding the product of the
retailer is limited. The purpose of this paper is to find out the utmost earnings of this model.
The next part of the paper is designed to arrange as cited. The assumptions and notations of
the model are presented in section 2. Following the section 3, we have established a
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mathematical maximization problem of this model. In section 4, theoretical outcome for

maximization of the total profit function is discussed. In section 5, we present numerical

solution process and algorithm for the projected model. In section 6, some numerical

examples and graphical representation are carried out. The sensitivity analysis is recorded in

section 7. In the last, we have finished with conclusion and suggest some future research

scope in section 8.

Author(s) Demand Selling Payment mode Deterioration rate | Discount Life-
price time
Goyal[1] Const Const Delay No No No
Aggarwal &Jaggi[2] | Const Const Delay Const No No
De and Goswami[4] | Probabilistic Const Delay Const No No
Maiti et al.[6] Price sensitive Const Advance No No No
Thangam[7] Price sensitive Const Advance & Delay both | No No No
partially
Taleizadeh[8] Const Const Advance Const No No
Teng et al.[9] Const Const Advance Time and | No Yes
expiration  time
dependent
Rahman et al.[12] Price and stock | Const Advance Const No Yes
dependent
Duary et al.[13] Advertisement , | Const Advance & Delay both | Const Yes No
time and stock partially
dependent
Sarkar and Sarkar | Stock dependent | Const No Time dependent No No
[14]

Tiwari et al.[16] Price sensitive Const Delay Time dependent No Yes
Chen et al. [21] Freshness and | Const No Time and | No Yes
stock sensitive expiration  time

dependent
Dobson et al. [22] Freshness and | Const No Const No Yes
stock sensitive
Alturki and | Price sensitive Time No Const No Yes
Alfares[27] dependent
Igbal and Sarkar | Price sensitive Life-time Advance Time dependent No Yes
[28] dependent
Mashud et al.[11] Price sensitive Const Advance Time and | Yes Yes
expiration  time
dependent
De [29] Freshness and | Life-time Delay Const No Yes
price sensitive [freshness
dependent
This paper Freshness and | Life-time Advance Time and | Yes Yes
price sensitive [freshness expiration  time
dependent dependent

Table 1: Comparison between a number of earlier research work and this proposed work
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2. ASSUMPTIONS AND NOTATIONS

To build up the present model, the succeeding assumptions and notations are used all through

this paper.

2.1 Assumptions:

vi)

vii)

viii)

Infinite replenishment rate and zero lead time are considered.
There is no shortage allowed
No chance for substitute or renovate in this model for the single perishable item is

considered.

Product’s selling price p is depended upon age of the product i.e., p = py (1 —f)
where p,&L are initial selling price and life of the product respectively.

Selling price and freshness sensitive customer’s demand D = (a — fSp) (1 — f) :

where «, § > 0. The product is fresh and there is no age effect on the demand at the
beginning of the cycle.. Then the product loses its newness with time, so the demand
for the product decreases. After the expiration date of the product customer’s demand
becomes nil.

The deterioration rate 6(t) of the product is time reliant. We have supposed
1
1+L-t’

At the end of each cycle the inventory level is allowed to be zero or positive and the

that 0(t) =

0 <t <T < L following Teng et al.[9] and Mashud et al.[11]

residual stock (if any) is disposed of.

Due to the especially seasonal and deteriorating substance, the supplier seeks advance
payment in instalment of an exact percentage of the product’s purchasing cost before
the time of delivery from the retailer. The left over balance is paid at the time of
release or delivery of the purchasing product.

To attract advance payment policy, the supplier also offers a discount or concession
on the cost of the purchasing products. To receive the discount the retailer accepts the
condition and pays y X total purchasing cost on n equal instalments during M

years before delivery.

2.2 Notations:

)] K: replenishment cost per order
i) a: aninvariable factor in the demand function(a > 0)
iii)  B: price reliant demand rate factor(g > 0)

iv) p:  the selling price per unit of product
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V) po: theinitial selling price per unit of product
Vi) L: life /expiration time of the product

vii)  W: capability of shelf space for the retailer

viii)  C,: holding cost for per unit product per unit time

iX) Cp: purchasing cost for every unit of product

X) Q: amount of the product ordered by the retailer in each cycle
Xi) s:  salvage cost of the for each unit disposed product

xii)  M: time range for the retailer to pay in advance, where M > 0

xiii)  r: interest rate imposed on the total purchased cost per unit time

xiv)  n: number of identical instalments

XVv)  x: concession rate for a single instalment of the prepayment

xvi)  I,: banking interest rate on the loan

xvii) y: afraction that the retailer has to prepay from the purchasing cost before the
reception of the product, 0 <y <1

xviii) I(t): inventory level at time t

Xix)  6(t): deterioration rate attimet

xx)  AT: average turnover/profit for each unit time

Decision Variables
)] T: length of each cycle, it have to be not more than product lifei.e., T < L

i) q: inventory level at the end of cycle (g = 0).

3. MATHEMATICAL MODEL FORMULATION

In this paper, two models with advance payments have been discussed. In the first case, we
have supposed that the prepayment is completed in a number of equal instalments.

In the 2" case, the retailer will pay in advance the entire cost at the specified time to enjoy a
cash reduction on that cost by borrowing some funds for his purchasing cost from some
financial organization like bank.

3.1 Case 1(Advance payment is done in instalments)

In the EOQ model developed in case 1, y fraction of the entire purchased cost of the product
is been prepaid by n equal instalments within M years before the delivery and the rest amount
of the purchased cost must be paid at the time of delivery. After paying all purchased cost,

instantaneously Q units of product is been delivered by the supplier to the retailer. Now the
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inventory level I(t) starting with Q units decreases gradually due to both demand and

deterioration and reaches to g(= 0).
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Fig 1. Graphical representation of the inventory system when prepayment is done in
instalments

The governing differential equation is as follows:

di(t)
dt

Where, D = (a — fp) (1—1),p =po (1 =) and 6() =

With boundary conditions I(T) =g >=0and I1(0) =Q < W.

+OOIt)=-D, 0<t<T<L (1)

1

—,0<t<L
1+L—t

The obtained solution of equation (1) is

I)=A{Q+L—-t)*—-(A+L-t)A+L-T)}+B{1+L-t) > -A+L-t)(1 +

()

1+L-t
1+L-T

L-T}HC{(1+L—-t)dog(1+L—-t)—(1+L—-1t)log(1+L—-T)}+q

_ _Bpo _a 2Bpo ~_ _(«, Bpo
Where A = ==, B=—+—=,C = (L+L2)

Using the initial condition 1(0) = Q, from equation (2) we get
Q=A4A{1+L)¥-A+LA+L-T*}+B{Q1+L)?*-1A+L)QA+L-T)} + CcO+

(14L) | 1+L
[)log a+-1 1 1ri-1 ©)

Based on the above expressions and assumptions, the profit function in each cycle consists

following terms:

Total sales revenue (SR) per cycle :foTp (a — Bp) (1 - {) dt
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3 2 4
=l (-9 J- - (-9 @
Replenishment cost (RC) per cycle=K (5)

Total inventory cost (IHC)per cycle=Cj, fOTI (t)dt

_ a+0)* | Q+L-m* 2 (14L-T)2 (a+1)® | (+L-7)3
= AC, [ + T - (1 4+ 12 | 4+ e [+ - (14

2(1+L -T) (1+L)? (a+L)  (a+L)? (1+L T)?
L) ] +CCn [ 2 log (1+L-T) 4 + ] +Chq 1+L-T (6)

Total purchase cost (PC) per cycle =C,Q = C,A{(1+L)* —(1+L)A+L-T)*}+

(1+L) |, 1+L
1+4L-T) Pl i4r-T 7

C,B{(1+1)* = (1 + L)1+ L = )}+ C,C(1 + Llog ;

Total salvage value for the disposed product(SV) per cycle= sq (8)

The retailer pays in advance y fraction of the entire purchased cost(= C,Q) of the product in

n uniform instalment before M years of release of the product on request of the supplier.

Total interest paid (/P;) on the purchased cost per cycle due to early or advance pay :VC:Q x
XX 14243 4 ]SO o

To receive the maximum x (0< x < 100) percent discount on purchase cost, the retailer

must pay y fraction of the entire purchased cost in n uniform instalment before delivery. As

x is the discount rate for a single instalment of the prepayment, so the discount rate = % .
The total discount (DC) for the advance payment = % C,0Q (10)

So average profit or turnover (AT;(q, T)) per unit time = % [SR+DC+ SV —RC—1IHC —

PC —IP,]

_ 1 [Lap, T\3) LBp,> \* (1+L)*  (1+L-T)*
- ;[T{l—(l—z)}—T{l—(l—z)}“q"{‘“h[ s T

2 1+L-T)?] (1+0)% | +L-T)% 2 I+L-D)] (1+L)2 (a+L)
(14 L)? | =BG, [+ s — (1 + 12| - 6 [ log s

(1+L)? = (1+L-T)?
4

]—C w0+ Cp (——1 %)(A{(1+L)3—(1+L))(1+L—

T2+ B{(1+1)* — (1 + L)A+L—-T)}+ C(1 + L)log =24 g+ )] (11)

(1+L-T) 1+L-T
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3.2 Case 2(Advance payment is done at a time)

A
Single instalment prepayment

s
Purchased
cost —
discount= < ) Q< Inventory
(1-x)C,Q Loan interest=I,M(1 — x)C,Q level

Y
\ T,
0 Time
M T

Fig 2. Graphical representation of the inventory system when prepayment is done at a
time

From Fig 2, it is clear that supplier offers x percent discount rate to the retailer for complete
advance payment before delivery. When the retailer does not enough money in hand during
the time M year, he may take loan from a bank or any financial sector at an interest of 1,.%.
So here total discount (DC) for the advance payment=x C,Q (12)
Total interest paid (IP,) to the bank on the purchased cost per cycle due to advance
payment=I.M(1 — x)C,Q (13)
So average profit or turnover (AT,(q, T)) per unit time = % [SR+DC+ SV —RC —IHC —
PC — IP,]

_ 1 [Lap, T\3)  LBp,> \* A+L)*  (1+L-T)*
- ;[7{1—(1—2) }—T{l—(l—z)}”q"{“‘@[ s T

(1+L)? 1 (a+r)
2 (1+L-T)

2 (14L-T)2 (1+0)%® | (1+L-T)3 2 (1+L-T)
(1+1L) T]—Bch[ D D (1+1) T]—Cc,,[

(1+L)? n (1+L-T)?

) | = Gl + GG = DA+ ML) (A{(1+ L)* = (1 + L)(A + L -

N +B{A+L)? = 1+ LA +L =T+ C(L+Dlog 5ros+4 1:fr)] (14)

Now our objective is to obtain optimal cycle time T* and inventory remaining q* at end of

cycle in order to maximize the average profit per unit time.
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4. THEORETICAL RESULT FOR OPTIMALITY
Casel. (Advance payment is done in instalments)
Taking 1st and 2nd derivatives of AT, (g, T)in (11) with respect to g, we find

a(ATi(q.T)) s x . (n+lyMr 1+L T
aq =zt Cp (n 1 2n )T(1+L—T) Ch T(1+L—T) (15)

0%(AT(q,1)) _
and ZUTeD) _ g (16)
Here we see that AT;(q, T) is linear function of q. So AT;(q, T) is either rising or declining
function in gq. Therefore, two cases may arise.

a(AT1(q,T))

Subcase 1. When
dq

>0, AT;(q,T) is strictly increasing function in q. Thus
AT;(q, T) attains its maximum when g reaches its maximum.

Now as Q < W, so by the help of equation (3), maximum value of q is W(lJlr:T) —

A+ L)?*A+L-T)—-(A+L-T)3}-B{(A+L)A+L-T)—(1+L-T)*}- C(1+
(1+L)
(1+L-T)

L —T)log a7

1+L-T
1+L

Putting the expression w ( ) - A1+ L)?*A+L-T)—(1+L-T)3} -

B{(1+L)A1+L-T)—(1+L—-T)*}-C(1+L—T)log (1(:2) in place of gin equation

(12), we obtain the following expression of the profit function as a function of Tonly:

AT,(T) = %[“‘”0 {1 - (1- %)3} - %{1 -(1- %)4} +s(w(5=5) - afa+

3 1+L

L2(1+L-T)—(A+L-T)}-B{Q+L)A+L-T)—(Q+L-T)}- C(1+L -

(1+L) s (1+L)* (1+L—T)4_ 5 (1+L-T)2 _ (1+L)3
T)log (1+L—T)) K ACh[ e (1+1)? 2 ] BCh[ 4

(1+L-T)3 —(1+ L)Z (1+L—T)] _cq, [(1+L)21 a+r) (1+L)? n (1+L—T)2] _
6 2 2 (1+L-T) 4 4

Ch (W (”L‘T) AL+ L2A+L-T)-A+L-T)}}-B{A+L)A+L—-T) -

1+L

2 (1+L) T x (n+1)yMr
(1+L=T)% = C(1+L—T)log ) +cp(5—1——)(,4{(1+

1+L-T) J 1+L-T 2n

LP—A+L)A+L-T3+B{A+L)?*-Q+L)A+L-T)}+ c(1+

Dlog 4 (W (Z20) - A{L+ LA+ L—T) = (1+ L —T)*} = B{A + L)1 +

(1+L-T) 1+L

o 2y _ (1+L) 1+L

L=T)=(A+L -1~ CL+L-Tog 5117 )1+L_T)] (18)
0%AT, 02AT 0 0%AT,

aq? qaT |_ aqaT |_ (62AT1
9241, 9241y | |o%2aT, o%am | 8qaT
dTaq aT? dTaq aT?

2

Again Hessian matrix for AT,(q,T) is ) <0
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So, there exists unique T* at which the profit function AT,,(T) attains a maximum.

Subcase 2. When 6912—;‘”))

< 0, AT,(q,T) is non- increasing function in q. Thus AT;(q,T)

attains its maximum when g reaches its minimum i.e., when g = 0.
Putting g = 0 in equation (11), we obtain the following expression of the profit function as a

function of Tonly:

1[L T™\3) LBpo® \* (1+L)*  (1+L-T)*
Ale(T)=;[0;p°{1—(1—Z)}—ﬂ{1—(1—z)}—K—Ach[*4 FR L P L

4 4

2 A+L-T)%*1 (+1)® | (+L-7)% 2 +L-T)] (1+L)? (a+r)
(1 +L)? | - B, [+ (1 +L)? 2 - 6 [ log A

QS L QD g (B -1 = 20 (A{(1 + 1) = (L + L)(A + L = 1) +
B{(1+L)?—(1+L)1+L—-T)}+ C(1+L)log J:f)n)] (19)

As Hessian matrix for AT,(q,T) is less than zero, so there exists unique T* at which the
profit function AT;,(T) attains a maximum.
Case2. (Advance payment is done at a time)

Similarly, taking 1st and 2nd derivatives of AT, (g, T)in (14) with respect to g, we find

1+L T

9(AT,(qT)) _ s _C
TA+L-T) "T(+L-T)

aq _F

0%(AT2(q,1)) _
aq? -

+Cp(x — 1)(1 + MI,.) (20)

and 0 (21)

Here also we see that AT,(q, T) is linear function of q. So AT,(q, T) is either increasing or

decreasing function in q.

Subcase 1. A4r2(am)) > 0.

. . . . 1+L-T 2 3
Similarly, putting the expression W (T) —-A{(1+L)*A+L-T)—(A+L-T)}-
B{A+L)A+L-T)—(1+L—-T)*}-C(1+L—T)log % in place of g in equation

(14), we obtain the following expression of the profit function as a function of Tonly:

AT, (T) = %[L“ﬂ{l -(1- 3)3} - @{1 ~(1- %)4} +s(w(E25) - afa+

3 L 1+L

L2(1+L-T)—(A+L-T)}-B{Q+L)A+L-T)—(1+L-T)}- C(1+L -

a+L) \ (1+L)* (1+L—T)4_ 5 (1+L-T)? _ (1+L)3
T)log (1+L—T)) K ACh[ e (1+1)2 ] BCh[ =+

(1+L-T)3

2 (1+L-T) (1+L)? (1+L) (1+L)%2 = (14L-T)?
- (1+ 1?28 - 06 [ 1og - |-

(1+L-T) 4 4

C, (W (”L‘T) —A{(L+L2A+L-T)-(A+L-T)*}—B{(A+L)A+L—-T) -

1+L
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_ 27 _ _ (1+L) T _ 3 _
(1+L-T)2}— C(1+L—T)log (1+L_T)) — 4 C,(x — (1 + M) (A{(l +1L)

(1+L)

A+L)A+L-T)}+B{(1+L)?>—-A+L)A+L-T)}+ C(1+L)log e

(W (D) - A+ LA +L-T) = (L4 L= T3 = B+ L)AL+ L~ T) -

1+L

2y _ (1+L) \ 1+L
(1+L—T)2}— C(1+L—T)log (1+L—T)) 1+L_T] (22)

Again, as Hessian matrix for AT,(q, T) isless than zero, so there exists unique T* at which

the profit function AT,,(T) attains a maximum.

Subcase Z.a(AT;—EIq'T)) <0

For this case, putting g = 0 in equation (14), we obtain the following expression of the profit

function as a function of Tonly:

1]L ™3 LBp,°? ™4 (1+D)*  (1+L-T)*
AT = 212t = (1= D) f =1 - (1-D) - K- [ S

2 (14L-T)2 (1+L)® | (1+L-T)3 2 (1+L-T) (1+L)? (1+L)
(1412 ] — BC, [ e (1412 ] - cc, [ -l0g oo~
(1+L)? = (1+L-T)? 3 2

yE ]+Cp(x— 1)(1+M1r)(A{(1+L) -A+L)YA+L-T)}+
B{A+L)?—(A+L)(A+L—-T)}+ C(1+L)log (f:f)n] (23)

Here also there exists unique T* at which the profit function AT,,(T) attains a maximum.

5. ALGORITHM

Now we sketch the algorithm to achieve optimal solution for both cases of the projected

model.
For case 1
. . . d(ar (1) . . . .
Stepl. Find solution of the equation — = 0 and denote it as Ty, and find AT, (T;,)
. . . d(AT(T) . . . .
Step 2 Find solution of the equation — = 0 and denote it as T, and find AT, (T;,)

Step 4. Calculate the corresponding value of g*(either 0 or W (11’:T) —A{(1+ L) +L-
TY—(1+L-T)3}—B{(1+L)A+L-T)—(1+L—-T)%}- C(1+L—T)log (1(:3) )

and Q*(from equation (3))
For case 2

d(AT1(T)) _
— =

Stepl. Find solution of the equation 0 and denote it as T, and find AT,,(T3,)
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Step 2 Find solution of the equation % = 0 and denote it as T, and find AT,,(T5,)

Step 4. Calculate the corresponding value of g*(either 0 or W (%

)—A{(1 +L2(1+L—

M= A+L-T}=B{A+D(A+L=T) = (A +L=T?% - C(1+L~Tlog 5 )

and Q*(from equation (3))

6. NUMERICAL ILLUSTRATIONS
To demonstrate different cases of our developed model, four numerical examples are cited by

means proper values of parameters.

Example 1. Given the inventory system for case 1 with the subsequent parameters:
L=2yrs., W =500, a =250, f=0.04, K =1250%,C, = 0.5 $, C, = 5%, p, = 25.758%,
s =6.4%1r=0.01$,n=8,M = 0.5yrs, x = 0.25,y =0.2

StepL. Solution of %1% — ¢ 5 0,522481. Hence T;,=0.522481 and ATy, (T},)=114.47

Step 2. Solution of 84%2™) — ¢ i5 0,674826. Hence T;,=0.674826 and AT, (T},)=67.6123

Hence optimum cycle time T* = 0.522481 year and optimum profit is 114.47$.
Correspondingly g*=192.889, Q*=500

Fig 3. Profit per unit time vs T and q of example 1

Example 2. For Casel, in this example, all parameters are same as example 1 except K =
1200%,s = 6.0$, M = 0.4 yrs.
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StepL. Solution of ™) — ¢ 5 0,60549. Hence T;,=0.60549 and ATy (7y,)=815731

Step 2. Solution of X4%2™) — ¢ i5 0,659352. Hence T;,=0.659352 and AT, (T},)=142.855

Hence optimum cycle time T* = 0.659352 year and optimum profit is 142.855$.
Correspondingly g*=0, Q*=338.816

Fig 4. Profit per unit time vs T and q of example 2
Example 3. For Case 2, here all parameters are considered same as example 1 except K =
1400$, I, = 0.3

StepL. Solution of 241 — ¢ 5 0.441908. Hence T;,=0.441908 and AT, (Ty,)=357.482

Step 2. Solution of L4722 — ¢ i5 0.722605. Hence T,=0.722605 and AT;(T5,)=127.945

Hence optimum cycle time T* = 0.441908 year and optimum profit is 357.482%.
Correspondingly qg*=235.02, Q*=500

AT

Fig 5. Profit per unit time vs T and q of example 3
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Example 4. For Case 2, here all parameters are considered same as example 1 except K =
1300%,s =5.49%,1. = 0.3

StepL. Solution of 2471 — ¢ 5 0,662258. Hence T;,=0.662258 and ATy, (T;,)=214.208

N d(AT22(T)) _

Step 2. Solution o
daT

0 is 0.692444. Hence T,, =0.692444 and
AT,,(T;,)=269.293.509

Hence optimum cycle time T* =0.692444 year and optimum profit is 269.293$.
Correspondingly g*=0, Q*=356.509

Fig 6. Profit per unittime vs T and q of example 4

7. SENSITIVITY ANALYSIS

To inspect the sensitivity of the model, we study the impact of changes in different
inventory parameters against optimal solutions (T, q), optimal order quantities and average
profit for the examplel(for case 1) and example 4 (for case 2) by varying the value of one
parameter at a time and fixing other left over parameters, the analysis has been completed.
The results of sensitivity analysis are shown in Table 1.

Case 1(Advance payment is done in instalments) Case 2(Advance payment is done at a time)
g (Example 1) (Example 4)
g g ) Eg @
8 53| 3 3 T T o ap | 23| 8 3 T T o ap
o - o -
1210 | 0.495614 | 206.723 | 500 | 193.059 1260 | 0.680171 | © 349.93 327.576
1pgo |1230 | 0509121 | 199742 | 500 | 153246 | .. | 1280 | 0686324 | O 353.23 298.304
K 1270 | 0535711 | 186.156 | 500 | 76.668 1320 | 0698535 | 0O 359.77 240.536
1290 | 0548825 | 179.533 | 500 | 39.785 1340 | 0704595 | © 363.02 212.028
a | 250 240 | 0535559 | 195255 | 500 | 27.904 | 250 240 | 0708923 | © 350.67 184.087
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245 | 0528902 | 194.081 | 500 | 71.0741 245 | 0700542 | 0 353.60 226.466
255 | 0516284 | 191.683 | 500 | 158.086 255 | 0.684614 | 0 359.39 312552
260 | 0510298 | 190.462 | 500 | 201.914 260 | 0.677036 | 0 362.25 356.232
001 | 0521913 | 192402 | 500 | 118.258 001 | 0.691504 | 0 357.18 273.469
004 |_002 | 0522102 | 192565 | 500 | 116995 | .. [ 002 | 0691817 | 0 356.96 272.076
Ao 008 | 052324 | 193539 | 500 | 109423 | 008 | 0.69370L | 0 355.61 263.734
016 | 0524763 | 194.844 | 500 | 99.338 016 | 0696227 | 0 353.82 252.649
03 | 0524734 | 191.739 | 500 | 155.367 03 | 0.6993% | 0 360.23 302.753
c.| os 04 [ 0523604 | 192316 | 500 | 134915 | 04 | 0695891 | 0 358.35 285.982
06 | 0521365 | 193.460 | 500 | 94.032 06 | 0689054 | 0 354.69 252.683
07 | 0520256 | 194.027 | 500 | 73.601 07 | 0685718 | 0 352.90 236.152
46 0.38465 | 266.129 | 500 | 543.516 46 | 0564137 | 141. 500 495.953
201
48 | 0456218 | 227.397 | 500 | 312.723 48 | 0693211 | 0 356.92 358.107
C,| 5 52 | 0.674014 0 346. | -32.004 5 52 | 0691682 | 0 356.10 180.482
65
54 | 0.673206 0 346. | -131.795 54 | 0690022 | 0 355.70 91.675
21
25.25 | 0.532066 | 187.985 | 500 | 19.763 2525 | 0699525 | 0 360.33 183.150
257 | 2550 | 0527200 | 190.471 | 500 | 67.156 | 257 | 2550 | 0.695959 | 0 358.40 226.181
Pol 5 26.00 | 0517895 | 195245 | 500 | 161.900 5 26,00 | 0.688980 | 0 354.64 312.485
2625 | 0513438 | 197542 | 500 | 209.496 26.25 | 0.685565 | 0 352.79 355.757
62 | 0.674826 0 347. | 67.612 50 | 0692444 | 0 356.51 269.293
08
| 64 63 | 055415 | 177.729 | 500 | 799893 | ., 52 | 0692444 | 0 356.51 269.293
65 | 0491222 | 209.005 | 500 | 154.119 56 |